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Like a great poet, Nature knows how to 
produce the greatest effects with  

the most limited means.  
      – Heinrich Heine  

Pictures of Travel, 1871 
 
In snow crystal growth, the attachment kinetics 
describe how water vapor molecules striking an 
ice surface become incorporated into the 
crystal lattice. The attachment process is 
ultimately determined by the complex 
molecular interactions that jostle incident 
water vapor molecules into position so they 
can bind to the existing lattice structure. 
Because this many-body molecular dance is 
both intricate and unseen, there is much about 
it that we do not understand, even at a basic 
qualitative level. Nevertheless, the attachment 
kinetics represent one of the most important 

parts of the snow crystal story, driving the 
formation of faceted ice surfaces and other 
large-scale structural features. It has been well 
known for nearly four decades that particle 
diffusion and surface attachment kinetics are 
the two primary physical processes governing 
snow crystal formation [1982Kur, 1984Kur1, 
1990Yok]. 
 My principal goal in this chapter is to 
define and quantify the attachment kinetics for 
the case of snow crystal growth. I will outline 
the prevailing theoretical models, examine 
what has been learned from experiments, and 
try to develop molecular models that describe 
the underlying physical processes. I also 
advance some novel and speculative ideas in 
this chapter, chiefly in areas were gaps in our 
understanding are especially acute.  

Although our overarching picture of the 
molecular dynamics of ice surfaces remains 
quite rudimentary, and several fascinating 
puzzles remain, there has been significant 
recent progress toward developing a 
comprehensive model of ice attachment 
kinetics and how it defines the snow crystal 
morphology diagram. 
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Facing Page: Several photographs of 
laboratory-grown Plate-on-Pedestal snow 
crystals (see Chapter 9). Attachment kinetics 
are responsible for the overall thin-plate 
structure of these crystals along with their 
sharply faceted features. 
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3.1 Ice Kinetics 
We begin our discussion with the Hertz-
Knudsen relation [1882Her, 1915Knu, 
1996Sai, 1990Yok], which we write as 
 

𝑣𝑣𝑛𝑛 = 𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (3.1) 
 
where 𝑣𝑣𝑛𝑛 is the crystal growth velocity 
perpendicular to the growing surface, 𝛼𝛼 is a 
dimensionless attachment coefficient, 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
(𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠)/𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 is the water vapor 
supersaturation at the surface, 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the 
water-vapor number density just above the 
surface,  𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇) is the saturated number 
density of a surface in equilibrium at 
temperature 𝑇𝑇, and  
 

𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛 =
𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠
𝑐𝑐𝑘𝑘𝑖𝑖𝑖𝑖

�
𝑘𝑘𝑇𝑇

2𝜋𝜋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
(3.2) 

 
is the kinetic velocity, in which 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 is the mass 
of a water molecule, 𝑐𝑐𝑘𝑘𝑖𝑖𝑖𝑖 = 𝜌𝜌𝑘𝑘𝑖𝑖𝑖𝑖/𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 is the 
number density of ice, and 𝜌𝜌𝑘𝑘𝑖𝑖𝑖𝑖 is the mass 
density of ice. Values of several of these 
quantities as a function of temperature are 
given in Chapter 2. 
 Throughout the discussion, I will assume 
that any background gases surrounding a 
growing snow crystal, such as air and water 
vapor, are well described by the ideal gas laws 
in statistical mechanics. Given this assumption, 
which is highly accurate in most situations, one 
can work in terms of the water vapor number 
density or the water vapor partial pressure, as 
the two are proportional (at constant 
temperature). I prefer the former, so 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 and 
𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 appear throughout this book.  
 Equations 3.1 and 3.2 derive from the basic 
tenets of statistical mechanics [1996Sai, 
1965Rei], and I will assume that the reader is 
generally familiar with this area of fundamental 
physics. In a nutshell, the flux of water vapor 
molecules incident on a surface is equal to 
𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠〈𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚〉, where 〈𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚〉 is an average 
molecular velocity, while the flux leaving the 
surface from sublimation is equal to 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠〈𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚〉. 

The difference of these two fluxes defines the 
growth velocity, and the statistical physics of 
ideal gases gives the appropriately weighted 
average velocity 〈𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚〉 that appears in 𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛. 
Note that Equation 3.1 includes the trivial case 
of a vapor/solid interface in equilibrium; if the 
supersaturation 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is zero, then the growth 
rate must also be zero. 
 Much of the interesting molecular physics 
involved in snow crystal growth is 
incorporated into the attachment coefficient 𝛼𝛼, 
whose value lies between zero and one. One 
can think of 𝛼𝛼 as a sticking probability, equal to 
the probability that a water vapor molecule 
striking the ice surface becomes assimilated 
into the crystal lattice. The value of 𝛼𝛼 may 
depend on 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 𝑇𝑇, surface orientation relative 
to the crystal axes, background gas pressure, 
and perhaps other factors.  

Molecularly “rough” ice surfaces typically 
exhibit 𝛼𝛼𝑠𝑠𝑚𝑚𝑠𝑠𝑟𝑟ℎ ≈ 1, as water vapor molecules 
striking a rough surface are usually immediately 
indistinguishable from those in the existing ice 
lattice. Meanwhile, it is common to find 
𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠 ≪ 1 on “smooth” faceted surfaces, as 
these have fewer open molecular binding sites, 
reducing the average sticking probability. It is a 
general rule (see Chapter 4) that the overall 
aspect ratio of a snow crystal is largely 
determined by the anisotropy of the 
attachment kinetics. For example, thin snow-
crystal plates only form when 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 ≪ 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚, 
while slender columns only appear when 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≪ 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚.  
 Note that Equation 3.1 represents a purely 
local model of the attachment kinetics, in that 
the growth rate 𝑣𝑣𝑛𝑛 at each point on the surface 
derives solely from the values of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,  𝑇𝑇, and 
𝛼𝛼 at that point. A local model works fairly well 
because the molecular physics that determines 
𝛼𝛼 occurs on length scales far smaller than other 
scales in the problem. Thus Equation 3.1 
allows us to separate the long-range effects of 
water-vapor particle diffusion from the short-
range effects of attachment kinetics. For the 
case of a flat surface of infinite extent, all non-
local processes will be incorporated into 𝛼𝛼, as 
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Equation 3.1 does little more than define 
𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇) from 𝑣𝑣𝑛𝑛(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇) in that ideal case. 
 That being said, a purely local model of the 
attachment coefficient may not adequately 
describe the attachment kinetics in all 
circumstances. For example, surface diffusion 
is an intrinsically non-local process that can 
alter the effective attachment coefficient, 
depending on surface morphology and other 
factors. Interestingly, non-local processes like 
surface diffusion play an especially large role in 
computational models of snow crystal growth, 
where the spatial resolution is typically orders 
of magnitude larger than the molecular scale 
(see Chapter 5). For the present discussion, 
however, the concept of a purely local 
attachment coefficient is usually adequate for 
examining the molecular physics underlying 
the attachment kinetics. 

Although Equation 3.1 is a mainstay in the 
study of ice crystal growth from water vapor, 
the reader may find that this expression is 
absent from many books and articles 
describing the general physics of crystal 
growth. The reason is that these references 
often focus exclusively on industrial crystals 
like metals, semiconductors, and optical 
materials, which all have very low vapor 
pressures. In these cases, one typically works in 
the limit 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 0, giving a very different 
starting point to the theoretical discussion. 

 The importance of the attachment kinetics 
in snow crystal growth, and need for a 
comprehensive physical model describing the 
attachment coefficient over a broad range of 
conditions, cannot be overstated. For example, 
one cannot even begin to explain the snow 
crystal morphology diagram without first 
understanding the attachment kinetics. 
Moreover, one cannot begin to create 
computational snow crystals without a 
comprehensive model of 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 and 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 as 
a function of temperature, supersaturation, and 
other parameters. Put simply, the attachment 
kinetics are an essential element of the snow 
crystal story. 
 
Molecular Processes 
Theoretical models of the attachment kinetics 
typically begin with an atomistic (or, in our 
case, molecular) picture of the crystal surface 
structure and dynamics, as illustrated in Figure 
3.1. This sketch depicts several molecular 
processes that can occur on a growing ice 
surface: 
1) Deposition (a.k.a. adsorption): When a 

water vapor molecule strikes the surface 
and sticks. Molecules that are loosely 
attached to faceted surfaces are called 

Figure 3.1: A cartoon illustrating several 
molecular processes occurring on the surface 
of a growing crystal.  
 



79 
 

admolecules, while tightly bound molecules 
are simply considered part of the underlying 
solid.  

2) Sublimation (a.k.a. desorption): When 
thermal fluctuations cause molecules to 
leave the surface and join the vapor phase. 
Isolated admolecules are especially likely to 
sublimate, often doing so before ever 
becoming tightly bound to the crystal 
lattice. 

3) Surface diffusion: Random motions of 
admolecules along a faceted surface. Surface 
diffusion along non-faceted surfaces is 
usually negligible, owing to tight binding. 

4) Attachment: When a diffusing admolecule 
encounters a terrace edge (from the lower 
terrace), it quickly attaches and becomes 
incorporated into the ice lattice. 
Detachment from a terrace edge (onto the 
lower terrace) yields an isolated admolecule, 
and this process is often a precursor to 
sublimation. 

5) Terrace nucleation: When several 
admolecules on a faceted surface come 
together to form a new molecular layer, or 
terrace. This process is required to form 
new terraces atop large faceted surfaces. 

6) Ehrlich-Schwoebel barrier: For an 
admolecule to attach to a lower terrace edge, 
it would first have to detach from the upper 
terrace. The full step to the lower edge is 
energetically favorable, but the initial 
detachment from the upper terrace is not. 
The resulting Ehrlich-Schwoebel barrier 
tends to suppress these downward 
transitions. 
 

This cartoon molecular model of a crystal 
surface is likely too simplistic to provide a full 
kinetic description of ice, given its high vapor 
pressure, the presence of surface premelting 
(see Chapter 2), and perhaps other factors best 
investigated using molecular-dynamics 
simulations. As a result, the above list of 
molecular processes might leave out some 
important many-body physics. Nevertheless, 
experiments suggest that this basic picture does 
reasonably describe many aspects of ice crystal 

growth, so we adopt it as a reasonable starting 
point.  
 
Surface Characteristics 
Three types of surfaces play especially 
important roles in the discussion of snow 
crystal attachment kinetics: faceted, rough, and 
vicinal surfaces: 
 
Faceted Surfaces. A faceted crystalline 
surface is defined by its Miller indices, as 
described in Chapter 2. Low-index facets tend 
to have well defined molecular terraces, and 
these surfaces best resemble the sketch shown 
in Figure 3.1. A perfect faceted surface can be 
thought of as being molecularly “flat” in that it 
contains no terrace steps or dislocations. The 
detailed molecular structures of the principal 
basal and prism facets are described in Chapter 
2, as are terrace steps on those surfaces.  
 An important feature of any faceted 
surface is that its molecular structure includes 
fewer dangling molecular bonds compared to 
non-faceted surfaces. One result of this tighter 
molecular structure is a lower surface energy, 
perhaps several percent lower than non-
faceted surfaces (see Chapter 2). This slightly 
lower surface energy, however, appears to have 
little direct impact on snow crystal growth 
dynamics. 
 A far more important characteristic of 
faceted surfaces, at least regarding snow crystal 
growth, is their low attachment kinetics. The 
tighter molecular surface structure with fewer 
dangling bonds results in a relatively low 
binding of admolecules, which then frequently 
desorb before becoming incorporating in the 
crystal lattice. This often yields 𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠 values 
that are orders of magnitude lower than on 
non-faceted surfaces. 
 
Rough Surfaces. A rough surface contains a 
high density of terrace steps, giving it a high 
density of dangling molecular bonds, a high 
surface energy, and a high attachment 
coefficient. In the case of ice surfaces, the 
experimental evidence suggests that water 
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vapor molecules striking a 
rough surface are immediately 
indistinguishable from 
molecules in the ice lattice, 
which is another way of saying 
that incident molecules are 
immediately incorporated into 
the ice lattice. And this, by 
definition, means 𝛼𝛼𝑠𝑠𝑚𝑚𝑠𝑠𝑟𝑟ℎ ≈ 1. 
This commonly encountered 
rough-surface limit is 
sometimes called fast kinetics.  
 
Vicinal Surfaces. A vicinal surface is 
essentially a flat surface cut at a slight angle 
relative to a faceted surface.  Figure 3.1 
illustrates a vicinal surface, which includes a 
series of terrace steps with an average spacing 
ℓ𝑣𝑣𝑘𝑘𝑖𝑖𝑘𝑘𝑛𝑛𝑠𝑠𝑚𝑚, where ℓ𝑣𝑣𝑘𝑘𝑖𝑖𝑘𝑘𝑛𝑛𝑠𝑠𝑚𝑚 depends on the vicinal 
angle. If ℓ𝑣𝑣𝑘𝑘𝑖𝑖𝑘𝑘𝑛𝑛𝑠𝑠𝑚𝑚 is less than the mean diffusion 
length 𝑥𝑥𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 (the typical distance admolecules 
on a faceted surface will diffuse before 
sublimating), then most admolecules will 
encounter a terrace step and attach. Therefore, 
𝛼𝛼𝑣𝑣𝑘𝑘𝑖𝑖𝑘𝑘𝑛𝑛𝑠𝑠𝑚𝑚 ≈ 1 when ℓ𝑣𝑣𝑘𝑘𝑖𝑖𝑘𝑘𝑛𝑛𝑠𝑠𝑚𝑚 < 𝑥𝑥𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠, and 
𝛼𝛼𝑣𝑣𝑘𝑘𝑖𝑖𝑘𝑘𝑛𝑛𝑠𝑠𝑚𝑚 → 𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠 when ℓ𝑣𝑣𝑘𝑘𝑖𝑖𝑘𝑘𝑛𝑛𝑠𝑠𝑚𝑚 → ∞.  Note 
that the process of surface diffusion is 
implicitly incorporated into the attachment 
coefficient. It is also generally assumed, as part 
of the local model of 𝛼𝛼 described above, that 
𝑥𝑥𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 is small compared to most visible snow 
crystal structures. 
 
Facet Formation  
In this overall picture, the attachment kinetics 
are often highly anisotropic, with deep cusps in 
𝛼𝛼(𝜃𝜃,𝜙𝜙) at the principle facet angles, where 
(𝜃𝜃,𝜙𝜙) is the angular orientation of the surface 
normal relative to the crystal lattice axes. It is 
not uncommon in snow crystal growth to have 
𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠 < 0.01 while 𝛼𝛼𝑣𝑣𝑘𝑘𝑖𝑖𝑘𝑘𝑛𝑛𝑠𝑠𝑚𝑚 ≈ 1 at a vicinal 
angle of perhaps one degree or lower. As we 
will see in Chapter 5, such a deep, cusp-like 
anisotropy can lead to problems in 
computational snow-crystal modeling. 

This basic model of anisotropic molecular 
attachment kinetics immediately explains the 

formation of snow crystal facets, as shown in 
Figure 3.2. Because 𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠 ≪ 𝛼𝛼𝑠𝑠𝑚𝑚𝑠𝑠𝑟𝑟ℎ, the rough 
surfaces quickly accumulate material and fill in, 
while the faceted surfaces accumulate material 
at a much slower rate. The appearance of facets 
in crystalline materials nearly always results 
from highly anisotropic attachment kinetics via 
this mechanism. 

As mentioned above, it is important to 
distinguish surface energetics from attachment 
kinetics. It is a common misconception that 
facets form because the faceted surfaces have 
the lowest surface energy, but this is not the 
correct picture of how faceting works. The 
surface energy of ice is nearly isotropic (see 
Chapter 2), while the attachment kinetics are 
highly anisotropic and strongly affect growth 
away from equilibrium. Surface structure and 
energetics affect faceting mainly because they 
influence the attachment kinetics. 
 Figure 3.2 also illustrates how the 
attachment kinetics on faceted surfaces can 
define the overall crystal morphology. I call this 
facet-dominated growth because the slowest-
growing, faceted surfaces tend to define the 

Figure 3.2: Facets arise in growing snow 
crystals from anisotropic attachment kinetics. 
In this sketch, water molecules striking 
molecular rough regions of the crystal surface 
are quickly incorporated into the ice lattice, as 
𝜶𝜶𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 ≈ 𝟏𝟏. Molecules striking smooth faceted 
surfaces, however, do not readily stick because 
𝜶𝜶𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 ≪ 𝟏𝟏. As the crystal grows, a non-faceted 
crystal (left) soon develops a faceted structure 
(right).  
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overall growth morphology (see Chapter 4). In 
this circumstance, creating realistic 
computational snow crystals (see Chapter 5) 
requires an accurate understanding (or at least 
an accurate empirical parameterization) of the 
attachment kinetics on the basal and prism 
facets. 
 
3.2 Nucleation-Limited 
Attachment Kinetics 
Isolated admolecules on a faceted ice surface 
(see Figure 3.1) are not yet fully incorporated 
into the crystalline lattice, owing to their 
relatively weak binding. In the absence of 
nearby terrace edges to bind to, a typical 
admolecule will reside on the surface for only a 
short time before thermal fluctuations cause it 
to return to the vapor phase. On large faceted 
surfaces, sustained crystal growth requires the 
nucleation of new molecular terraces, also 
illustrated in Figure 3.1. In this circumstance, 
𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠 is mainly determined by nucleation-
limited attachment kinetics.  
 On a faceted surface, small terrace islands 
are constantly forming and disintegrating, 
growing as admolecules attach to their edges 
and shrinking as molecules thermally detach 
and diffuse away. Small islands are most likely 
to form via random encounters among 
admolecules, but these are also most likely to 
break up via thermal fluctuations. Larger 
islands are less likely to form but generally 
survive longer before breaking up.  

The nucleation of a new, permanent 
terrace occurs when an island appears with a 
radius larger than some critical size 𝑅𝑅𝑖𝑖𝑠𝑠𝑘𝑘𝑠𝑠 that 
depends on the local supersaturation. Once 
such a stable terrace forms, it will continue to 
grow indefinitely as more admolecules diffuse 
to its edges and attach. The value of 𝑅𝑅𝑖𝑖𝑠𝑠𝑘𝑘𝑠𝑠, the 
rate at which stable terraces appear, and the 
value of the resulting attachment coefficient, 
are the subject of this section. 
 If the terrace nucleation rate is very low, 
then a single terrace may nucleate and grow 
until it covers the entire crystal surface before 
the next new terrace appears. This is called 

layer-by-layer growth, and it almost never 
applies to snow crystal growth under typical 
environmental conditions. For most growing 
snow crystals, a faceted surface will contain 
many stable terraces of various sizes at all 
times, and this situation is called a multi-
nucleation model. 
 
2D Nucleation Theory 
On a faceted ice surface, the equilibrium vapor 
pressure of a small island of admolecules is 
higher than the normal saturated vapor 
pressure. Using an argument similar to that 
used to derive the Gibbs-Thomson effect (see 
Chapter 2 and Appendix B), the equilibrium 
vapor pressure of a circular island of radius 𝑅𝑅 
is  

𝑐𝑐𝑖𝑖𝑒𝑒 ≈ 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 �1 +
𝑎𝑎2𝛽𝛽
𝑅𝑅𝑘𝑘𝑇𝑇�

(3.3) 

 
where 𝑎𝑎 is the molecular size, 𝑘𝑘 is the 
Boltzmann factor, 𝑇𝑇 is the surface temperature, 
and 𝛽𝛽 is the step energy of the terrace edge. 
Thus, for such an island to be stable against 
sublimation, the supersaturation near the 
surface must be at least 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑎𝑎2𝛽𝛽/𝑅𝑅𝑘𝑘𝑇𝑇. This 
means that an island terrace will achieve long-
term stability only if its radius is greater than 
𝑅𝑅𝑖𝑖𝑠𝑠𝑘𝑘𝑠𝑠 = 𝑎𝑎2𝛽𝛽/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑘𝑘𝑇𝑇. Putting in some typical 
numbers, 𝛽𝛽 ≈ 10−12 J/m and 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 1 
percent, a barely-stable island terrace has a 
radius of about 𝑅𝑅𝑖𝑖𝑠𝑠𝑘𝑘𝑠𝑠 ≈ 10𝑎𝑎, containing 
roughly 100 water molecules.  

The growth rate 𝑣𝑣𝑛𝑛 of a faceted surface, 
and thus the attachment coefficient 𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠, is 
tied directly to the rate at which new terraces 
appear and the rate at which existing terraces 
grow via admolecule attachment. The statistical 
mechanics describing these processes has been 
much studied over many decades, yielding a 
well-established classical nucleation theory that 
is described in detail in essentially all textbooks 
on crystal growth [1996Sai, 1998Pim, 
2002Mut]. In 3D, nucleation theory describes 
the homogeneous nucleation of liquid droplets, 
while in 2D the same theory applies to the 
nucleation of island terraces on faceted crystal 
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surfaces. The derivation of nucleation theory is 
quite involved, and I cannot improve upon the 
existing textbook treatments. In this book, 
therefore, I simply quote salient results in order 
to apply nucleation theory to the case of snow-
crystal growth. 
 Jumping straight to the main result, the 2D 
nucleation of terraces yields an attachment 
coefficient that can be written, to a reasonable 
approximation, as [1996Sai] 
  

𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) = 𝐴𝐴𝑒𝑒−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (3.4) 
 
for the growth of a faceted surface, where 𝐴𝐴 
and 𝜎𝜎0 are dimensionless parameters, with  
 

𝜎𝜎0(𝑇𝑇) =
𝑆𝑆𝛽𝛽2𝑎𝑎2

𝑘𝑘2𝑇𝑇2
(3.5) 

 
Here I have included a dimensionless 
geometrical factor 𝑆𝑆 ≈ 1 to absorb a number of 
small theoretical factors (for example, the 
difference between 𝑎𝑎 and the actual terrace 
thickness). Given the substantial uncertainties 
in our current knowledge of 𝛽𝛽, the exact value 
of 𝑆𝑆 is not a great concern at this time. 
 In many circumstances, we might expect 𝐴𝐴 
to depend only weakly on 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, and we might 
be able to neglect this weak dependence 
compared to the 𝑒𝑒−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 factor. However, 
this may not be true in all cases, so we keep 
Equation 3.4 as general as possible by writing 
𝐴𝐴 = 𝐴𝐴(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠). If needed, additional physical 
effects can be incorporated into the 𝐴𝐴(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) 
term as needed. Of course, the parameters 𝐴𝐴 
and 𝜎𝜎0 likely depend on temperature and other 
factors as well.  
 As a note of caution, I point out that 
terrace nucleation models invariably include a 
variety of simplifying assumptions regarding 
molecular surface structure and dynamics, and 
some may not be justified for ice. For example, 
the theory usually begins with the basic surface 
molecular picture illustrated in Figure 3.1, 
which does not include surface premelting. 
While it is well known that premelting is an 
important structural characteristic of ice crystal 

surfaces near 0 C, we do not know how this 
phenomenon modifies the dynamics of terrace 
nucleation. Nucleation theory was developed 
mainly for low-vapor-pressure solids like 
metals and semiconductors, and it is, I believe, 
not so well tested experimentally outside this 
realm. 
 These caveats notwithstanding, some 
aspects of nucleation theory appear to be quite 
robust in the sense that they are largely 
insensitive to many surface characteristics. The 
exponential factor 𝑒𝑒−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  is perhaps the 
most robust feature in nucleation theory, along 
with the dependence of 𝜎𝜎0 on 𝛽𝛽 given in 
Equation 3.5. These aspects of the theory are 
essentially independent of details pertaining to 
how molecules diffuse along a faceted surface, 
the admolecule residence time, how terraces 
grow, and the number of stable terraces that 
are present on the surface at any given time. 
Over a broad range of surface characteristics, 
the terrace step energy 𝛽𝛽 is the only parameter 
that has a substantial effect on 𝜎𝜎0. 

Because of this robust feature in nucleation 
theory, observing 𝛼𝛼 ∼ 𝑒𝑒−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  in ice growth 
experiments is a strong indication that the 
growth rate is limited primarily by the 2D 
nucleation of new terraces. In this case, one can 
use measurements of 𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) to extract 𝛽𝛽, a 
quantity that is otherwise difficult to measure. 
Moreover, 𝛽𝛽 is a fundamental material 
property of any faceted surface. In principle, 
the step energy could be determined from 
purely equilibrium measurements (i.e., 
independent of crystal growth dynamics) or 
even by detailed calculations that determine 
crystal structure and energetics from known 
molecular interactions. 

One of the beautiful aspects of nucleation 
theory, therefore, is that it largely reduces a 
complex surface-dynamical process to a single 
equilibrium quantity 𝛽𝛽. All the specific 
molecular-dynamics details regarding 
admolecule deposition, sublimation, surface 
diffusion, and attachment at terrace edges 
become largely irrelevant. The distinctive 
functional form 𝛼𝛼 ∼ 𝑒𝑒−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 only depends 
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on the terrace step energy. 2D 
nucleation theory thus provides a 
remarkably elegant path to 
understanding an otherwise difficult 
aspect of crystal growth dynamics. 
 Another fairly robust feature of 
nucleation theory is the expectation that 
𝐴𝐴(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) → 1 in the limit of large 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
in Equation 3.4. Physically, when 𝜎𝜎0/
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is small, the terrace nucleation rate 
will be high, so the surface will contain 
so many newly nucleated terraces that it 
begins to resemble a rough surface with 
𝛼𝛼𝑠𝑠𝑚𝑚𝑠𝑠𝑟𝑟ℎ ≈ 1. Thus, as 𝑒𝑒−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 1 in 
this regime, we expect to find 
𝐴𝐴(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) ≈ 1 at sufficiently large 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 
 One aspect of nucleation theory that 
is not so robust, however, is the value or 
functional form of 𝐴𝐴(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) at low 
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. In this regime, the overall growth 
rate may depend strongly on the detailed 
molecular dynamics of surface diffusion 
and other factors. Because nucleation 
theory is typically derived for low-vapor-
pressure materials, the specific 
functional forms for 𝐴𝐴(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) found in 
those derivations may not apply well to 
high-vapor-pressure materials like ice. For 
our discussion, therefore, we leave open 
the possibility that 𝐴𝐴(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) may depend 
weakly on 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 in currently unknown 
ways, and perhaps quite strongly on 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
in some circumstances.    
 
Measured Facet Kinetics 
Classical nucleation theory was developed for 
crystal growth in the 1950s, and Nelson and 
Knight [1998Nel] made the first convincing 
arguments that a terrace-nucleation model best 
explained the slow growth of basal facets near 
-15C. Subsequent laboratory measurements of 
ice crystal growth rates by Libbrecht and 
Rickerby [2013Lib] strongly confirmed that 
𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) ≈ 𝐴𝐴𝑒𝑒−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  over a broad range of 
growth conditions, yielding the measured 
𝜎𝜎0(𝑇𝑇) and 𝐴𝐴(𝑇𝑇) shown in Figure 3.3. 

The 𝜎𝜎0(𝑇𝑇)  data can be used to extract 
terrace step energies 𝛽𝛽𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝑇𝑇)  on the basal 
and prism facets using Equation 3.5, and doing 
so gives the results shown in Figure 3.4. These 
data provide the most accurate measurements 
to date of facet step energies on ice, covering a 
broad range of temperatures and 
supersaturations relevant for snow crystal 
growth.  

Direct observations of molecular steps can 
also be used to measure step energies 

Figure 3.3: Measurements of 𝝈𝝈𝟎𝟎(𝑻𝑻) and 𝑨𝑨(𝑻𝑻) as a 
function of temperature, where the attachment 
coefficient is given by 𝜶𝜶�𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇� = 𝑨𝑨𝒇𝒇−𝝈𝝈𝟎𝟎/𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇 and 𝑻𝑻𝒎𝒎 =
𝟎𝟎 𝑪𝑪 is the ice melting point [2013Lib, 2017Lib]. These 
parameters were derived from Equation 3.4, based on 
measurements of the growth velocities of small ice 
crystals in a near-vacuum environment, as described in 
Chapter 7. 
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[2018Mur], but the results from 
nucleation-limited growth experiments 
[2013Lib] appear to be considerably 
more accurate at present. Molecular 
dynamics simulations are also beginning 
to add quantitative theoretical input into 
our picture of the ice step energies 
[2019Ben]. 

Note that the measurements in 
Figures 3.3 and 3.4 apply to large 
faceted surfaces growing in near-
vacuum conditions. These data are 
substantially more precise than previous 
ice-growth measurements [2004Lib], 
and it appears that they are largely free 
of systematic errors that plagued earlier 
experiments (see Chapter 7). Nevertheless, 
snow crystal growth in air is not the same as 
in near-vacuum, and it appears that ice crystal 
attachment kinetics are too complex to be 
described by a simple attachment coefficient 
in all situations.  

As I will describe below, the realities of 
snow crystal growth lead us down a rather 
convoluted path involving several nontrivial 
physical effects that are still not well 
understood. The complexity is unfortunate, 
but it appears to be necessary, as the physics 
underlying snow crystal growth apparently 
cannot be described with a pleasingly simple 
model. We proceed down this rather 
challenging path by examining the basal and 
prism facets separately. 
 
3.3 Basal Facet Growth 
The evidence to date suggests that the 
measurements in Figure 3.3 may present an 
essentially complete empirical picture of the 
attachment kinetics on basal facet surfaces. 
That rather sweeping statement is, at least, my 
working hypothesis at the time of this writing. 
The measurements themselves appear to be 
accurate and reliable, and there are no other 
observations (in my opinion) that clearly 
contradict these data.  
 Of course, future experiments may dispute 
this claim, as there is a great deal of parameter 

space currently unexplored. One thing we 
know for sure is that the physical processes 
underlying snow crystal growth are varied and 
complex, so it may be imprudent to declare 
victory based on one set of measurements, 
even just on a single faceted surface. But the 
point of having a working hypothesis here is 
not to have the final word, but to provide a 
sensible paradigm that can guides one’s future 
thinking. If this empirical model of 
𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇) is contradicted by additional 
experiments, then the paradigm may need 
some adjusting. With that in mind, let us 
examine the existing basal growth data in more 
detail. 
 
Nucleation Limited Growth 
Our first claim for basal facet growth is that it 
is well described by the terrace-nucleation 
model described in the previous section. 
Nelson and Knight [1998Nel] made a 
compelling argument in favor of this model 
based on earlier ice-growth data, and the 
subsequent measurements by [2013Lib] 
seemed to cement this idea in place. Figure 3.5 

Figure 3.4: Measurements of the step energies  𝜷𝜷(𝑻𝑻) 
on basal and prism facet surfaces as a function of 
temperature, where 𝑻𝑻𝒎𝒎 = 𝟎𝟎 𝑪𝑪 is the ice melting point 
[2013Lib, 2017Lib]. 
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shows one example of basal growth 
measurements in near vacuum that show an 
excellent fit to the functional form 
𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) =  𝐴𝐴𝑒𝑒−𝜎𝜎0 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠⁄  at -15 C, as 
expected with a terrace-nucleation model. The 
experimental procedures leading to these 
measurements are described in some detail in 
Chapter 7. 
 Figure 3.6 shows additional measurements 
from [2013Lib], again illustrating that a terrace-
nucleation model provides an excellent fit to 
the data. This graph also nicely shows how the 
data from several different temperatures 
converge on 𝐴𝐴 ≈ 1, which is consistent with 
the data presented in Figure 3.3 for the basal 
facet. Notably, the data were not initially 
constrained in any way to produce 𝐴𝐴 ≈ 1. The 
growth velocities 𝑣𝑣𝑛𝑛 were directly measured in 
an absolute sense using white-light 
interferometry in the experiments (see Chapter 

7), and 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 was also determined absolutely 
with no adjustable or fit parameters. After 
observing 𝐴𝐴 ≈ 1 in all the basal data, however, 
we then set 𝐴𝐴 = 1 (a theoretical prejudice) to 
produce better measurements of 𝜎𝜎0(𝑇𝑇) . 
 As mentioned in the previous section, the 
value 𝐴𝐴 ≈ 1 is generally expected based on 
common-sense reasoning. When 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is high, 
the terrace-nucleation rate is high as well, so 
one expects a high surface density of terrace 
steps at any given time. If the surface diffusion 
length is sufficiently high, then nearly all 
admolecules will diffuse to a step and attach, 
thus yielding 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 ≈ 1 and therefore 𝐴𝐴 ≈ 1. 
At least for the basal facet, this common-sense 
physical picture fits the existing data quite well. 
 
Terrace Step Energies 
The measured values of 𝜎𝜎0(𝑇𝑇) for the basal 
facet shown in Figure 3.3 provide an empirical 
parameterization of the attachment kinetics on 
the basal facet. Nucleation theory further 
suggests that these data can be converted into 
measurements of the step energies 𝛽𝛽(𝑇𝑇), as 
shown in Figure 3.4. I can only speculate on 

Figure 3.6: Measurements of 𝜶𝜶𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃(𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇) at 
several different temperatures, presented in a 
log-linear plot [2013Lib, 2017Lib]. Lines 
through the data show the functional form 
𝜶𝜶𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃(𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇) =  𝑨𝑨𝒇𝒇−𝝈𝝈𝟎𝟎 𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇⁄ . Graphed in this 
way, the intercept at 𝟏𝟏/𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇 = 𝟎𝟎 equals 𝑨𝑨, 
while the linear slope gives 𝝈𝝈𝟎𝟎. Note that the 
data from several different temperatures all 
converge on 𝑨𝑨 ≈ 𝟏𝟏. 

Figure 3.5: Sample corrected measurements 
showing the growth velocity of the basal 
surface of a single ice crystal as a function of 
𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇 at −12 C, where data points were taken as 
the supersaturation was slowly increased. The 
line through the points gives the model 
𝒗𝒗𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃 = 𝜶𝜶𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃𝒗𝒗𝒌𝒌𝒌𝒌𝒌𝒌𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇 with 𝜶𝜶𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃(𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇) =
𝒇𝒇−𝝈𝝈𝟎𝟎/𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇 and 𝝈𝝈𝟎𝟎 = 𝟐𝟐.𝟑𝟑 ± 𝟎𝟎.𝟐𝟐%. The dashed 
line shows a spiral-dislocation model with 
𝒗𝒗~𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇𝟐𝟐 , which gives a poor fit to the data. The 
inset graph shows an unweighted histogram of 
measured 𝝈𝝈𝟎𝟎 values for 23 crystals. A weighted 
fit to these data gives an estimated mean 〈𝝈𝝈𝟎𝟎〉 =
𝟏𝟏.𝟗𝟗𝟗𝟗 ± 𝟎𝟎.𝟏𝟏𝟗𝟗%. 
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the meaning of these measurements, as little is 
known about step energies on ice crystal 
surfaces. Nevertheless, I find it useful to 
indulge in some theoretical speculation about 
the physics underlying step energies, at least to 
a modest degree, as again this helps focus one’s 
thinking on additional experiments and 
theoretical investigations that may lead to 
further progress in understanding the ice 
surface structure and attachment kinetics. 
 One concept I find quite useful is that of a 
geometrically sharp step edge like that depicted 
in Figure 3.1, which is the usual (albeit naïve) 
picture of a solid crystalline surface. In this 
picture, the step energy could be approximated 
as 𝛽𝛽0 = 𝑎𝑎𝛾𝛾𝑠𝑠𝑣𝑣, where 𝛾𝛾𝑠𝑠𝑣𝑣 is the solid/vapor 
surface energy and 𝑎𝑎 is the step height (see 
Chapter 2). This estimate follows simply from 
the additional surface area (and therefore 
additional energy) created by the terrace step, 
along with an implicit assumption that the 
surface energy is roughly isotropic. This gives a 
value of 𝛽𝛽0 ≈ 3 × 10−11 J/m, assuming a 
surface energy that is roughly independent of 
temperature. 
 The same geometrical reasoning can be 
applied to a more gradual step, and doing so 
gives the result shown in Figure 3.7. In this 

cartoon picture, one can imagine creating a 
sharp step and then letting it relax to a lower-
energy state, creating a more diffuse step with 
a lower step energy in the process. On a liquid 
surface, a sharp step would immediately relax 
to a flat surface, yielding a step energy of zero. 
On a stiffer surface with an underlying crystal 
lattice, one can imagine an initially sharp step 
relaxing into a more gradual step, as shown in 
Figure 3.7. 
 Although certainly crude, I believe that this 
purely geometrical model provides a 
reasonable picture of real terrace steps on a 
basal facet. At low temperatures, far from the 
melting point, thermal fluctuations are less able 
to distort the ice lattice structure, so terrace 
steps are relatively sharp and 𝛽𝛽(𝑇𝑇) approaches 
𝛽𝛽0. Closer to the melting point, steps are 
generally more diffuse and the step energy is 
reduced by surface relaxation. In all cases, a 
lower step energy corresponds to a less abrupt 
terrace step.  
 This cartoon picture has essentially no 
predictive power regarding quantitative values 
of 𝛽𝛽(𝑇𝑇), so it is mainly useful for building some 
physical intuition. But it does suggest that the 
gradual onset of surface premelting with 
increasing temperature may yield more diffuse 
terrace steps and thus lower step energies. This 
could explain the overall decrease in step 
energies with increasing temperature seen in 
Figure 3.4. This geometrical picture also 
suggests that molecular models will need to 
deal with rather diffuse steps (and therefore 
large numbers of molecules) if they are going 
to provide quantitative theoretical estimates of 
step energies. 
 
Correspondence with Ice 
Growth from Liquid Water 
As the ice temperature approaches 0 C, 
molecular dynamics simulations suggest that 
surface premelting creates a substantial quasi-
liquid layer (QLL) with a thickness that 
diverges to infinity as 𝑇𝑇 → 0 C (see Chapter 2). 
Moreover, as the QLL thickness increases, the 
simulations show an ice/QLL interface that is 

Figure 3.7: A simple geometrical picture of a 
terrace edge on a faceted ice surface. In the 
case of a rigid crystal lattice (top sketch), the 
terrace edge is an abrupt one-molecule-high 
step. If the lattice surface structure is not so 
rigid, surface relaxation might produce a 
gradual terrace step to lower the total surface 
energy (lower two sketches). Calculating the 
step energy from the added surface energy in 
the step gives the values shown.  
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largely separated and distinct from the 
QLL/vapor interface. In particular, at 
temperatures near 0 C, the thickness of the 
ice/QLL interface is much less than the overall 
QLL thickness. With this in mind, it makes 
some sense to compare ice growth from water 
vapor near 0 C with ice growth from liquid 
water at 0 C [2014Lib]. 
 As I describe further in Chapter 12, ice 
solidification at low undercooling results in the 
formation of thin plate-like crystals exhibiting 
strong basal faceting and no prism faceting. 
Moreover, precise measurements have found 
that the basal growth rate increased with an 
exponential dependence on undercooling 
indicative of nucleation-limited basal growth 
[1958Hil, 2014Lib], as shown in Figure 3.8. 
Nucleation theory at the ice/water interface is 
similar to that on the ice/vapor interface, and 
an application of this theory yields a measured 
ice/water basal step energy of 𝛽𝛽𝑠𝑠𝑚𝑚,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 ≈ 5.6 ±
0.7 × 10−13 J/m [1958Hil, 2014Lib, 2017Lib]. 
 Remarkably, we see that the measured step 
energy 𝛽𝛽𝑠𝑠𝑚𝑚,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 on a basal facet surface at the 
ice/water interface is quite close to the 
measured step energy 𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇) at the 
ice/vapor interface as 𝑇𝑇 nears 0 C. It is natural 
to conclude, therefore, that these two step 
energies are actually one and the same. 
Specifically, the ice/vapor step energy is 
actually an ice/QLL step energy, and the value 
of this quantity approaches the ice/water step 
energy as 𝑇𝑇 → 0 C. This presents an entirely 
pleasing correspondence between two 
phenomena – ice growing from liquid water 
and ice growing from water vapor – that 
otherwise seem almost unrelated. 
 
A Comprehensive Model of 
Basal Attachment Kinetics 
Putting all this together, we can create a 
reasonable, self-consistent physical picture of 
basal attachment kinetics that seems to 
describe everything we know so far.  

At the very low temperatures, substantially 
below -40 C, we begin with the expectation 
that premelting will be essentially absent on the 

ice surface, so the overall lattice structure will 
resemble the ideal molecular model illustrated 
in Figure 3.1. In particular, terrace steps will be 
sharp, with essentially no edge “softening” that 
would arise from surface premelting. At these 
very low temperatures, therefore, we expect to 
see 𝛽𝛽 → 𝛽𝛽0, and this is consistent with the data 
in Figure 3.3. 
 As the temperature increases, premelting 
begins to soften the terrace steps, yielding a 
more gradual step transition with a greater 
effective step width, as illustrated in Figure 3.7. 
This reduces the basal step energy with 
increasing temperature, as seen in Figure 3.3 at 
low temperatures. Because surface premelting 
is not a bulk phase transition, it does not turn 
on abruptly at a certain temperature. Instead, 
premelting becomes gradually more 
pronounced with increasing temperature, 
yielding a gradual relaxation of the basal terrace 
step structure with an accompanying decrease 
in the step energy.  

Figure 3.8: Measurements of the basil growth 
velocity for ice in liquid water, as a function of 
the dimensionless undercooling 𝒇𝒇 = (𝑻𝑻𝒎𝒎 − 𝑻𝑻)/
𝑻𝑻𝒎𝒎. The line through the data shows a terrace-
nucleation model with an ice/water basal step 
energy of 𝜷𝜷𝒔𝒔𝒃𝒃,𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃 ≈ 𝟗𝟗.𝟔𝟔 × 𝟏𝟏𝟎𝟎−𝟏𝟏𝟑𝟑 J/m [1958Hil, 
2014Lib, 2017Lib]. Ice growth measurements 
from water vapor suggest a similar step energy 
at the ice/QLL interface as the temperature 
approaches 𝑻𝑻𝒎𝒎. 
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 The data show a slight “hiccup” in the 
basal step energy near -12 C, and we explored 
this feature while we were collecting the data 
shown in Figure 3.4. (In hindsight, this was 
something of a fool’s errand, but the feature 
appeared to be real in our measurements.) This 
hiccup may indicate some kind of odd 
collective effect associated with the onset of 
premelting, when the top terrace layer first 
becomes fully disordered. This is somewhat 
idle speculation, however, as there is no theory 
of such a phenomenon, plus the feature is too 
small to warrant additional investigation at this 
point. 
 Moving on with our main physical model, 
the basal step energy in Figure 3.4 continues to 
decrease as the temperature increases until it 
reaches a minimum value near -7 C. At this 
temperature, our physical picture begins to 
transition to one that is characterized by 
substantial surface premelting and a thick 
quasi-liquid layer. Now the attachment kinetics 
can be thought of as occurring in two steps – 
first at the QLL/vapor interface and then at 
the ice/QLL interface, the latter becoming 
more distinct as the QLL thickness increases. 
 The QLL/vapor interface behaves much 
like a water/vapor interface, exhibiting fast 
attachment kinetics with 𝛼𝛼 ≈ 1. The basal 
growth, therefore, is mainly limited at the 
ice/QLL interface, and the attachment kinetics 
there behaves much like that at an ice/water 
interface. In particular, there is a terrace 
nucleation barrier at the ice/QLL barrier that 
defines the overall value of 𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇) when the 
temperature is above -7 C. While we can say 
little about the exact value of the basal step 
energy at an ice/QLL interface, we expect that 
𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇) → 𝛽𝛽𝑠𝑠𝑚𝑚,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 as the temperature 
approaches 0 C. The fact that the data in Figure 
3.4 display this trend nicely supports our basal 
premelting model.  
 This physical model reasonably describes 
𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇), and it appears to explain the overall 
growth behavior of faceted basal surfaces over 
a broad range of growth conditions. 
Remarkably, it even ties together ice growth 

from water vapor and ice growth from liquid 
water. The model is largely empirical, in that it 
does not provide a quantitative theory for 
𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇). Achieving that will likely require 
detailed molecular modeling, as I discuss 
briefly at the end of this chapter. But the model 
does provide an overarching physical picture of 
ice growth that seems to explain the existing 
data in a sensible way. 
 In my opinion, there is a reasonable chance 
that this model for basal growth is generally 
correct, as are the data presented in Figures 3.3, 
3.4, and 3.8. How well all this withstands the 
test of time remains to be seen, but the model 
has promise. There is also a chance that this 
model contains everything we need to know to 
describe snow crystal growth over a broad 
range of environmental conditions. Before we 
consider that possibility further, however, we 
take a closer look at prism facet growth, which 
presents a much thornier problem. 
 
3.4 Prism Facet Growth 
Understanding prism facet growth requires 
that we make sense of a number of seemingly 
contradictory experimental observations. For 
example, near -15 C, the measurements in 
Figure 3.3 clearly show 𝜎𝜎0,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 < 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 and 
𝐴𝐴𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 ≈ 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1, and this implies 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 >
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 for all values of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. However, the 
formation of thin plates at -15 C means that we 
must have 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 ≪ 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 over a broad range 
of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, and additional measurements suggest 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 for thin-plate growth. Obviously, 
these are strongly inconsistent conclusions, 
and the problem seems to lie with 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚. 
 While there is no disputing that thin plates 
form near -15 C, we could resolve this 
discrepancy easily by saying that the 
measurements in Figure 3.3 are wrong. I reject 
this hypothesis, however, because I designed 
that experiment with care and came to 
understand its idiosyncrasies quite well. The 
measurements would have to be exceedingly 
inaccurate to explain away this issue, and I 
simply do not believe that is the case.  
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For example, Figure 3.9 shows a sample 
measurement of a growing prism facet, 
clearly showing the 𝑒𝑒−𝜎𝜎0 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠⁄  functional 
form indicative of nucleation-limited 
growth, yielding a rather large value of 𝜎𝜎0. 
A direct comparison of Figures 3.5 and 3.9 
shows 𝜎𝜎0,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 < 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚, and we have 
obtained similar results from many other 
crystals. Although no experiment is perfect, 
I spent a great deal of time worrying about 
systematic errors in this one (see Chapter 7), 
and I am confident that the measurements 
in Figure 3.3 are correct. 
 Another possible resolution arises by 
recognizing that the data in Figure 3.3 were 
obtained under quite different growth 
conditions compared to normal plate-like snow 
crystals. The latter grow in air at a pressure near 
1 bar, and the edges of the plates are invariably 
quite thin. Figure 3.9, on the other hand shows 
a broad prism facet growing at a much reduced 
air pressure of 20 mbar, and the data in Figure 
3.3 were all taken under similar low-pressure 
conditions. If one believes the experimental 
evidence, then perhaps 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 is markedly 
different for thin plates growing in air versus 
blocky crystals growing in near vacuum.  

This, I believe, is the correct direction to 
head into. As I will attempt to describe in this 
section, a number of observations suggest that 
prism facet growth is substantially more 
complicated than basal growth, with subtle 
behaviors that depend on things like 
background air pressure and even facet 
morphology. Of course, this implies that the 
underlying physics is more complicated as well, 
so we will have to work harder to develop an 
overarching physical picture of the attachment 
kinetics on prism facet surfaces. 
 
Attachment Kinetics on 
Ideal Facet Surfaces 
Before adding several unavoidable layers of 
complexity to the discussion, it is useful to 
consider the ideal case of a perfect faceted ice 
surface. By this I mean a molecularly flawless 
(free of dislocations or imperfections of any 

kind) semi-infinite crystal lattice with no 
background gas above it other than pure water 
vapor. This describes an ideal physical system, 
consisting only of a perfect ice crystal in near 
equilibrium with its own vapor.  

In this ideal case, one can imagine 
measuring the growth velocity 𝑣𝑣𝑛𝑛 as a function 
of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and 𝑇𝑇, and defining 𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇) 
through the expression 𝑣𝑣𝑛𝑛 = 𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 
Doing this largely separates the ideal-gas 
statistical mechanics from the attachment 
kinetics, but otherwise the exercise is little 
more than a definition of  𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,𝑇𝑇) 
from  𝑣𝑣𝑛𝑛(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇). Because 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and 𝑇𝑇 are the 
only extrinsic variables in this ideal problem, 
the attachment coefficient 𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇) will 
be a well-defined physical quantity. 
 Having defined this ideal case, the data in 
Figure 3.3 provide our best determinations to 
date of 𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,𝑇𝑇) for both the basal and 
prism facets. Moreover, the experimental 

Figure 3.9: Measurements of the perpendicular 
growth velocity of a prism facet surface as a 
function of 𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇. Data points were taken at -15 
C with a background air pressure of 20 mbar. 
The line shows 𝒗𝒗𝒌𝒌 = 𝜶𝜶𝒗𝒗𝒌𝒌𝒌𝒌𝒌𝒌𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇 with 𝜶𝜶(𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇) =
𝒇𝒇−𝝈𝝈𝟎𝟎/𝝈𝝈𝒔𝒔𝒓𝒓𝒓𝒓𝒇𝒇 and 𝝈𝝈𝟎𝟎 = 𝟑𝟑 percent. The inset image 
shows the test crystal at the end of the run. 
Oscillations in the brightness of the laser spot 
were used to interferometrically measure the 
growth velocity [2013Lib]. 
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evidence currently suggests that the 
𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇) measurements shown in 
Figure 3.3 remain largely unchanged in a 
background of air or other inert gases, and are 
largely independent of the overall crystal 
morphology as well. This suggests that our 
model of basal facet growth presented in 
section 3.3 applies directly over a broad range 
of real-world conditions. New experimental 
evidence may change that view, but it seems to 
fit the facts in hand, so it remains my working 
hypothesis at present.  

Prism-facet attachment kinetics, on the 
other hand, is apparently not so simple. The 
ideal case is reasonably described by the data in 
Figure 3.3, and this will continue to be a part 
of our discussion. But immersing a snow 
crystal in ordinary air seems to change 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 
substantially, even though air generally acts like 
a chemically inert gas. Moreover, it appears that 
a narrow prism facet grows differently than a 
large facet, owing to nonlocal effects occurring 
near the basal/prism corners, and I will 
describe a model for this phenomenon below. 
Unlike the relatively simpler basal facet, 
therefore, our overarching physical picture of 
the prism facet kinetics will require substantial 
excursions away from the ideal surface. 
 
Prism Terrace Step Energies 
A first question for consideration is the 
robustness of the terrace step energies shown 
in Figure 3.4. It is likely (in my opinion) that 
these measurements give 𝛽𝛽𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝑇𝑇) on ideal 
basal and prism surfaces, but do these values 
change on non-ideal facets?  

As discussed in Chapter 2, the step energy 
is an intrinsic material property of a faceted 
surface in equilibrium, much like the surface 
energy. For this reason, the concept of the step 
energy should transcend any discussion of 
crystal growth kinetics. Certainly 
𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇) may depend on 𝛽𝛽𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝑇𝑇), as is 
the case for nucleation-limited growth, and the 
measurements in Figure 3.4 make use of this 
fact. But that should not cloud our perception 

of the step energy as a fundamental equilibrium 
characteristic of the ice crystal lattice. 
 Given their fundamental nature, therefore, 
I assume that neither 𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇) nor 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) 
changes appreciably in the presence of a 
background gas of air (at modest pressures 
around one bar) or any other inert background 
gas. This assumption seems reasonable, as 
surface molecular interactions are likely far 
more important than surface/vapor 
interactions, given the large difference in 
number densities between solid and vapor. 
Moreover, I further assume that the 𝛽𝛽𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝑇𝑇) 
measurements in Figure 3.4 apply regardless of 
surface morphology, in particular the size of 
the facet surface.  

With this assumption, our overarching 
physical picture of 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) is quite similar to 
that described above for the basal facet. Again 
we expect to see 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 → 𝛽𝛽0 as the 
temperature decreases and surface premelting 
diminishes, and this expectation is consistent 
with the data in Figure 3.4. In addition, as with 
the basal facet, 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) steadily decreases 
with increasing temperature, as the effects of 
premelting increase and effectively “soften” 
the step edge, as illustrated in the geometrical 
model in Figure 3.7. 

A major difference between the two facets 
is that 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) does not exhibit a local 
minimum, but rather decreases indefinitely 
with increasing temperature, apparently going 
to zero as the temperature approaches 0 C. 
Applying the same premelting model we 
described above with the basal facet, this 
suggests a near-zero step energy at the 
ice/QLL interface as the QLL thickness 
diverges.  

Happily, this behavior is in excellent 
agreement with the observed lack of prism 
faceting in ice/water solidification near 0 C, 
suggesting a near-zero step energy at the 
ice/water interface. Thus, on both the basal 
and prism facets, there appears to be a 
fundamental physical correspondence between 
nucleation-limited ice growth from water 
vapor and from liquid water, based on 
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structural similarities between the ice/water 
and ice/QLL interfaces. 

This interpretation of the data suggests 
what might be called a gradual surface 
roughening transition on the prism surface, 
evidenced by the gradually decreasing step 
energy with increasing temperature. This 
interpretation of the data in Figure 3.4 is 
consistent with observations suggesting a 
complete roughening of prism surfaces in near-
vacuum conditions near -1.35 C [1991Elb].  
 It is important to note, however, that the 
ice/vapor experiments in this discussion were 
all performed at low pressure, so strictly apply 
only to ideal prism surfaces. In normal air, on 
the other hand, we routinely observe faceted 
prism surfaces at -0.5 C (see Chapter 8, Figure 
8.16), which would be impossible at 
temperatures above a true roughening 
transition. This suggests that air affects 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 
in some nontrivial way, thus providing a segue 
to my next topic. 
 
Pressure-Dependent 
Attachment Kinetics 
There are several pieces of experimental 
evidence suggesting that the growth behavior 
of prism surfaces differs in air and in near-
vacuum conditions, at least at temperatures 
above -10 C: 
1) In air near -5 C, slender columns are the 

usual growth form, as indicated in the 
morphology diagram and illustrated in 
Figure 3.10. This requires 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≪ 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 
in these conditions [2009Lib]. 

2) In near vacuum, slender columnar growth is 
not observed at -5 C [2013Lib, 1989Sei, 
1984Kur1, 1983Bec, 1972Lam]. Nearly 
isometric growth is the norm in these 
conditions, requiring 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚.  

3) In near vacuum, the data in Figure 3.3 also 
indicate 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 over a broad range 
of growth conditions at -5 C. 

4) In near vacuum, Figure 3.3 suggests 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 0.1 at 𝑇𝑇 = −5 𝐶𝐶 when 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 1 
percent. In air, however, I found 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈
0.002 at 𝑇𝑇 = −5 𝐶𝐶 when 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 1 percent 

[2016Lib1]. Although both measurements 
appear to be quite accurate, the results differ 
by a factor of 50. 

5) In air, prism facets are readily seen in 
crystals growing at temperatures as high as 
-0.5 C (see Chapter 8, Figure 8.16 for 
examples). 

6) In near vacuum, Elbaum [1991Elb] 
observed the complete disappearance of 
prism facets for ice crystals growing at 
temperatures above -1.35 C. 

 
Readers are free to draw their own conclusions, 
but mounting evidence suggests that prism 
surfaces grow markedly differently in air than 
in near vacuum.  
 Ideally, pressure-dependent attachment 
kinetics would be best investigated using 
precise, unambiguous measurements of ice 
growth rates as a function of background gas 
pressure. Such measurements have been 
attempted [1984Kur1, 1982Bec1, 1982Bec2, 

Figure 3.10: Slender columnar snow crystals like 
these often appear in air near -5 C, requiring 
𝜶𝜶𝒑𝒑𝒓𝒓𝒌𝒌𝒔𝒔𝒎𝒎 ≪ 𝜶𝜶𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃 under these conditions. However, 
isometric prisms are the norm in near-vacuum 
conditions near -5 C, indicating 𝜶𝜶𝒑𝒑𝒓𝒓𝒌𝒌𝒔𝒔𝒎𝒎 ≈ 𝜶𝜶𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃. 
This observation, along with other evidence, 
suggests that 𝜶𝜶𝒑𝒑𝒓𝒓𝒌𝒌𝒔𝒔𝒎𝒎 depends on background gas 
pressure near -5 C. 
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1982Bec3], but I remain skeptical that these 
results are free of systematic errors [2004Lib]. 
As described in Chapter 4, it becomes 
exceedingly difficult to measure 𝛼𝛼 when 
𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 < 𝛼𝛼, and this inequality usually holds 
except at quite low pressures. At normal air 
pressure, therefore, even small systematic 
errors in estimating 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 may strongly distort 
measurements of 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚. The points listed 
above provide fairly strong evidence for 
pressure-dependent attachment kinetics, but 
reducing systematic measurement errors to 
manageable levels remains a significant 
challenge in ice-growth experiments (see 
Chapter 7). 
 Although clearly more experimental results 
are needed, this will take time, and there is a lot 
of parameter space that needs to be explored. I 
feel it makes sense, therefore, to begin thinking 
about possible physical causes of pressure-
dependent attachment kinetics, and to consider 
some crude models that might describe the 
molecular processes involved. Such exercises 
are invariably speculative, but they do tend to 
make clear predictions that can be verified (or 
contradicted) by targeted experimental 
investigations. Thus, even speculative models 
may be useful for guiding the scientific process. 

It is surprisingly difficult to devise a 
physical model that might reasonably explain 
pressure-dependent attachment kinetics at 
pressures as low as one bar. The density ratio 
of ice to normal air is about a factor of 1000, 
so it is not obvious how collisions between 
admolecules and air molecules would produce 
a significant perturbation of the general 
thermal jostling of admolecules by the 
underlying crystal lattice.  
 One possible hypothesis is that the 
attachment kinetics may be affected by trace 
chemical contaminants in the air [2008Lib3, 
2011Lib]. One can never rule out contaminant 
effects entirely, as normal air is never perfectly 
clean. However, substantial additive 
concentrations are needed to produce changes 
in ice growth behaviors [2011Lib], suggesting 
that chemical contamination is not the main 

cause of pressure-dependent attachment 
kinetics.  I will come back to this question later 
in the chapter, when looking more broadly at 
chemical effects on snow crystal growth. 
 A related hypothesis is chemical effects 
from the air itself, arising from solvation of air 
molecules at the ice surface. This effect would 
likely increase at higher temperatures where the 
presence of a quasi-liquid layer could facilitate 
solvation. However, inert gases like air are not 
readily absorbed into the ice lattice, and 
solvation in water is quite limited as well. 
Moreover, snow crystals grown in a variety of 
inert gases show no obvious changes in growth 
behavior [2011Lib]. It appears unlikely, 
therefore, that air solvation effects can 
substantially change ice growth rates. 
 
A Terrace-Erosion Model 
Setting aside chemical effects, what remains are 
the physical effects of background gas 
molecules colliding with admolecules on a 
faceted surface. I currently favor a model in 
which these collisions interfere with the 
nucleation of new terraces on prism facets, as 
this could conceivably lower 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 sufficiently 
to explain the observations listed above. I refer 
to this general phenomenon as a terrace-
erosion model. 
 My basic hypothesis is that frequent 
collisions with background-gas molecules 
disrupt the normal terrace-nucleation 
mechanism described earlier in this chapter. 
Specifically, small island terraces are “eroded” 
by background collisions, thereby reducing the 
terrace nucleation rate and the attachment 
coefficient. Derivations of classical nucleation 
theory [1996Sai, 1998Pim, 2002Mut] do not 
normally consider complicating effects from 
foreign species, which would almost certainly 
interfere at some level with the delicate process 
of forming 2D nuclei above the critical radius. 
Thus, although it appears that little is known 
theoretically about possible terrace-erosion 
effects, it seems at least plausible that 
background-gas collision might significantly 
alter the nucleation process.  
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 Note that background gas collisions will 
likely be more detrimental to terrace nucleation 
than collisions involving water vapor 
molecules. A collision between an admolecule 
and a water vapor molecule may result in an 
exchange, or perhaps even a collision-induced 
deposition of the water vapor molecule. Similar 
types of collisions involving background gas 
molecules, on the other hand, can only be 
disruptive. 
 I further propose that any disruption of the 
nucleation process would be more likely when 
the step energy is lower, because the energy 
needed to break up a small island terrace into 
smaller sub-terraces is directly proportion to 
𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚. (As described above, I assume that the 
step energy itself is insensitive to background 
gas interactions.) If so, then terrace-erosion 
effects might become more prominent as 
𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 becomes reduced at higher 
temperatures. 
  However, as the temperature approaches 
0 C, terrace nucleation likely occurs at the 
ice/QLL interface, which is somewhat 
shielded from background gas collisions by the 
overlying QLL. In this picture, terrace erosion 
effects would eventually lose their 
effectiveness as the melting point is 
approached. The overall temperature trend 
would be difficult to predict, as QLL shielding 
is countered by a rapidly decreasing 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 at 
higher temperatures. Nevertheless, I propose 
that terrace erosion would be reduced at both 
low temperatures (when 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 is high) and 
near the melting point (when the QLL is thick). 
 My main conclusion from this speculative 
exercise, therefore, is that terrace erosion might 
be creating a deep local minimum in 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) 
at temperatures around -5 C, where 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 is 
sufficiently low but QLL shielding has not yet 
become significant. If correct, terrace erosion 
may be responsible for the formation of 
slender columns (in air) at this temperature.  
 I further suspect that the dip in 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇)  
seen at -5 C in Figure 3.3 may be a result of 
terrace erosion at reduced pressure, as these 
data were taken at a non-zero air pressure of 

about 20 mbar. Measurements show 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 <
0.01 at -5 C in air at 1 bar, so 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 0.1 at 
20 mbar (from Figure 3.3) seems reasonably 
consistent with a terrace-erosion model. In this 
picture, we might expect 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) → 1  at all 
temperatures in the limit of zero background 
pressure. Clearly, additional measurements of 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 as a function of pressure could settle 
this matter with certainty. 
 Note that my goal with this model is more 
to open up a discussion than to have the last 
word. The problem at hand is the observation 
of some kind of air-dependent attachment 
kinetics that seems to dramatically lower 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 at temperatures around -5 C. A terrace-
erosion model is one possibility, and dreaming 
up a physically reasonable alternative model is 
not so easy. My current thinking, therefore, is 
to lean into the terrace-nucleation model and 
see where it leads. This discussion will continue 
when I lay out a comprehensive model of the 
attachment kinetics later in this chapter. 

Happily, the terrace erosion model makes 
numerous predictions that could be 
experimentally tested. Measuring 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 as a 
function of gas pressure could be an especially 
beneficial experimental program near -5 C, 
although separating particle diffusion effects 
from attachment kinetics remains a significant 
experimental challenge. (Also, thermal 
diffusion of latent heating becomes important 
at low pressures, as described in Chapter 4.)  

Experimentally, this is an area where a few 
carefully crafted investigations could greatly 
improve our overall understanding of pressure-
dependent attachment kinetics. At present, 
very few snow-crystal growth measurements 
have been done with suitable accuracy, and it 
appears that a rather thorough examination of 
pressure-dependent effects will be needed to 
understand snow crystal attachment kinetics. 
 
Structure Dependent 
Attachment Kinetics 
As mentioned at the beginning of this section, 
the formation of thin plates in air near -15 C is 
another observation that clearly disagrees with 
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the low-pressure measurements in 
Figure 3.3. We have done some 
targeted experiments exploring this 
area by examining the formation of 
thin plates on electric needles (see 
Chapter 8), comparing growth rates 
and morphologies with physically 
realistic numerical models [2015Lib2]. 
One clear result is that we must have 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 quite close to unity when thin 
plates form, which suggests that the 
discrepancy here lies mainly on prism 
surfaces (and not on basal surfaces).  
 These experiments also suggest 
that a single function 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) 
cannot fully explain plate growth in air 
over a broad range of different 
supersaturations, at least not in air at -
15 C. This is a somewhat model-
dependent statement [2015Lib2], and 
additional work will be required to be 
completely sure of these results. 
Nevertheless, the evidence suggests 
that some kind of new physics is 
needed explain thin-plate formation 
near -15 C. Specifically, one must be 
able to explain the formation of 
remarkably thin, plate-like features, 
such as that shown in Figure 3.11, but 
only over a narrow temperature range 
near -15 C. This is one of the most puzzling 
aspects of the snow crystal morphology 
diagram, and it has defied rational explanation 
for many decades. 
 My preferred model to explain the 
disparate observations is to hypothesize that 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 depends on facet morphology, 
specifically that 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 → 1 when the width of 
a prism facet becomes sufficiently narrow. I 
call this hypothesis structure-dependent 
attachment kinetics (SDAK), and I currently 
believe that something like it can explain the 
formation of thin plate-like structures at 
temperatures near -15 C [2003Lib1, 2012Lib3, 
2015Lib2, 2017Lib]. 
 While here is no obvious molecular 
mechanism in crystal-growth theory that will 

reduce 𝜎𝜎0 on the top of a narrow prism terrace, 
normal crystal-growth theory is not especially 
well suited to the case of ice. Ice has a high 
vapor pressure, exhibits strong surface 
premelting, and is generally quite unique 
compared with typical solid materials. 
Moreover, snow crystal growth occurs very 
near the triple point, which is not a region of 
the phase diagram that is much explored in 
crystal growth textbooks. 
 Notably, surface premelting is known to be 
strongly temperature dependent, and 
measurements show that the QLL thickness is 
comparable to the terrace thickness at 
temperatures in the neighborhood of -15 C, 
which happens to coincide with the 
temperature at which thin plates form most 

Figure 3.11: This natural capped-column snow crystal 
exhibits remarkably thin plate-like features (inset) at the 
edges of the large plates. Such thin structures are especially 
difficult to explain with a realistic physical model of the 
attachment kinetics, in part because they only appear over 
a narrow range of temperatures near -15 C (see Figure 8.16). 
One possibility is the ESI mechanism described in the text, 
in this case applied to both the top and bottom edges of 
the thick plate shown in the inset image.  
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readily. One can certainly imagine a surface-
roughening transition or alteration of terrace 
nucleation theory that has the desired SDAK 
effect, but there is little theoretical guidance 
here. Finding the correct molecular mechanism 
underlying the SDAK effect may require some 
novel experimental observations, or a much 
better theoretical understanding of the 
dynamical structure of ice surfaces, or perhaps 
both. But some speculation is allowed. 
 My preferred SDAK model at present is 
illustrated in Figure 3.12. The model is based 
on enhanced surface diffusion on prism facets 
caused by a hypothesized leaky Ehrlich-
Schwoebel barrier, which can (I believe) 
enhance terrace nucleation when the width of 
the prism facet becomes sufficiently small. 
Referring to Figure 3.12: 
 
1) The edge of a thin, plate-like snow crystal 

near equilibrium is rounded (top sketch in 
Figure 3.12), as this shape reduces the total 
surface energy in the system. This assumes 
that the equilibrium crystal shape is roughly 
spherical, as described in Chapter 2. 

2) Away from equilibrium, when the crystal is 
growing, the two prism/basal faceted 
corners become sharper (lower sketch in 
Figure 3.12). This happens because the 
molecularly rough corner surfaces (with 
𝛼𝛼𝑠𝑠𝑚𝑚𝑠𝑠𝑟𝑟ℎ ≈ 1) tend to grow faster than the 
nearby facet surfaces, thus sharpening the 
corners. This sharpening is countered by 
the Gibbs-Thomson effect (see Chapter 2), 
which reduces the effective supersaturation 
at the corners. The result is a corner radius 
of curvature that is smaller for larger 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 

3) Because the sharp corners present a surface 
that is out of equilibrium, surface diffusion 
will try to round the corners by carrying 
material from the corners to the nearby 
facets. This surface flow that would reduce 
the total surface energy by rounding the 
corners. 

4) The Ehrlich-Schwoebel barrier tends to 
suppress surface diffusion over corners, and 
we assume that this suppression is effective 

on basal surfaces. However, we hypothesize 
a leaky E-S barrier on prism surfaces, and 
this allows some transfer of molecules to 
the prism facet. Thus, there is a net surface 
flow onto the prism facet, owing to the non-
equilibrium corner structure. 

5) On a broad prism facet, the leaky E-S 
barrier has little affect, as the transferred 
admolecules mostly diffuse away from the 
corner. On a narrow prism facet, however, 
the flow will substantially increase the 
admolecule density, so it is higher than it 
would be on a large facet surface. 

6) The larger admolecule density increases the 
rate of terrace nucleation on the narrow 
prism facet, in accordance with classical 2D 
nucleation theory. The result is an increase 

Figure 3.12: These two sketches show the edge 
of a thin plate-like snow crystal, the top sketch 
in near-equilibrium, the bottom sketch for a 
growing crystal. As described in the text, surface 
diffusion may increase the supply of 
admolecules on narrow prism facets away from 
equilibrium, thus enhancing terrace nucleation 
and increasing 𝜶𝜶𝒑𝒑𝒓𝒓𝒌𝒌𝒔𝒔𝒎𝒎.  
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in 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 on narrow prism facets, but little 
change in 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 on broad prism facets. 

7) Specifically, this effect lowers the effective 
𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 on narrow prism facets, which is 
the SDAK effect. At especially high 
supersaturations, 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 → 0 and 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 → 0, as desired. Note that the 
enhanced surface diffusion cannot create 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 > 1. 

 
While the model may seem complicated at first 
blush, the individual steps are quite plausible 
(in my opinion), and the SDAK hypothesis 
resides mainly in the assumption of leaky 
Ehrlich-Schwoebel barrier on prism facets (but 
not on basal facets), and this hypothesis is not 
excluded on any experimental or theoretical 
grounds. Quite the contrary, it seems likely that 
the E-S barrier would be diminished in the 
presence of substantial surface premelting, 
although we cannot say to what extent. 
 Although this is clearly a speculative 
model, it has several consequences that may 
explain the SDAK effect and, therefore, the 
growth of thin plates near -15 C, including:  
 
1) The enhanced surface diffusion illustrated 

in Figure 3.12 would have little effect on 
large prism facets, as admolecules would 
quickly diffuse away from the corners, 
yielding only a relatively small increase in 
admolecule density. 

2) The admolecule density increase would be 
much larger if 𝑤𝑤 < 𝑥𝑥𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠, where 𝑤𝑤 is the 
facet width and 𝑥𝑥𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 is the normal surface 
diffusion length on a prism facet. 

3) Looking at the molecular structure of a 
rounded edge, we see that the width of the 
top prism terrace is 𝑤𝑤 ≈ √𝑎𝑎𝑅𝑅, where 𝑎𝑎 ≈
0.3 nm is the size of a molecule and 𝑅𝑅 is the 
radius of curvature of the edge. Putting in 
𝑅𝑅 ≈ 0.2 𝜇𝜇𝑚𝑚 gives 𝑤𝑤 ≈ 8 𝑛𝑛𝑚𝑚, giving a top 
terrace that is only about 25 molecules wide. 

4) This mechanism mostly changes the 
effective 𝜎𝜎0 in nucleation-limited growth, 
while not changing 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 or 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚. Thus 
it cannot yield 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 > 1. 

5) With 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 depending on 𝑤𝑤, the overall 
growth morphology may depend on initial 
conditions. In particular, micron-scale seed 
crystals may grow differently than larger 
seed crystals.  

 
A critical of this model is the temperature 
dependence of the leaky E-S barrier. One 
would expect the leakiness to increase with 
increasing temperature, and the model assumes 
a threshold near or slightly below -15 C. Such 
a behavior, again not unreasonable, would 
explain the rapid turn-on of thin-plate 
formation around this temperature. This 
means, however that, that the enhanced 
surface diffusion will persist at temperatures 
above this threshold. I will examine how this 
fits in with the bigger picture in Section 3.7 
below. 
 
The Edge-Sharpening 
Instability 
A particularly fascinating consequence of the 
SDAK hypothesis is a phenomenon I call the 
Edge-Sharpening Instability (ESI). As the name 
implies, the ESI tends to sharpen prism edges 
via a positive feedback effect that takes place 
during diffusion-limited growth. I believe that 
this growth instability is largely responsible for 
the remarkably robust appearance of thin, 
plate-like structures near -15 C. If true, then the 
ESI is one of the most important physical 
processes shaping the snow crystal 
morphology diagram. 
 The essential starting point for the ESI is 
the hypothesis that 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 on an edge-like 
prism facet depends strongly on the width of 
the top prism terrace (the SDAK hypothesis). 
For a broad facet, 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 is well described by a 
nucleation-limited model with the parameters 
given in Figure 3.3. On a narrow edge, 
however, 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 → 1 as 𝑤𝑤 → 0, where 𝑤𝑤 is the 
prism edge width. The SDAK mechanism 
described above would bring about this 
behavior, but the precise physical mechanism 
is not important, as long as it operates at 
temperatures near -15 C. In [2015Lib2], we 
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used the functional form 𝜎𝜎0 = 𝜎𝜎0,∞[1 −
exp(𝑤𝑤/𝑤𝑤0)], where 𝜎𝜎0,∞ is the broad-facet 
value given in Figure 3.3 and 𝑤𝑤0 is a model 
parameter. But the exact functional form is also 
likely not important, as long as 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑤𝑤) → 1 
as 𝑤𝑤 → 0. 
 Given this hypothesis, the positive-
feedback effect inherent in the ESI is illustrated 
in Figure 3.13. When the applied 
supersaturation 𝜎𝜎∞ is low, and the facet growth 
rates are corresponding low, then stable facets 
form, as shown in the middle sketch in the 
figure. On both the basal and prism facets, new 
terraces mostly nucleate near the exposed 
corner, where the supersaturation is highest 
owing to diffusion effects. This yields two train 
of terrace steps propagating from the corners 
to the facet centers. The facet surfaces both 
becomes slightly concave in the process, and 
this overall growth morphology describes 
stable, faceted crystal growth (described 
further in Chapter 4). 
 As 𝜎𝜎∞ is increased beyond some threshold, 
the crystal grows faster and terraces nucleate 
more readily at the corners. The faster growth 
means that the terrace steps become more 
closely spaced and the width of the uppermost 
basal and prism terraces becomes smaller. 
Because 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 decreases as the top prism 
terrace width decreases (our hypothesized 
SDAK behavior), the nucleation rate increases, 
so more prism terraces appear, and thus the 
width of the top prism terrace decreases 
further still. The result is a growth instability 
brought about by a positive feedback effect – 
the prism edge sharpens, 𝜎𝜎0 decreases, the edge 

sharpens more, 𝜎𝜎0 decreases more, etc. This is 
the ESI, which results in a thin plate growing 
out from the corner of the crystal prism. I 
exploited the ESI to create the Plate-on-
Pedestal laboratory snow crystals described in 
Chapter 9. 
 Going back to Figure 3.11, the images 
shows what I believe is a double-sided example 
of the ESI mechanism, yielding thin plate-like 
structures on both the top and bottom surfaces 
of an initially thick plate. Similar structures are 
likely responsible for the appearance of few-
micron-thick bubbles enclosed in thin-plate 
snow crystals near -15 C (see Chapters 4 and 
11).  

Given the complexity of the SDAK and 
ESI phenomena, they are probably best 
investigated using detailed 3D computational 
modeling (see Chapter 5) and direct 
comparison with snow crystal growth on e-
needles (see Chapter 8). Using a parameterized 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇,𝑤𝑤) that incorporates the 

Figure 3.13: A diagram illustrating how the 
Edge-Sharpening Instability (ESI) stimulates 
the formation of thin, plate-like structures, in 
this case Plate-on-Pedestal (PoP) growth. 
Below some growth threshold (middle sketch), 
faceted surfaces grow stably as new terraces 
nucleate near the exposed corner. Above 
threshold (right sketch) the top prism terrace 
becomes narrower, which lowers 𝝈𝝈𝟎𝟎 on that 
surface, thus increasing the growth rate, which 
narrows the top terrace further. The result is a 
positive-feedback effect (a growth instability) 
that yields a fast-growing thin plate from the 
top edge of the initial ice prism. 
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SDAK effect (as we did in [2015Lib2]) then 
allows a rigorous test of both growth rates and 
morphologies over a broad range of 
environmental conditions. Constructing 
cartoon pictures of possible molecular 
processes is a useful starting point, but it is only 
that. Combining full 3D modeling with precise 
e-needle observations under controlled 
conditions would certainly provide many new 
insights into snow crystal attachment kinetics. 
I address creating a full model of the 
attachment kinetics for this purpose in Section 
3.7 below. 
 I proposed the SDAK hypothesis some 
years ago [2003Lib1], and it remains my 
preferred model for explaining the growth of 
thin plates near -15 C. This is a dominant 
feature in the snow crystal morphology 
diagram, but is not so easy to explain without 
some kind of new physics. The ESI hypothesis 
is difficult to test conclusively, and I would say 
that overwhelming evidence in its favor does 
not yet exist. On the other hand, I have not 
found a competing model that better explains 
all the observations. Whether these ideas 
survive the test of time remains to be seen.  
 
Inter-Facet Transport 
One alternative proposal for explaining thin-
plate growth near -15 C is the direct transport 
of admolecules from basal to prism facets via 
surface diffusion [2019Nel]. While all options 
remain on the table at this point, I believe one 
can make a good argument that inter-facet 
transport probably does not play a substantial 
role in snow crystal growth.  
 One immediate issue is that surface 
transport from a large basal facet to a thin 
prism edge it is not energetically favorable near 
equilibrium. Surface tension will favor 
transport in the opposite direction, to reduce 
the total surface area of the system. Growth, of 
course, is a nonequilibrium process, so faster 
kinetics on the prism surface could drive inter-
facet transport if 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≫ 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚, which likely 
means having 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 for the case of thin 
plates. Assuming 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 up front, 

however, solves the thin-plate problem 
without any need for inter-facet transport, as 
quantitative modeling shows that 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 is 
sufficient to produce thin plates near -15 C 
[2015Lib2]. Dislocations could provide a 
mechanism for producing 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 and 
driving inter-facet transport, but the evidence 
suggests that growth-mediating dislocations 
are generally uncommon in snow crystals, as I 
describe in the next section. 
 The essential problem near -15 C is finding 
a mechanism that reconciles the sizable 
nucleation barrier seen on large prism facets in 
vacuum (Figure 3.9) with the formation of 
remarkably thin plate-like structures in air 
(such as in Figure 3.11) that requires 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈
1. Moreover, one must explain why thin plates 
appear readily in a narrow temperature range 
near -15 C while not appearing at temperatures 
above or below. Again, this requires a 
comprehensive model of the attachment 
kinetics that can explain the entire snow crystal 
morphology diagram, which I discuss in 
Section 3.7. 
 
3.5 Dislocation-Mediated 
Growth 
If lattice dislocations are present on a faceted 
surface, then growth can sometimes proceed 
without the need to nucleate new molecular 
terraces. The most common mechanism for 
dislocation-mediated facet growth is via screw 
dislocations, as illustrated in Figure 3.14. By 
providing a continuous source of molecular 
steps in the absence of terrace nucleation, a 
screw dislocation can yield substantial growth 
rates even when 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is far below that required 
for terrace nucleation. The theory behind this 
mechanism is described in most crystal growth 
textbooks [1996Sai, 1998Pim, 2002Mut], 
yielding 𝛼𝛼~𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and a perpendicular growth 
velocity 𝑣𝑣𝑛𝑛~𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2 . 
 It has long been known that screw 
dislocations can promote the growth of slender 
needle-like crystals via inter-facet transport in a 
number of systems. For example, G. W. Sears 
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demonstrated [1955Sea] that mercury whiskers 
growing from vapor required 𝛼𝛼𝑠𝑠𝑘𝑘𝑝𝑝 ≫ 1 at the 
needle tip, which is not possible with purely 
local attachment kinetics. As illustrated in 
Figure 3.15, Sears proposed that a single screw 
dislocation at the tip would make 𝛼𝛼𝑠𝑠𝑘𝑘𝑝𝑝 ≈ 1, and 
transport from the needles sides (having 
𝛼𝛼𝑠𝑠𝑘𝑘𝑑𝑑𝑖𝑖𝑠𝑠 ≪ 1) would explain the fast tip growth. 
This fascinating dislocation-driven mechanism 
is now the accepted model for many whisker 
systems, but there is no evidence that any 
similar process exists in ice growth.  

 Although dislocation-mediated growth is 
quite common in many crystal systems, it does 
not appear to be a major player in snow crystal 
growth. For example, Figure 3.5 illustrates that 
a nucleation-limited growth model fits the data 
well while a dislocation-mediated growth 
model does not, and this appears to be the case 
over a broad range of growth conditions 
[2013Lib]. Some individual crystals may exhibit 
behavior indicative of dislocation-mediated 
growth, but about 90 percent are better 
described by nucleation-limited growth 
[2013Lib]. 

F. C. Frank suggested that the simple 
observation of symmetrical hexagonal prisms 
likely indicates the absence of dislocation-
mediated growth on the six prism facets 
[1982Fra]. Because the facet surfaces all grow 
at equal rates, either there are no dislocations 
present on any of the facets or there must be at 
least one dislocation on each of them. If screw 

Figure 3.14: (Top) The lattice structure of a 
screw dislocation. (Bottom) As the dislocation 
edge grows from admolecule attachment, it 
creates a spiral pattern that can propagate 
indefinitely, yielding growth without terrace 
nucleation. (Bottom image adapted from 
www.princeton.edu/~maelabs/mae324/04/0
4mae_17.htm) 
 

Figure 3.15: A screw-dislocation model that 
explains the rapid growth of mercury whiskers 
from the vapor phase. A single screw 
dislocation creates 𝜶𝜶𝒇𝒇𝒌𝒌𝒑𝒑 ≈ 𝟏𝟏, while surface 
diffusion transports adatoms from the 
columnar sides to the tip. Although intriguing, 
there is no evidence for a similar mechanism 
operating in ice crystal growth. (Image from 
[2013Men]. 
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dislocations were present on some of the facet 
surfaces but not all, then the growth rates 
would vary and the overall prism morphology 
would not show hexagonal symmetry. 
Although asymmetrical prisms can be found 
[2009Lib4], most are nearly symmetrical. As a 
high dislocation density seems improbable on 
small crystals with simple morphologies, the 
most logical conclusion is that most prism facet 
surfaces are free of dislocations that greatly 
alter the facet growth rates.  

The available evidence suggests, therefore, 
that dislocation-mediated facet growth is 
largely absent on most snow-crystal facets. For 
this reason, the main discussion throughout 
this chapter (and this book) ignores 
dislocations. Instead, we assume that both the 
prism and basal facets can be treated as perfect, 
molecularly smooth surfaces. 
 
3.6 Chemically Modified 
Attachment Kinetics 
In the preceding sections of this chapter, we 
examined molecular attachment kinetics either 
in air or in a near-vacuum environment, with 
the implicit assumption that these systems 
were always free of chemical contamination. In 
any real experiment, however, unwanted 
chemical vapors are always present at some 
level, and it is well known that even fairly low 
levels of chemical additives can dramatically 
change ice growth rates and morphologies.  

For example, Vonnegut, Hallett and Mason 
[1948Von, 1971Mas, 1958Hal] found that 
while plates are the normal growth 
morphology at -20 C in air, the addition of 10 
ppm of butyl alcohol yielded columnar growth 
instead. Schaefer [1949Sch, 1971Mas] further 
observed that vapors of ketones, fatty acids, 
silicones, aldehydes, and alcohols could all 
change ice growth morphologies to varying 
degrees. Nakaya, Hauajima, and Mugurama 
[1958Nak] observed that even trace silicone 
vapor in air caused columnar crystals to grow 
at -15C. Hallett and Mason [1958Hal] found 
that the addition of camphor vapor in air could 
yield columnar ice crystals at all temperatures 

in the range −40 C < T < 0 C. These authors 
also observed that isobutyl alcohol in air 
changed ice growth near -15 C from plates to 
columns and then back to plates again as the 
concentration was increased. Anderson, 
Sutkoff, and Hallett [1969And] found that 
Methyl 2-Cyanoacrylate in air could change the 
morphology from plate-like dendrites to 
needles at -15 C. Libbrecht, Crosby, and 
Swanson [2002Lib] found that acetic acid and 
other vapors promoted the c-axis growth of 
“electric” needle crystals in air near -5 C (see 
Chapter 8). Knepp, Renkens and Shepson 
[2009Kne] observed various morphological 
changes caused by acetic acid vapor in air, even 
in concentrations as low as 1 ppm. Libbrecht 
and Bell [2011Lib] examined snow-crystal 
morphologies as a function of temperature for 
a range of chemical additives as a function of 
concentration. From all these reports, we can 
summarize some of the principal findings:  
 
1) In nitrogen gas at one bar, most chemical 

additives at concentrations below 10 ppm 
produce no clearly observable changes in 
ice crystal growth morphologies [2011Lib].  

2) Ice growth in air, nitrogen, helium, argon, 
hydrogen, carbon dioxide, and methane 
gases at a pressure of one bar yield roughly 
identical crystal morphologies as a function 
of temperature [1959Heu, 2011Lib, 
2008Lib1], suggesting that these gases are 
essentially chemically inert. 

3) Growth in ultra-clean nitrogen gas was not 
significantly different from growth in 
ordinary laboratory air [2011Lib]. This, 
together with (1), suggests that trace 
impurities in ordinary air do not play a large 
role in snow-crystal growth.  

4) Chemical additives generally tend to 
promote the growth of columnar crystals 
over plate-like crystals. 

5) Nitric acid vapor or nitrous oxide tends to 
promote the growth of triangular crystals 
near -15 C [1949Sch]. 

6) The most effective chemicals for producing 
growth modification are those having 
strong polar properties [1949Sch]. 
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7) Chemical additives generally have an 
especially large, detrimental effect on thin-
plate and plate-like dendritic growth at -15 
C [2011Lib]. In general, thin plates at -15 C 
seem to grow best in inert gases at pressures 
of one bar or above. (This fact has so far 
quashed my long desire to create better-
than-natural uber snow crystals via some 
kind of chemically enhanced growth 
technique.) 

8) Chemical effects are generally more 
pronounced at lower temperatures, and ice-
growth experiments performed at 𝑇𝑇 <
−20 𝐶𝐶 are especially prone to unwanted 
influences from trace chemical 
contaminants [2011Lib]. 

 
Given our poor understanding of ice growth 
without the complicating effects of chemical 
additives, it should come as no surprise that 
there is essentially no theoretical 
understanding, even at a qualitative level, of 
how chemical additives alter growth rates and 
change growth morphologies. Thus, while the 
phenomenology of chemically modified 
attachment kinetics suggests a fascinating 
research direction, the lack of any theoretical 
guidance makes progress difficult.  
 
3.7 A Comprehensive 
Model of Snow Crystal 
Attachment Kinetics 
Ever since the discovery of the snow crystal 
morphology diagram (see Figure 3.16), 
researchers have sought to create a 
comprehensive physical model that explains its 
overall features. At present, many components 
for such a model are already in hand, as we 
have a good understanding of the 
mathematical physics of diffusion-limited 
growth (Chapter 4), plus computational 
methods are now capable of creating branched, 
faceted structures that resemble natural snow 
crystals (Chapter 5). The most difficult piece of 
the puzzle, however, has been a 
comprehensive model of the attachment 
kinetics, which are responsible for the various 

transitions between plate-like and columnar 
growth seen in morphology diagram. 
 
Prior Attempts 
Basil Mason and collaborators made a first 
attempt at a comprehensive model of the 
attachment kinetics in the 1960s by reporting 
measurements of admolecule diffusion lengths 
𝑥𝑥𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠(𝑇𝑇) on both the basal and prism facets as 
a function of temperature [1958Hal, 1963Mas]. 
These observations suggested a temperature 
dependence in the relative growth rates of the 
primary facets that roughly explained the 
several transitions between plate-like and 
columnar growth seen in the morphology 
diagram.   
 The Mason et al. model was ultimately 
deemed unsuccessful for a number of reasons. 
On the experimental side, the underlying 
experiments relied on measurements of 
macrostep growth velocities to extract 𝑥𝑥𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 
values, and this technique is now known to be 
prone to systematic errors. Macrostep growth 
rates are strongly affected by bulk diffusion and 
other effects, and even today it is exceeding 
difficult to measure admolecule surface 
diffusion lengths with reasonable accuracy 
[2015Lib]. Moreover, we now know that 
terrace nucleation, not surface diffusion, is the 
primary effect limiting facet growth in most 
circumstances. 
On the theory side, measurements of 𝑥𝑥𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠(𝑇𝑇) 
alone would not constitute a comprehensive 
model of the attachment kinetics unless the 
model included some molecular physics that 
explained the observations, even if only at a 
qualitative level. In this same vein, while 
empirical measurements of 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 and 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 
as a function of growth conditions would be a 
good step forward, such measurements alone 
would not constitute a comprehensive physical 
model. 

Toshio Kuroda and collaborators created a 
new model in the 1980s incorporating a 
molecular picture of how attachment kinetics 
might vary with temperature-dependent 
changes in surface premelting [1982Bec, 
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1982Bec1, 1982Kur, 1983Bec]. The authors 
postulated a number of speculative, but 
physically reasonable, transitions in the ice 
surface structure as a function of temperature, 
and further postulated that these transitions 
occurred at different temperatures on the basal 
and prism facets. By adjusting several model 
parameters, rough agreement with the 
observed plate/column transitions in the 
morphology diagram could be obtained. 

Once again, however, the Kuroda model 
has not withstood the test of time. As with the 
Mason model, one prominent problem is that 
the model did not include any aspects of 
nucleation-limited growth, while we now know 
this is a dominant feature in snow-crystal 
attachment kinetics. Nelson and Knight 
[1998Nel] argued for this fact, and later 
measurements by Libbrecht and Rickerby 
[2013Lib] provided solid confirmation with the 
measurements illustrated in Figures 3.3 and 3.4. 

Besides the omission of nucleation-limited 
kinetics, however, there has been essentially no 
confirmation of any of the overall structural 
characteristics of surface premelting as 

postulated in the Kuroda model. 
The overarching premise of the 
original model was speculative 
and quite qualitative in nature, 
and it has received little support 
from subsequent research. 

History thus presents us with 
the sobering reality that creating 
comprehensive models of snow 
crystal attachment kinetics has 
not been an especially fruitful 
endeavor in the past. Being fully 
cognizant of prior failures, 
therefore, I will now proceed by 
… presenting a new 
comprehensive model of snow 
crystal attachment kinetics 
[2017Lib, 2012Lib1, 2013Lib2, 
2014Lib, 2015Lib2, 2016Lib1]. 
Hope springs eternal.  

My primary goal in the 
venture that follows is not to 
create a final, perfect model of 

the attachment kinetics, but to perhaps do 
better than previous attempts. The model I am 
about to present will be more complex than 
prior efforts, but also more thoroughly 
grounded in experimental observations. The 
model will be somewhat empirical and 
sometimes quite speculative (in keeping with 
past traditions), but it will also make numerous 
predictions that are suitable for future testing. 
As with previous modeling attempts, 
stimulating new experimental investigations 
may end up being the model’s most valuable 
feature. 

A primary goal in this exercise is to provide 
necessary input for creating computational 
snow crystals (see Chapter 5). In order to create 
physically realistic, full 3D numerical models of 
growing snow crystals, one requires a 
comprehensive model of the surface 
attachment kinetics. To this end, I will 
combine the experimental and theoretical 
results presented thus far into a single package, 
yielding attachment coefficients over a broad 
range of growth conditions in a parameterized 
form that can be incorporated into numerical 

Figure 3.16: The snow-crystal morphology diagram. Explaining 
all the observed transitions between plate-like and columnar 
morphologies as a function of temperature requires a 
comprehensive model of the attachment kinetics. 
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calculations. With such a comprehensive 
model, even an imperfect one, we can then 
begin to make quantitative, insightful 
comparisons between 3D numerical models 
and laboratory observations of complex 
growth morphologies.  

Observations suggest that 𝛼𝛼𝑠𝑠𝑚𝑚𝑠𝑠𝑟𝑟ℎ ≈ 1 is a 
reasonably accurate approximation on non-
faceted surfaces, so our main modeling 
objective is to provide both 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 and 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 
as a function of the surface supersaturation 
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, growth temperature, background air 
pressure, the prism facet width, and perhaps 
other factors. Although we are still far from 
understanding all the detailed molecular 
dynamics underlying ice attachment kinetics, 
the different pieces of the puzzle described 
above can be assembled into a comprehensive 
model that is hopefully at least somewhat 
better than prior attempts. 
 
Ideal Facet Surfaces 
As described above, I assume that an “ideal” 
faceted ice surface is an infinite half-place, free 
of dislocations and other crystalline 
imperfections, growing from pure water vapor 
with no additional background gases. In my 
comprehensive kinetics model, ideal basal and 
prism facets are both described by  
  

𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) = 𝐴𝐴𝑒𝑒−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (3.6) 
 
where 𝐴𝐴𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 ≈ 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 and 𝜎𝜎0(𝑇𝑇) for the 
two facets are given in Figure 3.3. 
 At this point the model follows the 
empirical data from [2013Lib], except for the 
choice of 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1. My reasoning for this 
exception is based partly on the pressure-
dependent prism growth described above, 
combined with the fact that the growth data in 
Figure 3.3 were obtained with about 20 mbar 
of residual air pressure, as described above. 
Moreover, I prefer assuming 𝐴𝐴𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 ≈
𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1  in part for theoretical simplicity, as 
one expects 𝛼𝛼𝑠𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠 ≈ 1 for nucleation-limited 
growth on both facets in the limit of high 
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 

 Immediately the reader will see that this 
comprehensive model will have its speculative 
elements. The choice of 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 is based 
more on theoretical prejudice than on solid 
experimental evidence. However, one does 
face the need to make choices when covering 
gaps in the empirical data. Once the full model 
has been defined, it can be used to compare 
with new experimental data, and that is the best 
time to address and refine these choices. 
 So far, the physical underpinnings of the 
model lie in nucleation-limited facet growth 
with the step energies given in Figure 3.4. I 
already described a surface-premelting model 
for the step energies that incorporates the 
geometrical picture of step energies illustrated 
in Figure 3.7. This reasoning led to the 
observed correspondence between growth 
from water vapor and growth from liquid water 
also described above. This discussion provided 
an overarching picture of how surface 
premelting gradually changes the ice surface 
structure, yielding the observed 𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇) and 
𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇), which then give the observed 
𝜎𝜎0,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇) and 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇).  

While this overall physical model of the 
step energies seems reasonable, I have no 
quantitative explanation for the observed 
values of 𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇) and 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇), nor can I 
even explain why the step energies behave 
differently on the two facets. The good news, 
however, is that the step energies are 
equilibrium quantities that could ultimately be 
calculated from molecular dynamics 
simulations, and I discuss that possibility 
below. 
 
Pressure-Dependent 
Attachment Kinetics 
The next step in developing this model is to 
deal with pressure-dependent growth on the 
prism facet. For this I assume the terrace-
erosion model described in detail above, which 
produces a deep dip in 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) in air at one 
bar near -5 C. There are few data to constrain 
the overall shape of this dip, so I propose the 
red dotted line shown in the lower panel in 
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Figure 3.17. I also assume that terrace 
erosion is responsible for the shallower dip 
seen at an air pressure of 20 mbar, given by 
the blue 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) curve in Figure 3.17. 
Clearly this is only a rough estimate for a 
terrace-erosion model, but it will have to 
suffice for now. 
 Ice growth data also suggest (for 
example, Figure 8.16 in Chapter 8) that 
𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 → 1 when the supersaturation is 
sufficiently high. This behavior would be 
expected on general theoretical grounds, as 
terrace erosion would likely be ineffective 
when the density of admolecules is large 
and the normal rate of terrace nucleation 
(in the absence of any background gas) is 
sufficiently high. 
 Putting these considerations together, I 
propose a rather complicated pressure-
dependent function 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇,𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑃𝑃𝑏𝑏𝑠𝑠𝑖𝑖𝑘𝑘) 
to describe the growth of large prism facets, 
where 𝑃𝑃𝑏𝑏𝑠𝑠𝑖𝑖𝑘𝑘 is the background gas 
pressure. This function would limit to the 
red dotted line in Figure 3.17 when 𝑃𝑃𝑏𝑏𝑠𝑠𝑖𝑖𝑘𝑘 =
1 bar and 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is low, and it would limit to 
𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 = 1 at all temperatures in the limit 
of zero background gas pressure. 
Additionally, this function would limit to 
𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 = 1 at high 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 regardless of 
pressure. Clearly much additional 
experimental work will be needed to 
satisfactorily constrain this function, 
suggesting that this is a good region of 
parameter space to explore with additional 
ice-growth experiments. 
 The theoretical side of this 
comprehensive model could be greatly 
improved by investigating the role of terrace 
erosion effects in 2D nucleation theory. The 
subject is perhaps best investigated using 
Monte Carlo models of surface processes 
[2002Jac, 1984Jac], as it may be relatively 
straightforward to create an approximate 
statistical-mechanical model of 
admolecule/vapor-molecule collisions.  

To my knowledge, little or no work has 
been done exploring the effects of background 

gas collisions on nucleation-limited growth 
from the vapor phase. Even a rudimentary 
theoretical investigation could determine 
whether terrace erosion effects are strong 
enough to significantly perturb the nucleation 
process. If the answer to this basic question is 
yes, then additional Monte-Carlo calculations 
examining how terrace erosion changes with 
background gas species and pressure could 
shed much light on this topic. 

Figure 3.17: Toward a comprehensive model of the 
snow-crystal attachment kinetics. Empirical data 
points are shown for the basal (black) and prism 
(blue) faceted surfaces in a near-vacuum 
environment (see Figure 3.3). Red data points are 
from measurements take in air. This model 
combines the attachment coefficients 𝜶𝜶𝒃𝒃𝒇𝒇𝒔𝒔𝒇𝒇𝒃𝒃 and 
𝜶𝜶𝒑𝒑𝒓𝒓𝒌𝒌𝒔𝒔𝒎𝒎 for “ideal” faceted surfaces together with the 
structure-dependent attachment kinetics (SDAK) 
model and the terrace erosion model described 
previously in this chapter. 
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 Independent of any theoretical progress, 
additional experimental measurements of 
growth rates would go far to flesh out pressure-
dependent effects in this comprehensive 
model. Clearly, precise measurements of prism 
growth rates as a function of background 
pressure over a temperature range near -5 C 
would be most useful, although separating 
attachment kinetics from diffusion-limited 
growth remains a substantial experimental 
challenge (see Chapter 7). 
 
Structure Dependent 
Attachment Kinetics 
The final large piece of this comprehensive 
model involves an adjustment of 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 on 
narrow prism facets. In accord with the SDAK 
model described above, I assume a function 
𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇,𝑤𝑤), where the red dotted line in the 
top panel in Figure 3.17 shows 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇,𝑤𝑤) 
for small 𝑤𝑤 on the edges of thin plate-like 
crystals. In the limit of large 𝑤𝑤, 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇,𝑤𝑤) 
is given by the ideal-facet case, given by the 
blue curve for 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 shown in Figure 3.17. 
Once again, the precise functional form of 
𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇,𝑤𝑤) is not known, but it seems likely 
that 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 decreases monotonically with 
decreasing 𝑤𝑤 at all temperatures. A reasonable 
(albeit ad hoc) functional form might be 𝜎𝜎0 =
𝜎𝜎0,∞[1− exp(𝑤𝑤/𝑤𝑤0)], where 𝜎𝜎0,∞ is the broad-
facet value given in Figure 3.3 and 𝑤𝑤0 is a 
model parameter [2015Lib2]. 
 A noteworthy feature of this model is that 
the SDAK effect likely turns on beginning at a 
temperature around -20 C and then stays on at 
all higher temperatures. It is difficult to imagine 
a molecular mechanism that reduces 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 
strongly on narrow facets near -15 C but then 
somehow turns off at higher temperatures. For 
this reason, the red dotted curve describing 
𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 in Figure 3.17 decreases monotonically 
with increasing temperature.  
 The nature of the SDAK effect means that 
snow crystal growth dynamics may strongly 
depend on initial conditions in some cases, and 
there is experimental evidence that supports 
such behavior. For example, thin plates grow 

readily at -10 C in air, especially at low 
supersaturations [2009Lib], while thin plates 
do not readily grow out from electric needles at 
-10 C (see Chapter 8, Figure 8.16). One 
difference in these observations is that the thin 
plates grew from small seed crystals that began 
with narrow prism facets. The small in initial 𝑤𝑤 
on the seed crystals yielded small 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 
values that did not change as the thin plates 
grew larger. The electric needles, on the other 
hand, began with large 𝑤𝑤, and the edge-
sharpening instability at -10 C was not strong 
enough to promote the growth of a thin plate 
from the upper edge of the columnar crystal. 
Additional measurements of this kind could 
reveal additional cases where growth 
morphology is strongly dependent on initial 
conditions. Here again, quantitative numerical 
modeling like that done in [2015Lib2] is 
perhaps best able to investigate these issues. 

Because the SDAK effect is assumed to be 
independent of air pressure, this model 
predicts that thin plates should grow from 
small seed crystals in near-vacuum conditions. 
To my knowledge, thin plates have never been 
observed in such conditions, and this may be 
because previous low-pressure experiments 
were not done with small seed crystals at 
sufficiently low supersaturations. If the 
supersaturation is too high, then basal growth 
will be substantial and plates will quickly evolve 
into blocky prisms. To produce thin plates, the 
supersaturation must be low and the seed 
crystals much be small, and it is possible that 
this combination of conditions has not yet 
been created in the lab. Once more, we see that 
a comprehensive kinetics model will invariably 
make many predictions that can be tested with 
targeted experiments. 
 
The Snow Crystal 
Morphology Diagram 
Having defined the comprehensive model for 
the attachment kinetics on basal and prism 
facets shown in Figure 3.17, we can now 
consider the resulting growth forms in relation 
to the snow crystal morphology diagram in 
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Figure 3.16. This discussion will generally 
focus on growth in normal air at a pressure of 
1 bar unless otherwise noted. 
 Beginning at temperatures at or above -1 C, 
the kinetic model indicates a strong nucleation 
barrier on the basal facet along with 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 <
1 at low 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 from terrace erosion, as seen in 
Figure 3.17. This is consistent with the 
observation of blocky plates at -0.5 C and -1 C 
when 𝜎𝜎∞ < 16 percent, as shown in Chapter 8 
(Figure 8.16). There are few observations at 
such high temperatures, but the e-needle 
observations suggest that 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 decreases 
with decreasing temperature at low 𝜎𝜎∞, and this 
behavior is consistent with the 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) 
model shown in Figure 3.17 (red dotted line). 
 As 𝜎𝜎∞ increases at these high temperatures, 
the model predicts 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 → 1 as terrace 
erosion is no longer effective at retarding 
growth when the nucleation rate of new 
terraces is especially high. This drives 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 →
1 at high 𝜎𝜎∞, while the basal nucleation barrier 
remains high. This behavior is consistent with 
the observation of branched plate-like 
structures above -1 C, as seen in Figure 8.16. 
 As the temperature decreases to -2 C, 
𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 continues to fall at low 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, when 
terrace erosion is most effective. This yields 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 < 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 and columnar growth at low 
𝜎𝜎∞, as seen in Figure 8.16. The change in 
𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 with supersaturation is great at this 
temperature, resulting in a transition from 
columnar to plate-like growth at higher 𝜎𝜎∞, as 
observed in Figure 8.16.  

Unfortunately, our model at present has 
little predictive power when examining growth 
measurements at -2 C as a function of 𝜎𝜎∞, as 
we do not have a quantitative model for how 
𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 changes with 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. This model 
deficiency is not likely to improve from 
theoretical considerations in the near future, as 
the functional form for 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) is likely 
strongly influenced by surface premelting, 
which is not well understood. But an empirical 
model of 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) could be developed 
from additional quantitative measurements 
compared with numerical modeling. 

 Continuing down to -5 C, we see that 
𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 in the model drops rapidly (red dotted 
line in Figure 3.17), yielding strongly columnar 
growth over a broad range of 𝜎𝜎∞ at this 
temperature. The model also holds that 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 
increases with increasing 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, eventually 
yielding 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 ≈ 1 when the 
supersaturation is sufficiently high. This model 
behavior is consistent with the fishbone 
dendrites seen in Figure 8.16 at -5 C when 
𝜎𝜎∞ = 128 percent. 
 As the temperature drops below -5 C, 
𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 increases sharply along with the step 
energy. This means island terraces are more 
robust and less susceptible to terrace erosion, 
so 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 increases rapidly with decreasing 
temperature below -5 C (red dotted line in 
Figure 3.17). Between -5 C and -10 C, 
therefore, the growth morphology transitions 
from columnar back to plate-like forms. Here 
again, the functional form of 𝐴𝐴𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) is 
not much constrained by the model, so it is not 
possible at this time to make detailed 
comparisons between the model and 
observations as a function of 𝜎𝜎∞ in this region. 
 At -10 C, the effects of terrace erosion are 
essentially absent, while the edge-sharpening 
instability (ESI) is just beginning to turn on. 
Because 𝜎𝜎0,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 is still quite low at -10 C, fast 
basal growth makes the ESI less effective, so a 
relatively high 𝜎𝜎∞ is needed to drive the 
formation of thin plates on e-needles, as seen 
in Figure 8.16. At 𝜎𝜎∞ = 8 percent, for example, 
the ESI is completely ineffective and e-needles 
develop into blocky prisms. 
 The nature of the ESI suggests, however, 
that low-𝜎𝜎∞ growth morphologies at -10 C will 
depend strongly on the initial seed crystal 
morphology. While blocky prisms grow from 
the tips of e-needles, thin plates readily develop 
from small seed crystals in free fall [2009Lib]. 
This behavior nicely fits our overall SDAK 
hypothesis, and its ESI consequences. A pre-
existing thin plate at -10 C and low 𝜎𝜎∞ will 
exhibit a low 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 from the basal nucleation 
barrier, but a high 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 from the SDAK 
effect. Thus a pre-existing thin plate will 
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continue growing as a thin plate. Starting as an 
e-needle, however, 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 will start low and 
stay low, as the ESI is not strong enough to 
produce a thin plate. 
 Continuing down to -15 C, 𝜎𝜎0,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 is now 
substantially higher, increasing the 
effectiveness of the ESI. Thus thin plates 
appear on e-needles at a much lower 𝜎𝜎∞, as 
seen in Figure 8.16. At higher 𝜎𝜎∞ in this 
temperature range, the SDAK effect drives 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 → 1 while the basal nucleation barrier 
remains high, thus yielding fernlike stellar 
dendrites. 
 As the temperature drops further to -20 C, 
𝜎𝜎0,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 continues to climb, but the ESI 
nevertheless begins to turn off as the SDAK 
effect diminishes. According to the model, this 
happens because the Ehrlich-Schwoebel 
barrier on prism surfaces becomes more robust 
when the temperature drops below -15 C, as 
described previously. As a result, plate-like 
growth on e-needles rapidly declines as the 
temperature drops from -15 C to -20 C, as seen 
in Figure 8.16. Thin plates can still be found at 
-20 C growing from small seed crystals in free 
fall [2008Lib1], but they are mixed with blocky 
forms as well.  

This comprehensive kinetics model 
suggests that the bimodal distribution seen in 
[2008Lib1] arises naturally from a simple (non-
bimodal) spread in the initial seed crystal 
thickness. Especially thin seed crystals are able 
to maintain their sharp edge via the SDAK 
effect, so these grow into thin plates. Seed 
crystals that start out a bit thicker will have a 
diminished SDAK effect that will yield blocky 
prisms. Thus an initially non-bimodal 
distribution in seed crystal sizes becomes a 
bimodal distribution in the observed growth 
morphologies. The bimodal distribution is 
created by the bistable on/off characteristic of 
the SDAK effect. 
 Below -20 C, the model was extrapolated 
to yield 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 > 𝜎𝜎0,𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 as the temperature 
decreases, as shown in Figure 3.17. This feature 
was added to explain the predominance of 
columnar forms at especially low temperatures, 

as observed in extensive measurements by 
Matthew Bailey and John Hallett [2004Bai, 
2008Bai, 2012Bai]. Note that the SDAK effect, 
terrace erosion, and surface premelting are all 
essentially gone at these low temperatures, so 
overall the model becomes considerably 
simpler in this region of parameter space. With 
a substantially simple surface molecular 
structure, it may be possible to estimate the 
step energies 𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇) and 𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) directly 
from fundamental electronic interactions using 
molecular dynamics simulations, as I discuss 
below.  
 
Next Generation 
Morphology Diagrams 
One fact that becomes glaringly obvious when 
thinking about a comprehensive model of the 
attachment kinetics is that the morphology 
diagram is due for a serious upgrade. One large 
deficiency is that the diagram is too simplistic 
and largely qualitative in nature. A good 
kinetics model provides actual values of 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 
and 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 as a function of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and other 
parameters, making it possible to predict 
growth rates in addition to morphologies. 
Modern computational techniques (see 
Chapter 5) open up whole new vistas for model 
development. 

The next logical step, therefore, is to 
compare a quantitative model of the 
attachment kinetics with a quantitative 
morphology diagram. Figure 8.16 is a step in 
this direction, as the dual diffusion chamber 
presented in Chapter 8 provides a method for 
accurately measuring snow crystal growth 
behaviors from well-defined initial e-needles in 
well-defined growth conditions. There is much 
left to do along these lines, but clearly there is 
a need for accurate measurements over a broad 
range of growth conditions, thus producing an 
improved, quantitative snow crystal 
morphology diagram. 

It would also be most beneficial to add a 
pressure dimension to the morphology 
diagram, thus determining growth rates and 
morphologies as a function of temperature, 
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supersaturation, and air pressure. It is 
becoming clear that the attachment kinetics 
depend on background gas pressure, at least at 
temperature above -10 C, and the best way to 
explore pressure-dependent effects is by 
varying air pressure along with the other 
extrinsic variables.  

This comprehensive model of the 
attachment kinetics does a fairly good job of 
reproducing overall snow crystal growth 
behaviors because it was designed to fit the 
existing observations. The morphology 
diagram is somewhat complex, so I added a 
sufficient selection of physical effects to make 
it work. The real test will be in comparing the 
model with additional data, especially at low 
pressures. The above description of the 
morphology diagram as a function of 
temperature becomes quite different at lower 
pressures. The model makes a broad array of 
clear predictions, but whether low-pressure 
observations will fit these predictions remains 
to be seen.  
 
3D Modeling 
A primary motivation for creating a 
comprehensive model of the attachment 
kinetics is to facilitate detailed numerical 
modeling of snow crystal growth. As described 
in Chapter 5, creating computation snow 
crystals requires detailed models of 𝛼𝛼𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚 and 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚 as a function of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and other 
parameters over a broad range of conditions. 
Right or wrong, the model above can be rather 
easily parameterized and incorporated directly 
into a numerical code. One can then generate 
computational snow crystals at will for 
comparison with all kinds of experimental 
observations, both qualitative and quantitative, 
and even relatively complex morphologies can 
be explored.  
 This represents a front-to-end strategy for 
investigating the physics of snow crystal 
growth using quantitative computational 
models incorporating the full range of physical 
processes necessary. As I will describe in 
Chapters 4 and 5, the necessary diffusion 

physics and computational algorithms are 
largely in hand. The biggest missing ingredient 
is the attachment kinetics, for which the 
physics is poorly understood and the empirical 
observations are incomplete. Obtaining all the 
needed experimental inputs will take time, but 
one can speculate about a comprehensive 
model even using only what is currently 
known.  
 The overarching goal becomes a bootstrap 
process for advancing our understanding of the 
science of snow crystal growth. A full 
computational model, even with an imperfect 
parameterization of the attachment kinetics, 
can be used to make detailed comparisons with 
complex snow crystal structures. As 
discrepancies become apparent, one can adjust 
the model parameters to compensate. In this 
way, kinetics models will stimulate better 
experimental comparisons, which, in turn, will 
yield better models. With luck, the process 
converges toward an ever-improving 
understanding of the underlying crystal growth 
physics. 
 
3.8 Molecular Dynamics 
Simulations 
In both the ice/vapor and ice/liquid systems, 
the attachment kinetics are ultimately 
determined by complex interfacial molecular 
interactions, and these can be explored using 
molecular-dynamics (MD) simulations. The 
basic idea is to create a detailed mathematical 
model for the electronic potential between 
individual water molecules, assemble a 
computational system of some thousands of 
molecules, and then evolve the system by 
calculating all the relevant molecular 
interactions. In principle, with a large enough 
computer, one can examine the detailed 
structure and dynamics of quite complex 
systems using MD simulations. This highly 
technical area of computational science is far 
outside of my area of expertise, so I will 
comment little on molecular models or 
computational methodologies. Instead I will 
briefly summarize some results from MD 



109 
 

simulations that have examined the structure 
and growth of ice surfaces.  
 Much work has focused on developing 
models of water molecular interactions that 
reproduce bulk equilibrium properties like the 
freezing temperature, latent heats, diffusion 
coefficients, and the peak density of liquid 
water near 4 C. Equilibrium properties are 
generally the most amenable to MD 
simulations, and considerable progress has 
been made over the past several decades 
[2006Fer1, 2008Con, 2005Car]. 
 In particular, surface premelting has been 
seen in numerous simulations [1987Kar, 
1988Kar, 1996Nad, 1997Fur, 2004Ike, 
2016Ben], allowing investigation of the QLL 
thickness as a function of temperature for both 
the basal and prism facets, along with estimates 
of molecular diffusion rates and other material 
characteristics within the QLL. These 
investigations clearly confirm the existence of 
surface premelting, which has proven to be a 
robust computational phenomenon that is 
insensitive to details of the water model used 
[2008Con]. 

Unfortunately, the numerous experimental 
measurements of surface premelting 
properties, particularly the QLL thickness as a 
function of temperature, vary widely with the 
measurement technique (see Chapter 2), and 
this makes detailed comparisons between MD 
simulations and experiments a bit murky at 
present. Nevertheless, progress is being made 
on several QLL fronts, as surface probes are 
becoming more sophisticated and less 
perturbative while MD simulations are 
becoming ever more accurate. 
 Observing actual ice growth in MD 
simulations remains a substantial challenge, so 
there is little chance that direct simulations of 
attachment kinetics will be practical in the near 
future. While simulations now routinely 
observe the freezing process [2005Car, 
2012Roz, 2012Seo], this has only been possible 
in rather extreme conditions, when growth 
rates are of order 0.1 m/sec or higher. 
Experiments rarely access this region of 
parameter space [2005Shi, 2017Lib], and 

accurate measurements of such rapid growth 
rates are difficult. Snow crystal growth occurs 
in far more benign conditions, where the 
growth rates are orders of magnitude slower 
than what is typically observed in MD 
simulations. 
 
Step Energies 
I am especially optimistic that MD simulations 
of ice step energies will soon provide a direct 
link between fundamental molecular physics 
and snow crystal attachment kinetics. On the 
theory side, the step energies 𝛽𝛽𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚(𝑇𝑇)  and 
𝛽𝛽𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑚𝑚(𝑇𝑇) are basic equilibrium properties of 
the ice crystal, so should be amenable to direct 
calculation using MD simulations. Step 
energies have recently been calculated for 
silicon [2012Fro] and ice [2019Ben], 
demonstrating that numerical methods are 
suitable for this task. 
 On the experimental side, we already have 
step energy measurements over a broad range 
of temperatures for both principal facets, as 
shown in Figures 3.4 and 3.8. Comparing MD 
simulations with the existing measurements 
could be fruitful in several areas: 
1) The ice structure is especially simple at low 

temperatures, when surface premelting is 
largely absent and the step energies exhibit 
a relatively simple dependence on 
temperature (see Figure 3.4). Moreover, the 
step energy is larger at low temperatures, so 
the step width is likely sharper (see Figure 
3.7). These qualities all suggest that MD 
simulations of step energies should be more 
accurate at lower temperatures. 

2) Even if MD simulations cannot reproduce 
the step energies with absolute accuracy, it 
may be possible to observe their 
temperature dependence, especially at low 
temperatures. 

3) Measurements show general agreement 
between the ice/water and ice/vapor basal 
step energies near 0 C, and this 
correspondence could perhaps be examined 
by exploring the ice/QLL step energy near 
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the melting point in MD 
simulations [1996Nad]. 
 

There exists a real opportunity here to 
connect the growth of snow crystals all 
the way back to the foundations of 
fundamental physics. Snow crystal 
morphologies are strongly affected by 
faceting, and faceting arises largely 
from anisotropic attachment kinetics. 
Nucleation-limited growth dominates 
the attachment kinetics on faceted 
surfaces, and classical nucleation 
theory indicates that growth rates are 
largely determined by the terrace step 
energies. Molecular-dynamics 
simulations will soon calculate step 
energies from electronic models of 
water molecular interactions, which 
derive from basic quantum physics. 
Add to this diffusion-limited growth 
that derives from statistical mechanics 
(Chapter 4) and numerical algorithms 
for “growing” computational snow 
crystals (Chapter 5).  
 Putting all these pieces together, 
the chain of reasoning will be 
complete, with links from quantum 
physics, statistical mechanics, diffusion 
physics, electronic models of H2O 
interactions, MD simulations of terrace 
step energies, 2D nucleation theory, 
and attachment kinetics. The physics 
all comes together in the creation of 
computational snow crystals that will 
hopefully reproduce the full menagerie 
of complex structures we see falling 
lazily from the clouds during a quiet 
winter snowfall. At long last, we will 
have solved the snowflake problem. 
 
 
 
Figure 3.18: Several images of a growing 
Plate-on-Pedestal snow crystal (see 
Chapter 9). 
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