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Appendix A 
List of Variables and 
Physical Constants 
 
𝑎𝑎 – Size of a water molecule: 

𝑎𝑎 ≈ 𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖
−1/3 ≈ 0.32 nm 

𝑎𝑎0 – Ice lattice parameter 
𝐴𝐴 – Nucleation parameter 
𝛼𝛼 – Kinetics attachment coefficient 
𝛼𝛼𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 – Attachment coefficient  

       on a basal faceted surface 
𝛼𝛼𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑 – Attachment coefficient for  

diffusion-limited growth of a sphere 
𝛼𝛼𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑 = 𝑋𝑋0/𝑅𝑅 

𝛼𝛼ℎ𝑖𝑖𝑏𝑏𝑒𝑒 – Substrate heat-flow coefficient 
𝛼𝛼𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑,ℎ𝑖𝑖𝑏𝑏𝑒𝑒 – Heat diffusion  
      effective attachment coefficient 
𝛼𝛼𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑𝑖𝑖𝑑𝑑𝑏𝑏 – Attachment coefficient for  
 diffusion-limited growth of a cylinder 
𝛼𝛼𝑑𝑑𝑏𝑏𝑖𝑖𝑖𝑖𝑒𝑒 – Attachment coefficient  

       on a faceted surface 
𝛼𝛼𝑝𝑝𝑝𝑝𝑖𝑖𝑏𝑏𝑝𝑝 – Attachment coefficient   

       on a prism faceted surface 
𝐵𝐵 – Cylinder/parabolic diffusion parameter:  

𝐵𝐵 = log (𝑟𝑟𝑑𝑑𝑏𝑏𝑝𝑝/𝑅𝑅)  
𝛽𝛽 – Step energy on an ice/vapor surface  
𝛽𝛽0 – Fictitious “rigid terrace” step energy:  

𝛽𝛽0 ≡ 𝑎𝑎𝛾𝛾𝑏𝑏𝑠𝑠 
                          ≈ 3 × 10−11 J/m 

𝑐𝑐 – Water vapor number density 
𝑐𝑐0 – Ice lattice parameter 
𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖 – Ice molecular number density: 

𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖 = 𝜌𝜌𝑖𝑖𝑖𝑖𝑖𝑖/𝑚𝑚𝑝𝑝𝑚𝑚𝑏𝑏 
𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖 ≈ 3.1 × 1028  m-3 

𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒 – Saturated water vapor number density 
𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒,𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 – Saturated water vapor density  
       of supercooled water  
𝑐𝑐𝑏𝑏𝑠𝑠𝑝𝑝𝑑𝑑 – Water vapor number density  
       at the surface 
𝐶𝐶𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑 – 2nd derivative of 𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒(𝑇𝑇): 

𝐶𝐶𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑 =
1
2

1
𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒

𝑑𝑑2𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒
𝑑𝑑𝑇𝑇2

 

𝑐𝑐𝑝𝑝,𝑏𝑏𝑖𝑖𝑝𝑝 – Heat capacity of air: 
𝑐𝑐𝑝𝑝,𝑏𝑏𝑖𝑖𝑝𝑝 ≈ 1.0  kJ/kg-K 

 

𝑐𝑐𝑝𝑝,𝑖𝑖𝑖𝑖𝑖𝑖 – Heat capacity of ice: 
𝑐𝑐𝑝𝑝,𝑏𝑏 ≈ 2.1  kJ/kg-K 

𝑐𝑐𝑝𝑝,𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 – Heat capacity of water: 
𝑐𝑐𝑝𝑝,𝑏𝑏 ≈ 4.2  kJ/kg-K 

𝑐𝑐𝑝𝑝,𝑤𝑤𝑠𝑠 – Heat capacity of water vapor: 
𝑐𝑐𝑝𝑝,𝑠𝑠 ≈ 2.0  kJ/kg-K 

𝜒𝜒0 – Thermal parameter (dimensionless):  

𝜒𝜒0 =
𝜂𝜂𝜂𝜂𝐿𝐿𝑏𝑏𝑠𝑠𝜌𝜌𝑖𝑖𝑖𝑖𝑖𝑖

𝜅𝜅𝑏𝑏𝑖𝑖𝑝𝑝
𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒
𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖

 

𝜂𝜂 – Diffusion constant  
𝜂𝜂𝑏𝑏𝑖𝑖𝑝𝑝 – Particle diffusion constant in air: 

𝜂𝜂𝑏𝑏𝑖𝑖𝑝𝑝 ≈ 2 × 10−5 m2/sec 

𝜂𝜂𝑒𝑒ℎ𝑖𝑖𝑝𝑝𝑝𝑝 – Thermal diffusion constant in air: 
𝜂𝜂𝑒𝑒ℎ𝑖𝑖𝑝𝑝𝑝𝑝 ≈ 2 × 10−5 m2/sec 

𝜂𝜂𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 – Thermal diff constant in water: 
𝜂𝜂𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 ≈ 1.4 × 10−7 m2/sec 

𝑑𝑑𝑏𝑏𝑠𝑠 – Gibbs-Thomson length:  
    𝑑𝑑𝑏𝑏𝑠𝑠 = 𝛾𝛾𝑏𝑏𝑠𝑠/𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖𝑘𝑘𝑇𝑇 

 ≈ 1 nm 

𝛿𝛿 – Step density (number per unit length)  
         on a faceted surface  
𝜂𝜂 – Logarithmic change in 𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒  with 𝑇𝑇: 
                 𝜂𝜂 = (1/𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒)(𝑑𝑑𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒/𝑑𝑑𝑇𝑇)      or … 
𝜂𝜂 –  Part of the (𝜂𝜂, 𝜉𝜉,𝜑𝜑)  
              parabolic coordinate system 
𝜂𝜂𝑖𝑖𝑑𝑑𝑑𝑑 – Dynamical viscosity for liquid water 
𝐹𝐹 – Flux 
𝑓𝑓# – Lens f-number 
𝛾𝛾 – Surface energy  
𝛾𝛾0 – Ice solid/vapor surface energy of  
        rough, unfaceted surface 
𝛾𝛾𝑏𝑏𝑠𝑠 – Ice liquid/vapor surface energy: 

𝛾𝛾𝑏𝑏𝑠𝑠 ≈ 76  mJ/m2 

𝛾𝛾𝑏𝑏𝑏𝑏 – Ice solid/liquid surface energy: 
𝛾𝛾𝑏𝑏𝑏𝑏 ≈ 30 ± 5  J/m2 

𝛾𝛾𝑏𝑏𝑠𝑠 – Ice solid/vapor surface energy: 
𝛾𝛾𝑏𝑏𝑠𝑠 ≈ 106 ± 15  mJ/m2 

𝑘𝑘 – Boltzmann constant: 
𝑘𝑘 ≈ 1.38 × 10−23  m2 kg sec-2 K-1 

            𝑘𝑘𝑇𝑇−15 ≈ 3.6 × 10−21  Joules    
𝐾𝐾𝑇𝑇 – Kinetic coefficient for ice growth 
          from liquid water     
𝜅𝜅 – Surface curvature, or … 
𝜅𝜅 – Thermal conductivity coefficient 
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𝜅𝜅𝑏𝑏𝑖𝑖𝑝𝑝 – Thermal conductivity of air: 
𝜅𝜅𝑏𝑏𝑖𝑖𝑝𝑝 ≈ 0.025  W m-1 K1 

𝜅𝜅𝑖𝑖𝑖𝑖𝑖𝑖 – Thermal conductivity of ice: 
𝜅𝜅𝑖𝑖𝑖𝑖𝑖𝑖 ≈ 2.3  W m-1 K1 

𝜅𝜅𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 – Thermal conductivity of water: 
𝜅𝜅𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 ≈ 0.6  W m-1 K1 

𝜅𝜅𝑤𝑤𝑠𝑠 – Thermal conductivity of water vapor: 
𝜅𝜅𝑤𝑤𝑠𝑠 ≈ 0.02  W m-1 K1 

ℓ – Latent heat per molecule, or …  
ℓ   – A generic length  
ℓ𝑠𝑠𝑖𝑖𝑖𝑖𝑖𝑖𝑣𝑣𝑏𝑏𝑏𝑏 – Step spacing on a vicinal surface 
𝐿𝐿 – A generic length 
𝐿𝐿𝑏𝑏𝑏𝑏 – Latent heat of melting (solid/liquid):  

𝐿𝐿𝑏𝑏𝑏𝑏 ≈ 0.33 × 106  J/kg  

𝐿𝐿𝑏𝑏𝑠𝑠 – Lat. heat of evaporation (liquid/vapor):  
𝐿𝐿𝑏𝑏𝑏𝑏 ≈ 2.5 × 106  J/kg  

𝐿𝐿𝑏𝑏𝑠𝑠 – Latent heat of sublimation (solid/vapor)  
𝐿𝐿𝑏𝑏𝑠𝑠 ≈ 2.8 × 106  J/kg 

𝜆𝜆 – Wavelength of light 
𝑚𝑚𝑝𝑝𝑚𝑚𝑏𝑏 – Mass of water molecule: 

𝑚𝑚𝑝𝑝𝑚𝑚𝑏𝑏 ≈ 3.0 × 10−26 kg 

𝜇𝜇 – Dynamical viscosity of air: 
𝜇𝜇 ≈ 1.8 × 10−5 kg/(m-sec) 

𝑁𝑁𝐴𝐴 – Lens numerical aperture 

𝜈𝜈𝑘𝑘𝑖𝑖𝑣𝑣𝑖𝑖𝑝𝑝𝑏𝑏𝑒𝑒𝑖𝑖𝑖𝑖 – Kinematic viscosity of air: 
𝜈𝜈𝑘𝑘𝑖𝑖𝑣𝑣𝑖𝑖𝑝𝑝𝑏𝑏𝑒𝑒𝑖𝑖𝑖𝑖 = 𝜇𝜇/𝜌𝜌𝑏𝑏𝑖𝑖𝑝𝑝 ≈ 1.4 × 10−5  m2/sec 

          at 1 atm pressure 

𝑃𝑃𝑖𝑖𝑖𝑖𝑖𝑖 – Ice equilibrium vapor pressure  

𝑃𝑃𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 – Water equilibrium vapor pressure 

𝑅𝑅 – Generic radius 
𝑅𝑅𝑒𝑒𝑖𝑖𝑝𝑝 – Tip radius of parabolic dendrite 
𝑅𝑅𝑥𝑥𝑑𝑑 – Optical resolution (resolving power) 
𝑅𝑅𝑧𝑧 – Optical depth-of-focus   
𝜌𝜌𝑏𝑏𝑖𝑖𝑝𝑝 – Mass density of air: 

𝜌𝜌𝑏𝑏𝑖𝑖𝑝𝑝 ≈ 1.2  kg/m3 

𝜌𝜌𝑖𝑖𝑖𝑖𝑖𝑖 – Mass density of ice: 
𝜌𝜌𝑖𝑖𝑖𝑖𝑖𝑖 ≈ 917  kg/m3 

𝜌𝜌𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 – Mass density of water: 
𝜌𝜌𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 ≈ 1000  kg/m3 

𝑠𝑠0 – Solvability parameter 
𝜎𝜎 – Supersaturation 
𝜎𝜎0 – Nucleation parameter 
𝜎𝜎∞ – Supersaturation at infinity 
𝜎𝜎𝑏𝑏𝑠𝑠𝑝𝑝𝑑𝑑 – Supersaturation at the surface 

𝜎𝜎𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 – The supersaturation of supercooled 
 liquid water relative to ice: 

𝜎𝜎𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 =
𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒,𝑤𝑤𝑏𝑏𝑒𝑒𝑖𝑖𝑝𝑝 − 𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒,𝑖𝑖𝑖𝑖𝑖𝑖

𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒,𝑖𝑖𝑖𝑖𝑖𝑖
  

∆𝑡𝑡 – A small time step 
𝑇𝑇 – Temperature 
𝑇𝑇𝐾𝐾 – Temperature in Kelvin 
𝑇𝑇0 – Ice/water nucleation parameter 
𝑇𝑇−15 – 258 K (-15 C) 
𝑇𝑇∞ – Temperature at infinity 
𝑇𝑇𝑝𝑝 – The ice/water melting point (0 C) 
𝑇𝑇𝑏𝑏𝑏𝑏 – solid/liquid transition temperature 
𝑇𝑇𝑏𝑏𝑠𝑠𝑝𝑝𝑑𝑑 – Surface temperature 
∆𝑇𝑇𝑏𝑏𝑠𝑠𝑝𝑝𝑑𝑑 – Surface supercooling 
𝑢𝑢𝑒𝑒𝑖𝑖𝑝𝑝𝑝𝑝 – Terminal velocity 
𝜃𝜃𝑏𝑏𝑠𝑠𝑝𝑝𝑑𝑑 – Surface normal relative to  

a faceted surface 
𝑣𝑣 – Crystal growth velocity  
𝑣𝑣𝑣𝑣 – Crystal growth velocity  

normal to the surface 
𝑣𝑣𝑘𝑘𝑖𝑖𝑣𝑣 – Kinetic velocity:  

𝑣𝑣𝑘𝑘𝑖𝑖𝑣𝑣 =
𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒
𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖

 �
𝑘𝑘𝑇𝑇

2𝜋𝜋𝑚𝑚𝑝𝑝𝑚𝑚𝑏𝑏
 

𝑣𝑣𝑝𝑝𝑚𝑚𝑏𝑏 – Water vapor molecular velocity 
𝑣𝑣𝑒𝑒𝑖𝑖𝑝𝑝 – Growth velocity of dendrite tip 
𝑤𝑤 – Width of a top prism terrace  
𝑋𝑋0 – Characteristic diffusion length:  

𝑋𝑋0 =
𝑐𝑐𝑏𝑏𝑏𝑏𝑒𝑒
𝑐𝑐𝑖𝑖𝑖𝑖𝑖𝑖

 
𝜂𝜂
𝑣𝑣𝑘𝑘𝑖𝑖𝑣𝑣

 
           

               In air at -15 C, 𝑋𝑋0 ≈ 0.145 𝜇𝜇m 
𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 – Spacing between basal layers 
𝑥𝑥𝑝𝑝𝑝𝑝𝑖𝑖𝑏𝑏𝑝𝑝 – Spacing between prism layers 
𝑥𝑥𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑 – Diffusion length for a water molecule 
  on an ice surface 
   
 
 
 
 
 
 
 
 
 
 
 



Appendix B
Analytical Modeling of

Snow Crystal Growth

This Appendix examines the physical un-
derpinnings of snow crystal growth, focus-
ing on how far one can get using purely
analytical modeling, without resorting to
finite-element computational techniques.
In simple cases, and using quite reason-
able approximations, it is possible to write
down equations that solve the problem
exactly. In these cases, one can calcu-
late growth velocities and other quantities
directly from known physical parameters
and externally applied growth conditions.
Such calculations are useful for compari-
son with ice-growth experiments, and for
quantitative validation of computational
models. Moreover, the analytical models
are also extremely valuable for developing
one’s physical intuition pertaining to snow
crystal growth dynamics. Many of these
results are also summarized in [2005Lib,
2017Lib].

1 Growth from Water Vapor

Many physical processes are involved in the
growth of snow crystals, with some hierar-
chy in their degree of importance. Parti-
cle diffusion almost always plays a large
role, as water vapor molecules must dif-
fuse through the background gas to reach
a growing crystal. Likewise, molecular at-
tachment kinetics are typically very impor-
tant, and highly anisotropic in nature. In
a nutshell, particle diffusion is responsible
for snow-crystal branching, while attach-
ment kinetics are responsible for faceting.
The interplay between these two physical
processes alone is sufficient to explain most

of what we observe in snow crystal growth.

Additional physical processes play
smaller roles. Heating enters into the
problem as the latent heat generated by
deposition must be removed from the
growing crystal. Surface energy also
plays a role, mainly through the Gibbs-
Thomson effect. Both these terms are
usually dwarfed by the dominant effects
of particle diffusion and attachment kinet-
ics. The relative importance of all these
processes – particle diffusion, attachment
kinetics, heat diffusion, and surface ener-
gies – becomes apparent in the discussion
of analytical modeling that follows.

1.1 Particle Diffusion

Our focus here will be on ice growth un-
der typical atmospheric conditions, which
allows a number of simplifications in the
problem. Particle transport through the
air is described by the diffusion equation

∂c

∂t
= D∇2c (1)

where c(−→x ) is the water vapor molecule
number density (number of water vapor
molecules per unit volume) in the space
surrounding the crystal, and D is the diffu-
sion constant that describes the transport
of water vapor molecules through air. Un-
der normal atmospheric conditions, D ≈
Dair = 2 × 10−5 m2/sec, which is es-
sentially the same as the diffusion con-
stant for air molecules diffusing through
air. At other pressures, D is roughly pro-
portional to P−1, although this relation
breaks down at low pressures, when the
molecular mean-free-path becomes compa-
rable to other length scales in the system
(such as the sizes of growing crystals). If D
is sufficiently large, then particle diffusion
will no longer play an important role in the
problem, which will become dominated by
other physical processes.
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A quick bit of physics allows us to sim-
plify the diffusion equation for the case
of snow-crystal growth. The timescale for
diffusion to adjust the vapor concentra-
tion around a crystal is τdiffusion ≈ R2/D,
where R is a characteristic crystal size.
This is to be compared with the growth
time, τgrowth ≈ 2R/vn, where vn is the
growth velocity of the solidification front
normal to the surface. Looking at this
more broadly, the growth time τgrowth is
equal to the time it takes for the crystal
size to change appreciably. The dimension-
less ratio of these two timescales is called
the Peclet number, which is typically de-
fined as pPeclet = Rvn/2D [1996Sai].

One can roughly estimate pPeclet by not-
ing that the flux of water vapor imping-
ing on the crystal is of order F ≈ D∇c ≈
D(σ∞csat/R), where csat is the equilibrium
vapor density above a flat ice surface and
σ∞ = [c∞ − csat]/csat is the water va-
por supersaturation far from the crystal.
When this flux of water molecules attaches
to the crystal surface, the growth veloc-
ity becomes vn ≈ F/cice ≈ Dσ∞csat/ciceR,
where cice = ρice/m ≈ 3.1×1028 m−3 is the
number density of ice, ρice ≈ 917 kg/m3 is
the mass density, and m ≈ 3.0 × 10−26 kg
is the mass of a water molecule. This gives
pPeclet ≈ (σ∞/2)(csat/cice) . 10−5. While
this estimate is quite crude, with no con-
sideration of the crystal geometry, we see
that the very small value of csat/cice essen-
tially guarantees that pPeclet � 1 in the
case of snow crystal growth.

A small Peclet number means that diffu-
sion adjusts the particle density around the
crystal much faster than the crystal shape
changes, allowing us to assume ∂c/∂t ≈ 0.
Put another way, diffusion relaxes the c(x)
field so quickly that it is quasi-static. At
each point in time, c(x) is determined en-
tirely by the applied boundary conditions,
including the slow-moving boundary con-
ditions at the crystal surface. Using the
quasi-static assumption introduces system-

atic errors that are of relative size pPeclet .
10−5, so negligible for any practical pur-
poses.

With this quasi-static assumption, the
diffusion equation reduces to Laplace’s
equation

∇2c = 0 (2)

It is often convenient to convert the
number-density field to a supersaturation
field, σ(−→x ) = [c(−→x ) − csat]/csat, and then
the Laplace equation becomes

∇2σ = 0 (3)

where this assumes an isothermal system,
so that csat(T ) is independent of position
(The more general case will be considered
below, when examining heating effects).

The low-pPeclet simplification is an ex-
cellent approximation for ice growth from
water vapor, but it is absent in much of
the literature on diffusion-limited solidifi-
cation, which often focuses on growth from
the melt. In liquid/solid systems, there
is not a large density jump at the solid-
ification interface, and therefore one can-
not automatically assume a small Peclet
number. This is an important point, be-
cause the mathematics plays out quite dif-
ferently when one begins with the assump-
tion of a very low Peclet number. It is
often beneficial to separate the discussion
of vapor/solid solidification theory from
the (somewhat similar) liquid/solid case.
Therefore, this section focuses entirely on
the vapor/ice snow-crystal system, and the
water/ice case is discussed below.

1.2 Boundary Conditions

With the diffusion equation in hand (given
by, in the present case, the simpler
Laplace’s equation), we must then add the
appropriate boundary conditions. For the
outer boundary, one typically assumes a
constant supersaturation σ∞, applied by
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some external means. The boundary con-
ditions at the crystal surface are more sub-
tle, as σsurf depends on the crystal growth
itself, so we must look at mass transfer in
detail.

1.2.1 Mass Conservation

In any particle diffusion problem, a gra-
dient in the number density implies a net
particle flux, in this case given by

−→
F =

D
−→∇c at each spatial point in the vapor

field. Because c(x) is the number den-
sity, particles/volume, the particle flux is
in units of particles/area-time. The par-
ticle flux directed into a ice surface then
equals Dn̂ · −→∇c evaluated at the surface,
where n̂ is the unit normal vector. Because
this flux of particles has nowhere to go but
into the ice crystal (ignoring surface dif-
fusion, which appears to have a negligible
effect on the supersaturation field in most
circumstances), this gives us the mass con-
tinuity equation

vn =
D

cice

(
n̂ · −→∇c

)
surf

(4)

=
D

cice

(
∂c

∂n

)
surf

(5)

or, written in terms of the supersaturation

vn =
csatD

cice

(
∂σ

∂n

)
surf

(6)

Note that vn = 0 if, and only if, the nor-
mal gradient at the surface is also zero.
Note also that the continuity equation re-
sults entirely from the properties of diffu-
sion, and, by itself, this equation does not
tell us the growth velocity. It only tells
us that the growth velocity, whatever it is,
must be accompanied by a corresponding
gradient in c(x) at the surface, because of
mass conservation.

1.2.2 Attachment Kinetics

To complete the surface boundary condi-
tion, we must look also at how water vapor

molecules attach to the ice surface. Be-
cause ice has a nonzero vapor pressure,
there is always a constant flux of water
molecules evaporating from the surface be-
cause of thermal fluctuations, and this flux
is equal to Fevap = −csat 〈vm〉, where 〈vm〉
is a weighted average of the thermal ve-
locity of water vapor molecules. In equi-
librium, this flux would be accompanied
by an equal and opposite flux depositing
on the surface, Fdep,equil = csat 〈vm〉 , so
the total net flux would be zero (at it
must be in equilibrium). For a growing
crystal, no longer in equilibrium, the de-
positing flux becomes Fdep = csurf 〈vm〉 .
Thus the net inward flux becomes Fnet =
(csurf−csat) 〈vm〉 , giving a growth velocity

vn = α
csurf − csat

cice
〈vm〉 (7)

vn = α
csat
cice
〈vm〉σsurf (8)

vn = αvkinσsurf (9)

where we have added an additional factor
α, called the attachment coefficient. This
factor is essentially the probability that a
water molecule striking the ice surface will
stick, so α is a dimensionless number be-
tween 0 and 1. The “kinetic velocity” vkin
is given by

vkin =
csat
cice

√
kT

2πm
(10)

after doing the proper flux-weighted aver-
age 〈vm〉 over the Boltzmann velocity dis-
tribution (which is derived in detail in sta-
tistical mechanics textbooks). This linear
relation between vn and σsurf is one exam-
ple of the more general Hertz-Knudsen for-
mula [1996Sai], which states that, for fast
attachment kinetics (α = 1) the growth
velocity of a interface between different
phases of a material is proportional to the
change in chemical potential at the inter-
face.

The attachment coefficient α (also
known as the condensation coefficient) em-
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bodies a great deal of complex surface
physics that governs how water molecules
are incorporated into the ice lattice, collec-
tively known as the attachment kinetics.
The attachment kinetics can be remark-
ably difficult to understand (see Chapter
3), and α may depend on T, σsurf , and per-
haps surface structure and geometry, sur-
face chemistry, etc. If all molecules striking
the surface are instantly incorporated into
it, then α = 1; otherwise we have α < 1. A
faceted growth form usually indicates that
the growth is limited by attachment kinet-
ics, so α < 1 on faceted surfaces. For a
molecularly rough surface, as for a liquid
water surface, we expect α ≈ 1.

Finally, we combine Equations 6 and 9
to obtain the mixed boundary condition at
the surface

csatD

cice

(
∂σ

∂n

)
surf

= αvkinσsurf (11)

X0

(
∂σ

∂n

)
surf

= ασsurf (12)

where X0 is a characteristic length associ-
ated with this particle diffusion problem

X0 =
csat
cice

D

vkin
=

√
2πm

kT
D (13)

≈ 0.145µm ·
(

D

Dair

)
·(

kT−15C

kT

)1/2

(14)

with Dair = 2×10−5 m2/sec for normal air.
Note that the value of X0 is comparable to
the mean-free-path of water molecules in
the background gas.

1.2.3 Surface Energy

Although particle diffusion and attach-
ment kinetics are the dominant physical
processes governing snow crystal growth,
surface energy plays a small role also. The
evidence suggests that the ice/vapor sur-
face energy γsv is very nearly isotropic (see

Chapter 2), with the facet surface energies
being at most a few percent lower than
that of non-faceted surfaces. For the cur-
rent discussion, therefore, we assume an
isotropic ice/vapor surface energy with a
value of γsv ≈ 0.1 J/m2 (see Chapter 2).

One effect of surface energy is that the
equilibrium vapor pressure of a curved ice
surface is slightly higher than that of a
flat surface. To see this, consider the sub-
limation of a single water molecule from
an ice surface. The phase transition re-
leases an energy `, equal to the latent heat
per molecule, and fundamental considera-
tions in statistical mechanics [1965Rei] re-
veal that the equilibrium vapor pressure
can be written

csat(T ) = C(T ) exp(−`/kT ) (15)

where C(T ) has only a weak dependence
on temperature, which we will ignore.
This expression applies when the vol-
ume/surface ratio goes to infinity (so sur-
face effects can be ignored), and thus to
flat ice surfaces.

For the case of an ice sphere of radius
R, removing one molecule reduces the ra-
dius of the sphere by an (easily calculated)
amount δA = 2/ciceR, releasing an energy
δE = γsvδA = 2γsv/ciceR. The equilibrium
vapor pressure thus increases to

ceq(T ) = C(T )e−(`−δE)/kT (16)

≈ csat

(
1 +

2γsv
ciceRkT

)
(17)

≈ csat (1 + dsvκ) (18)

where
dsv =

γsv
cicekT

≈ 1nm (19)

and κ = 2/R is the curvature of the sphere.
(More generally, κ = (1/r1 + 1/r2), where
r1 and r2 are the principal radii of curva-
ture of the surface.) This gives an effective
supersaturation at a curved surface

σsurf,eff ≈ σsurf − dsvκ (20)
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and Equation 9 becomes

vn = αvkin (σsurf − dsvκ) (21)

Typically, this change in supersaturation
is a fairly small effect. Snow-crystal fea-
tures are rarely smaller than one micron,
for example, and taking κ−1 = 1 µm gives
δσsurf ≈ 0.1 percent, which is small but
not always negligible. The most impor-
tant role of the Gibbs-Thomson effect in
snow crystal growth is that it prevents the
growth of highly curved structures (in par-
ticular, extremely thin plates or extremely
slender needles) at low growth rates. This
phenomenon is discussed in more detail in
Chapters 2, 4 and 5.

1.3 Heat Diffusion

In addition to the diffusion of water
molecules toward a growing snow crystal,
we must also contend with the diffusion of
latent heat generated from deposition. For
a snow crystal growing in air, and ignoring
any air currents, the latent heat is carried
away by diffusion through the surrounding
air, as described by the thermal diffusion
equation

∂T

∂t
= Dtherm∇2T (22)

where T (−→x ) is the temperature in the
space surrounding the crystal, and

Dtherm =
κair

ρaircp,air
(23)

≈ 2× 10−5m2/sec (24)

where κair ≈ 0.025 W m−1 K−1 is the ther-
mal conductivity of air, ρair ≈ 1.2 kg/m3

is the density of air, and cp,air ≈ 1.0 kJ/kg-
K is the specific heat capacity of air. The
fact that Dtherm ≈ Dair reflects the uni-
versal nature of diffusion through nearly
ideal gases. Following our discussion of the
Peclet number in particle diffusion above,
we again see that the slow-growth limit is

an excellent approximation, so again the
thermal diffusion equation can be replaced
by Laplace’s equation

∇2T = 0 (25)

Solving the thermal diffusion equation
then requires boundary conditions, and we
usually assume that the outer boundary
has a fixed temperature T∞, set by some
external means. For the surface boundary
condition, we must take a close look heat
transfer.

1.3.1 Energy Conservation

Similar to the particle diffusion problem
described above, a gradient in T implies a
net heat flux given by

−→
F = κair

−→∇T at each
point in the thermal field, and this flux at
the surface must match the heat generated
by a nonzero crystal growth. Thus

κair

(
∂T

∂n

)
surf

= vnρiceLsv (26)

becomes the surface boundary condition
to the thermal diffusion equation, where
Lsv ≈ 2.8 × 106 J/kg is the latent heat
for the vapor/solid transition. This is a
somewhat unusual boundary condition, in
that it only relates the surface temperature
gradient to the growth velocity. In order to
solve the thermal diffusion equation, there-
fore, we must simultaneously solve the par-
ticle diffusion equation. As we will see
in the next section, ignoring latent heat-
ing entirely is a reasonable approximation
except quite close to the melting point.
Someday we will have to address a full solu-
tion to the dual particle+thermal diffusion
problem, but we can put this day off for
the time being.

2 The 1D Spherical Solution

Having written down the physical pro-
cesses involved in snow crystal growth, we
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can now solve the relevant equations for
the simplest possible case – an ice sphere
of radius R growing in normal air at a tem-
perature T∞ and water vapor supersatu-
ration σ∞. This problem can solved ana-
lytically for the most general case, includ-
ing particle diffusion, attachment kinetics,
heat diffusion, and surface energy, thus de-
termining Tsurf , σsurf , and the growth ve-
locity vn of the sphere. The spherical case
provides considerable insight into the rel-
ative importance of all these physical pro-
cesses, and it is useful for validating nu-
merical models.

2.1 Finite Kinetics without Heating

It is beneficial to first consider the limit of
no latent heating (Lsv → 0), in which case
the growth is limited primarily by parti-
cle diffusion and attachment kinetics. The
particle diffusion equation in spherical co-
ordinates is

∇2σ =

(
∂2σ

∂r2
+

2

r

∂σ

∂r

)
= 0 (27)

which can also be written (for r > 0)

∂

∂r

(
r2∂σ

∂r

)
= 0 (28)

A solution of the form

σ(r) =
C

r
+ σ∞ (29)

where C is a constant, satisfies Laplace’s
equation and the boundary condition at in-
finity, and defining σ(R) = σsurf , we can
write the general solution

σ(r) = σ∞ −
R

r
(σ∞ − σsurf ) (30)

To obtain σsurf , we use the surface bound-
ary condition in Equation 12, yielding

X0
σ∞ − σsurf

R
= ασsurf (31)

σsurf =
αdiff

α + αdiff
σ∞ (32)

and the final growth velocity becomes

vn =

(
ααdiff
α + αdiff

)
vkinσ∞ (33)

vn =

(
α

α + αdiff

)
csatD

ciceR
σ∞ (34)

where

αdiff =
X0

R
(35)

≈ 0.145µm

R

(
D

Dair

)√
kT−15C

kT
(36)

If the outer boundary is at a radius Rout <
∞, Equation 33 becomes

vn =

(
ααdiff
α + αdiff

)
vkinσout ·[

1− R

Rout

α

α + αdiff

]−1

(37)

which of course reduces to Equation 33 in
the limit that Rout →∞.

I have found that the spherical solution,
as expressed in Equation 33, is remarkably
useful for gaining insights about the rela-
tive roles of particle diffusion and attach-
ment kinetics in snow crystal growth. For
example, we have the limiting cases:

1) For α� αdiff , Equation 33 reduces to
vn ≈ αvkinσ∞ ≈ αvkinσsurf , so the growth
rate is mainly determined by attachment
kinetics, independent of D or R.

2) For αdiff � α, the growth is
mainly determined by particle diffusion,
and Equation 33 reduces to vn ≈
αdiffvkinσ∞ ≈ (csatD/ciceR)σ∞, indepen-
dent of α. However, σsurf ≈ (αdiff/α)σ∞
in this limit, which does depend on α. We
see that σsurf is small compared with σ∞
for mainly-diffusion-limited growth, but it
is not zero.

From the expression for αdiff , we see that
the growth of small crystals growing at low
pressures is mainly limited by kinetics. For
larger crystals growing at higher pressures,
both particle diffusion and attachment ki-
netics are important factors determining
snow-crystal growth rates.
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2.2 Finite Kinetics with Surface En-
ergy

Adding the Gibbs-Thomson effect, the at-
tachment kinetics becomes (where κ =
2/R for the spherical case)

vn = αvkin (σsurf − dsvκ) (38)

surface boundary condition in Equation 12
changes to become

X0

(
∂σ

∂n

)
surf

= α (σsurf − dsvκ) (39)

while the rest of the problem remains un-
changed, giving

σsurf =
αdiff

α + αdiff

(
σ∞ +

αdsvκ

αdiff

)
(40)

which is slightly higher than the case above
where the surface energy was neglected.
And the growth velocity then becomes

vn =
ααdiff
α + αdiff

vkin (σ∞ − dsvκ) (41)

2.3 Finite Kinetics with Heating

When latent heating is included in the
problem (ignoring the Gibbs-Thomson ef-
fect for the moment), we must simultane-
ously solve both heat and particle diffu-
sion. This complicates matters consider-
ably, as we cannot assume an isothermal
environment, as we did previously. In par-
ticular Tsurf 6= T∞. Again for the spherical
case, the particle diffusion equation has the
solution

c(r) = c∞ −
R

r
(c∞ − csurf ) (42)

with the growth velocity (from Equation
6)

vn =
D

ciceR
(c∞ − csurf ) (43)

while attachment kinetics gives (Equation
9)

vn = αvkin,surf
csurf − csat(Tsurf )

csat(Tsurf )
(44)

with

vkin,surf =
csat(Tsurf )

cice

√
kT

2πm
(45)

(and we take kTsurf = kT∞ = kT under
the square root, as the difference here is
negligible). For small ∆T = Tsurf − T∞,
we expand

csat(Tsurf ) ≈ csat(T∞) [1 + η∆T ] (46)

where η = (1/csat)dcsat/dT , with some
typical values shown in Table 1 (see also
Table 2.1 in Chapter 2).

Meanwhile, the thermal diffusion equa-
tion has the solution

T (r) = T∞ +
R

r
(Tsurf − T∞) (47)

with the growth velocity (Equation 26)

vn =
κair

RρiceLsv
(Tsurf − T∞) (48)

Combining all these expressions yields
(after some algebra) the growth velocity

vn =
ααdiff,heat
α + αdiff,heat

vkinσ∞ (49)

where

αdiff,heat =
X0

R

1

1 + χ0

(50)

and χ0 is the dimensionless parameter

χ0 =
ηDLsvρice

κair

csat
cice

(51)

and all variables in Equations 49 and 51
(e.g. csat, vkin, and σ∞) are evaluated at
T∞. Table 1 shows some characteristic val-
ues of χ0 as a function of temperature.

To obtain the surface temperature in the
spherical case, we begin with Equation 48
to obtain then general case

Tsurf − T∞ ≈
1

η

α

[α + αdiff,heat]

χ0

1 + χ0

σ∞

(52)
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For the case of diffusion-limited growth,
αdiff,heat � α (which produces the great-
est heating), this reduces to

Tsurf − T∞ ≈
1

η

χ0

1 + χ0

σ∞ (53)

which is independent of R. For the case of a
stellar dendrite growing at T∞ = -15.00 C,
we make a rough estimate α ≈ 0.1αdiff,heat
(as an overall average over the crystal), and
σ∞ ≈ 20 percent, giving a surface temper-
ature of around Tsurf ≈ -14.95 C.

We can identify several interesting limits
to Equation 49:

1) In the limit of no heating, Lsv → 0,
Equation 49 reduces to Equation 33, as it
must.

2) For kinetics-limited growth, α �
αdiff,heat, Equation 49 reduces to vn ≈
αvkinσ∞, so heating effects are negligible
in that limit.

3) For diffusion-limited growth,
αdiff,heat � α, Equation 49 re-
duces to vn ≈ αdiff,heatvkinσ∞ ≈
αdiffvkinσ∞/ (1 + χ0) . Thus scal-
ing the no-heating growth rate with
σ∞ → σ∞/ (1 + χ0) reproduces the growth
with heating.

4) From Equation 50, we see that an-
other approach to modeling snow crys-
tal growth with heating is to calculate
the no-heating case and then scale X0 →
X0/ (1 + χ0) . We expect that this scal-
ing relation would provide a reasonable
approximation for the more general (non-
spherical) case, at least to some approxi-
mation.

Another important conclusion from this
spherical case is that thermal diffusion is
overall less important than particle dif-
fusion. As seen in Table 1, χ0 is fairly
small except near the melting point, so ig-
noring latent heating entirely becomes an
excellent approximation at lower temper-
atures. Eventually it will become neces-
sary to solve the full dual-diffusion analy-
sis, treating both thermal and particle dif-

T (C) csat/cice vkin(µm/sec) η χ0

-40 0.13× 10−6 17 0.11 0.03
-30 0.37× 10−6 49 0.10 0.08
-20 0.96× 10−6 131 0.092 0.18
-15 1.51× 10−6 208 0.088 0.27
-10 2.33× 10−6 324 0.085 0.41
-5 3.53× 10−6 496 0.082 0.59
-2 4.51× 10−6 635 0.080 0.74
-1 4.88× 10−6 689 0.079 0.80

Table 1: Some commonly encountered parameters
in snow crystal growth.

fusion. But this would be overkill right
now, as our main barrier to understand-
ing snow crystal growth is the attachment
kinetics. Once we know how to solve the
kinetics+particle-diffusion problem by it-
self, adding thermal effects and surface-
energy effects will likely be straightfor-
ward.

2.4 Kinetics, Heating, and Surface
Energy

Including the Gibbs-Thomson effect in the
spherical solution adds an additional term
to Equation 33. The math proceeds along
the same lines as in the kinetics+heating
case above, except Equation 44 is replaced
by

vn = αvkin,surf
csurf − csat(Tsurf )− dsvκ

csat(Tsurf )
(54)

yielding the final expression

vn =
ααdiff,heat

[α + αdiff,heat]
vkin (σ∞ − dsvκ) (55)

and again all variables in Equations 55 and
51 (e.g. csat, vkin, and σ∞) are evaluated
at T∞. Note that taking σ∞ = dsvκ gives
identically zero growth, as it must for the
spherical case.

2.5 Growth at Low Pressure

The diffusion constant is roughly propor-
tional to inverse pressure, D ∼ P−1, so
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the heating correction term χ0 increases
rapidly as the air pressure is reduced. As-
suming χ0 � 1, Equation 49 becomes

vn ≈
κair

ηLsvρice

σ∞
R

(56)

≈ (110µm/sec) ·
(

1µm

R

)
where the latter is evaluated at -15 C.
Note that the growth is limited entirely by
thermal diffusion in this limit. Note that
κair is roughly independent of pressure un-
til the molecular mean-free-path becomes
large compared to the size of the crystal.
For a small crystal, R ≈ 10 µm, this hap-
pens at around 10 Torr.

2.6 Hemispherical Growth

If an ice crystal rests on a large substrate,
then thermal diffusion to the substrate will
dominate over thermal diffusion into the
air. For this experimentally important
case, once can do an approximate analysis
of a hemispherical crystal [2005Lib], giving
the growth equation

vn ≈
α

α (1 + χ′0) + αdiff

csatD

ciceR
σ∞ (57)

where

χ′0 =
2ηDLsvρice
Gκice

csat
cice

(58)

andG is a geometrical factor of order unity.
In the case of fast diffusion (low pressure),
this becomes

vn ≈
ααcond
α + αdiff

vkinσ∞ (59)

with

αcond =
Gκice

2ηRLsvρicevkin
(60)

At T = −15 C, this becomes

αcond ≈ 25G ·
(

1µm

R

)
. (61)

Because κice/κair ≈ 100, the presence of
the substrate reduces the temperature rise
of the growing crystal by about a factor of
100 compared to free growth in air.

2.7 Perturbation Analysis

For the especially common case where the
growth is mainly diffusion limited (αdiff �
α, dsv � R), and heating effects are negli-
gible, it can be useful to expand Equation
41 for large R, which yields the approxi-
mate solution

vn ≈ αdiffvkinσ∞

(
1− X0σ∞

Rα
− 2dsv

R

)
(62)

Under typical conditions for snow crystal
growth in air, X0 ≈ 145 nm and dsv ≈
1 nm, so the attachment kinetics term in
the parentheses is larger than the surface-
energy term except for conditions where α
is large and σ∞ is low.

3 The 1D Cylindrical Solu-
tion

The case of an infinitely long cylinder has
application in the growth of electric needle
crystals (see Chapter 8), as well as for val-
idating numerical models [2013Lib1]. The
physics is similar to the sphereical case
above, so the results are presented here
without derivation. If the inner radius
of the cylinder is Rin, and the far-away
boundary is at Rout, then Laplace’s equa-
tion has the general analytic solution

σ (r) =
β + log

(
r
Rin

)
β + log

(
Rout

Rin

)σRout (63)

where the outer boundary has σ (Rout) =
σRout and β = X0/Rinα. Combining this
with mass conservation, as was done above,
gives the growth velocity

v =
ααdiffcyl
α + αdiffcyl

vkinσRout (64)

αdiffcyl =
1

B

X0

Rin

(65)

with B = log(Rout/Rin). Note that we can-
not set Rout =∞ and obtain a physical so-
lution, a phenomenon that is well known
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from electrostatic problems involving in-
finitely long cylinders.

4 Parabolic Solutions

Another analytic solution to the diffusion
equation involves the growth of a needle
crystal in the shape of a 3D paraboloid
of revolution, a shape that is defined
entirely by Rtip, the radius-of-curvature
at the needle tip. In the case of pure
diffusion-limited growth (ignoring heat-
ing and surface-energy effects, and with
αdiff � α), the diffusion equation has the
solution (see section 7 below)

vtip =
2D

BRtip

csat
cice

σfar (66)

where vtip is the tip growth velocity of
the needle, B = log(ηfar/Rtip), σfar is
the supersaturation at η = ηfar, and ηfar
is the location of the far-away boundary
in parabolic coordinates (usually denoted
(ξ, η, θ)). In this solution, both Rtip and
vtip remain constant as the needle grows
outward, and the overall morphology re-
tains its perfectly parabolic shape. Note
that, similar to the infinite-cylinder prob-
lem, a paraboloid crystal is semi-infinite in
extent, so there can be no physical solution
with ηfar = ∞. Adding Equation 9 gives
the supersaturation at the needle tip

σtip =
2X0

αBRtip

σfar (67)

which is similar in form to the spherical
case (Equation 32) in the αdiff � α limit.

A parabolic growth morphology with
constant Rtip and vtip is known as the
Ivantsov solution, named for its discov-
erer [1947Iva, 1996Sai]. The derivation of
Equation 66 is nontrivial (see section 7),
as it involves expressing Laplace’s equation
in moving parabolic coordinates in which
the tip remains stationary [1996Sai]. Im-
portantly, Equation 66 does not specify ei-
ther Rtip or vtip, but rather a relationship

between these two parameters. Thus the
Ivantsov solution is actually a family of so-
lutions, each describing a uniformly grow-
ing parabolic crystal.

The Ivantsov solution pertains to snow
crystal growth in that it provides a reason-
able approximation of the tips of dendrite
snow crystals growing near -2 C, -5 C, and
-15 C, including everything from thin, flat
dendritic plates near -15 C to complex fish-
bone dendrites near -5 C. In all these cases,
the dendrite tips grow outward at a uni-
form velocity vtip, and the overall shapes
are at least roughly parabolic. Equation
66 seems to give an accurate description
of the relation between Rtip and vtip for
these snow-crystal dendrites, although in
all cases we find Rtip ≈ 1 µm, which is dif-
ficult to measure accurately using optical
microscopy on a rapidly growing structure.

Although the Ivantsov solution satisfies
the diffusion equation, it is not a physi-
cally stable solution (which is also true for
the spherical solution). Even the parabolic
tip itself is unstable, resulting in a phe-
nomenon called tip splitting. Starting
with an initial parabolic shape, tip split-
ting soon yields two needle tips moving
in different directions, which themselves
soon split, etc., yielding what is sometimes
called a seaweed-like structure. Tip split-
ting is completely incompatible with the
notion of a stable dendrite tip with a con-
stant Rtip and vtip. Although snow crys-
tals clearly grow as dendritic shapes with
essentially stable parabolic tips, this mor-
phology is not consistent with the simplest
Ivantsov solution.

Much study of this subject [1988Kes,
1991Bre, 1996Bre] has revealed that
anisotropy is the key to forming stable
dendritic growth (that is, dendrites with
roughly parabolic tips that grow outward
at constant tip velocity). Anisotropy sta-
bilizes the tip against tip splitting, and
anisotropy chooses a single Rtip from the
family of Ivantsov solutions. In the case
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of snow crystal growth, attachment kinet-
ics is almost certainly the source of the
anisotropy that defines plate-like dendrites
near –2 C and 15 C, as well as fishbone den-
drites near -5 C. (Although, here again,
much of the literature on the subject of
dendrite growth ignores attachment kinet-
ics and focuses on surface-energy effects.
This may be the correct approximation
for solidification from the melt, but at-
tachment kinetics dominates over surface-
energy effects in snow crystal growth.)

4.1 Perturbation Analysis

It is instructive to consider the next step
in the parabolic solution, adding small per-
turbations to Equation 66 that arise from
attachment kinetics and surface energy ef-
fects. Noting the similarity between Equa-
tions 66 and 34, we begin by examining
the spherical result in the limit that the
growth is mainly diffusion limited. Ex-
panding Equation 55 (as this is more gen-
eral than that described by Equation 34)
in the limit αdiff � α gives

vn ≈
X0

(1 + χ0)R
vkin

(
σ∞ −

2dsv
R
− vn
αvkin

)
(68)

A similar perturbation analysis of the
parabolic case would likely change the
overall crystal morphology, yielding a
somewhat distorted near-parabolic shape.
Ignoring this distortion, and focusing on
the tip growth, we expect a perturbed
growth rate that is approximately

vtip ≈
2X0

BRtip

vkin

(
σfar −

2dsv
Rtip

− vtip
αvkin

)
(69)

where in this expression we have neglected
heating (taking χ0 = 0), as heat generated
at the needle tip can now conduct through
the ice dendrite as well as into the air. Be-
cause κice ≈ 2.3 W m−1 K−1 is much higher
than κair ≈ 0.025 W m−1 K−1, ice conduc-
tion greatly reduces tip heating effects that

were already quite small even with only air
conduction.

This can also be written

vtip ≈
2X0

BRtip

vkin (70)

·
(
σfar −

2dsv
Rtip

− 2X0σfar
αBRtip

)
≈ 2X0

BRtip

vkin (71)

·
(
σfar −

RGT

Rtip

− σfar
α

Rkin

Rtip

)
and with typical parameters this gives
RGT ≈ 2 nm, Rkin ≈ 29 nm.

The ratio of the second and third
terms in Equation 69 is dsvBα/X0σfar ≈
0.07α/σfar. Looking at some real snow-
crystal dendrites growing near -5 C and
-15 C, we find Rtip ≈ 1 µm and vtip ≈
10 µm/sec when σfar ≈ 1 and α ≈ 1
[2002Lib]. This gives 2dsv/Rtip ≈ 0.002
and vtip/αvkin ≈ 0.02 (at -5 C), which are
both much smaller than σfar, justifying the
perturbation analysis. Moreover, the ki-
netics term is roughly 10x larger than the
surface-energy term. Because these terms
both go like R−1

tip , we can reasonably ignore
the surface-energy term entirely in Equa-
tion 69, yielding

vtip ≈
2X0

BRtip

vkin

(
σfar −

vtip
αvkin

)
(72)

4.2 Solvability Theory

In both the spherical and parabolic cases,
the diffusion equation gives us a relation
between radius and velocity, but does not
specify either. This is fine in the spheri-
cal case, as the radius increases with time
as the crystal grows. In the parabolic
case, however, both Rtip and vtip are con-
stant, unchanging as the crystal grows.
The parabolic case thus presents us with
what is known as a “selection problem”–
given the diffusion relation between Rtip
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and vtip, what physical effects select the
values one observes in experimental obser-
vations? This question was debated rather
vigorously in the 1980s, resulting in what
is often called solvability theory [1988Kes,
1991Bre]. Although it has serious limi-
tations, solvability theory provides many
useful insights into dendrite growth, so I
present a brief summary here.

A derivation of solvability theory is be-
yond the scope of this book, but the princi-
pal result is an additional relationship be-
tween vtip and Rtip that can be combined
with the Ivantsov solution to determine
both vtip and Rtip independently. For the
case of snow crystal growth, we ignore the
surface-energy term in Equation 69 while
keeping the attachment-kinetics term, an
assumption that is justified above (also see
the opposite limit below). For the limit
of low Peclet number, also appropriate for
snow crystal growth, the solvability rela-
tion becomes [1988Kes, 1991Bre, 2002Lib]

vtipR
2
tip ≈

4σfarvkinX
2
0

s0Bα
(73)

where s0 is a dimensionless constant called
the solvability parameter that depends on
the anisotropy in the attachment kinet-
ics. Generally s0 increases with increas-
ing anisotropy, with s0 → 0 for perfectly
isotropic attachment kinetics. In the s0 =
0 case, however, the parabolic solution is
unstable to tip splitting, so one cannot talk
in terms of a constant Rtip and vtip. Once
again, anisotropy is required to produce a
stable parabolic Ivantsov solution.

Combining Equations 73 and 69 (with
dsv = 0) then yields

Rtip ≈
2X0

s0α
(74)

vtip ≈
s0

B
αvkinσfar (75)

If we further assume α ≈ 1, which appears
to be the case for rapidly growing snow-
crystal dendrites, then we expect Rtip will

be independent of σfar, while vtip increases
linearly with σfar. A linear vtip relation-
ship has been seen in experiments, imply-
ing Rtip ≈ 1 µm and s0 ≈ 0.2 [2002Lib].

As an aside, if we instead kept the
surface-energy term and neglected the ki-
netics term, the solvability relation be-
comes

vtipR
2
tip ≈

4dsvD

s0

csat
cice

(76)

which gives

Rtip ≈
2Bdsv
σfars0

(77)

vtip ≈
s0D

dsvB2

csat
cice

σ2
far (78)

Now we see a quadratic dependence of vtip
on σfar, which is not supported by experi-
ments with ice dendrite growth from vapor
[2002Lib]. This again supports our overar-
ching conclusion throughout this book that
kinetics is more important than surface en-
ergy in snow crystal growth.

Solvability theory is only an approximate
analytic solution to dendrite tip growth,
including a number of assumptions and
simplifications that are difficult to fully
justify. Moreover, key input parameters to
the theory, notably anisotropies in the sur-
face energies and/or attachment kinetics,
are very poorly known experimentally. For
this reason, quantitative comparison with
experimental measurements remains diffi-
cult. It is perhaps too much to ask that
an analytic theory could describe dendrite
growth with good fidelity, even focusing on
the tip of a growing parabolic morphology.
I am not an expert in solvability theory,
but my impression is that work on this
subject has been shifting away from ana-
lytic treatments and more toward numeri-
cal modeling.

511



5 The Equilibrium Crystal
Shape

The equilibrium crystal shape (ECS) of an
ice crystal in vapor refers to the shape of
an isolated crystal, freely floating in free
space, in complete equilibrium with a gas
of water vapor around it, in an isothermal
environment. The ECS is the shape that
minimizes the total surface energy of the
crystal at fixed volume. For the case of
an isotropic surface energy, the ECS is a
sphere. If the facet surface energies are
sufficiently low, the ECS could be a faceted
prism. The ice/vapor ECS is sometimes re-
ported to be fully faceted at temperature
below -10 C, while exhibiting basal facets
but no prism facets at higher temperatures
[1997Pru], as this was the conclusion of the
sole experimental investigation of the sub-
ject [1985Col]. However, the time needed
to reach true equilibrium is so long (see
below) that the true ice/vapor ECS has
probably not been definitely observed. It is
quite easy to mistake growth forms for the
ECS if one does not wait for true equilib-
rium, which requires an exceedingly long
time for large crystals.

5.1 Equilibration Times

Using the Gibbs-Thomson effect, we can
calculate the time needed for a snow crys-
tal to approach its equilibrium form. As-
sume that the equilibrium shape is spher-
ical (a good approximation; see Chapter
2), and consider a slightly oblate spheroid,
with an effective radius of curvature that
varies from R on the poles to R − ε at
the equator. Applying Equation 20, we
see that the vapor pressure at the equa-
tor will exceed that on the poles, so ice
will slowly sublimate from the equator and
deposit on the poles until the equilibrium
spherical shape is obtained.

Looking at the polar growth, the vapor
pressure difference gives an effective super-

saturation of σ ≈ 2dsvε/R
2. Using Equa-

tion 6 for growth in air, the polar growth
velocity is (roughly, assuming α ≈ 1 and
ignoring geometrical corrections that are
likely no worse than a factor of two)

dε

dt
≈ csatD

cice

(
2dsvε

R3

)
(79)

which yields ε ∼ exp(−t/τeq) and the equi-
libration time in air

τequilibrate ≈
ciceR

3

2csatdsvD
(80)

≈
(

R

50µm

)3

· 8days

where the numerical approximation is at a
temperature of -2 C.

If the air pressure is low, so the growth is
kinetics limited instead of diffusion limited,
then the equilibration time becomes

dε

dt
≈ 2αvkindsv

R2
ε (81)

τequilibrate ≈
R2

2αvkindsv
(82)

≈
(

R

50µm

)2(
200µm/sec

vkin

)
·
(

1

α

)
· 2hours (83)

For faceted surfaces, however, the growth
may be limited by terrace nucleation,
which gives an exceedingly small α at low
supersaturations. In the end, the equili-
bration time will depend on the details of
the crystal geometry, including its initial
shape and the equilibrium shape.

It is instructive to compare equilibration
times to a typical growth time of an ice
crystal. For the diffusion-limited case, we
again use Equation 6 to obtain a growth
time

τgrowth ≈
2R

vn
≈ 2ciceR

2

csatDσ∞
(84)
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≈
(

R

10µm

)2

(85)

·
(

0.01

σ∞

)
· 200seconds

and compare with the equilibration time in
Equation 80, giving a dimensionless ratio

pEQ =
τgrowth
τequilibrate

≈ 4dsv
σ∞R

(86)

≈ 0.04 ·
(

0.01

σ∞

)(
10µm

R

)
Here again, we see that pEQ � 1 (meaning
surface-energy effects are relatively unim-
portant) unless we simultaneously have
small σ∞ and small R. Put another way,
surface effects become important (relative
to particle diffusion and attachment kinet-
ics) only when considering the slow growth
of small structural features.

5.2 Faceted Surfaces

The above analysis cannot be applied if the
equilibrium crystal shape (ECS) is faceted,
because then it no longer makes sense to
talk about a surface curvature. It is in-
structive to consider the case in which
the ECS is a fully faceted prism, which
we simplify by replacing the six prism
facets with a single, cylindrically symmet-
ric prism “facet”, thus reducing the prob-
lem to a simple cylinder with surface en-
ergies γbasal on the faces and γprism on the
cylindrical surface. This model would ap-
ply approximately to simple plate-like or
columnar forms, depending on the aspect
ratio of the cylinder.

With this picture in mind, assume a ra-
dius R and half-height H for the cylinder,
giving a volume V = 2πR2H. Next con-
sider pulling a single molecule from the
cylinder, reducing R slightly but keeping
H unchanged. This gives

δV = 4πRHδR = c−1
ice (87)

δA = 2 · 2πRδR

δE = γbasalδA

=
γbasal
Hcice

which we interpret as a change in the equi-
librium vapor pressure of

δcsat = csat
δE

kT
(88)

= csat
γbasal

HcicekT

Doing a similar calculation, except reduc-
ing H and keeping R unchanged gives

δE =
γprism
Rcice

(89)

δcsat = csat
γprism
RcicekT

Equating these two gives the ECS

H

R
=

γbasal
γprism

= Γ (90)

If we remove one molecule, maintaining
the ECS in the process, we obtain

δV = 4πRHδR + 2πR2δH = c−1
ice

E = 4πRHγprism + 2πR2γbasal

δE =
2γprism
Rcice

=
2γbasal
Hcice

(91)

which looks quite similar to the spherical
case. If we perturb the ECS, keeping the
volume constant, then

δH

H
= −2δR

R
(92)

The bottom line is that a faceted ECS gives
results that are generally comparable to
the simpler spherical analysis above.

6 Ice Growth from Liquid
Water

6.1 Attachment Kinetics

We write the growth of a flat interface in
the usual Wilson-Frenkel form [1996Sai]

vn = KT (Tm − Tsurf ) (93)

= KT∆Tsurf
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where vn is the growth velocity normal to
the crystal surface, Tm ≈ 273 K is the melt-
ing point of ice at normal pressures, Tsurf is
the temperature at the growing ice/water
interface, and KT is the kinetic coefficient.
Note that KT and ∆Tsurf are both nor-
mally positive, so vn positive. This ex-
pression automatically satisfies the equilib-
rium condition vn = 0 when ∆Tsurf = 0.
However, we can expect that KT will be
temperature dependent. In practice, KT

is quite difficult to determine from either
experiments or theory.

At this point it is convenient (and cus-
tomary) to switch to a dimensionless su-
percooling given by

u (−→x ) =
[Tm − T (−→x )]

T∆

(94)

where T∆ = Lsl/cp,water ≈ 78 K, Lsl ≈
3.3 × 105 J/kg is latent heat of the
solid/liquid transition per unit mass, and
cp,water ≈ 4200 J/kg-K is the heat capac-
ity of water per unit mass. In this nota-
tion, usurf = ∆Tsurf is the value of the
supercooling at the crystal surface, and
u∞ = ∆T∞ is the supercooling of the water
bath far from the growing crystal.

For a curved interface, the Wilson-
Frenkel equation becomes modified by the
Gibbs-Thomson effect to yield [1980Lan,
1989Lan, 1996Sai]

vn = KTT∆ (usurf − d0κ) (95)

where κ is the curvature of the surface, and
d0 is called the capillary length, equal to

d0 =
γslTmcp,water
ρwaterL2

sl

≈ 0.38nm (96)

where γsl ≈ 30 mJ/m2 is the solid/liquid
surface energy, and ρwater ≈ 1000 kg/m3 is
the density of water. For a spherical sur-
face κ = 2/R, where R is the radius of the
sphere.

6.2 Heat Diffusion

As water turns to ice at the growing in-
terface, latent heat is released and must
diffuse into the surroundings. We assume
that diffusion into the surrounding super-
cooled bath is the dominant mechanism, so
we ignore heat transfer through ice (which
is a good approximation for small ice crys-
tals growing into a large water bath). Then
we have the thermal diffusion equation

∂T

∂t
=

κwater
cp,waterρwater

∇2T (97)

= Dwater∇2T

where κwater ≈ 0.6 Wm−1s−1 is the ther-
mal conductivity of water, giving Dwater ≈
1.4× 10−7 m2/s. For the dimensionless su-
percooling, this becomes

∂u

∂t
= Dwater∇2u (98)

6.3 Laplace Approximation

The time needed for heat to diffuse away
from a growing crystal of size R is given
approximately by τdiff ≈ R2/Dwater,
which can be compared with the growth
timescale τgrow ≈ R/vn. The ratio of these
two quantities is called the Peclet number,
usually written as p ≈ τdiff/2τgrow, giving

p ≈ vnR

2Dwater

(99)

Small p means that the thermal diffusion
time is fast compared with growth time,
so the temperature field T (−→x ) around the
crystal remains quasi-static as the crys-
tal grows, adjusting only as the bound-
ary conditions change. For small Peclet
number and diffusion-limited growth, the
growth of a spherical crystal is described
by vnR ≈ (∆T∞/T∆)Dwater (see below),
where ∆T∞ = (Tm − Tbath) is the su-
percooling of the liquid bath and T∆ =
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Lsl/cp,water ≈ 78 K. With this approxima-
tion, the Peclet number becomes

p ≈ ∆T∞
2T∆

(100)

and this confirms that p � 1 is a fair ap-
proximation, because ∆T∞ is usually sub-
stantially lower than T∆ ≈ 78 K in ice-
growth experiments. This argument sug-
gests that assuming a small Peclet number
is likely a reasonable approximation for ice
growth in liquid water, at least for obtain-
ing a general understanding of the under-
lying physical processes.

Plunging ahead and assuming p � 1,
the heat diffusion equation can be replaced
by the quasi-static Laplace approximation,
giving the much simpler

∇2T = 0 (101)

6.4 Surface Boundary Conditions

At the surface of a growing crystal, we have
two boundary conditions. The first is the
Wilson-Frenkel relation

vn = KTT∆ (usurf − d0κ) (102)

and the second comes from the fact that
the latent heat generated at the surface is
equal to that carried away by conduction,
giving

Lslρwatervn = −κwater (∇nT )surf (103)

where (∇nT )surf is the spatial derivative of
temperature normal to the surface, evalu-
ated at the surface of the growing crystal.
Rewriting, this becomes

vn =
κwaterT∆

Lslρwater
(∇nu)surf (104)

= Dwater (∇nu)surf

Combining these two expressions gives the
mixed boundary condition at the surface

KTT∆ (usurf − d0κ) = Dwater (∇nu)surf
(105)

which provides a relationship between the
supercooling at the surface and the nor-
mal derivative of the supercooling at the
surface.

6.5 The Spherical Solution

For a small spherical crystal growing in a
large bath of supercooled water, we can
solve the diffusion equation analytically.
Using the Laplace approximation, ∇2u =
0, so the diffusion equation alone gives the
general solution u(r) = A1 − A2/r, where
A1 and A2 are arbitrary constants. Adding
the boundary condition at infinity gives
u(r) = u∞ − A2/r. Note A2 > 0 gives a
lower supercooling at surface of crystal, as
is expected.

The surface boundary condition gives

KTT∆ (usurf − d0κ) = D (∇nu)surf

KTT∆

(
u∞ −

A2

R
− d0κ

)
= D

A2

R2

with

A2 =
R (u∞ − d0κ)

1 + Dwater

RKTT∆

(106)

And this gives the growth velocity of the
sphere

vn = Dwater
A2

R2
(107)

=
Dwater

Rkin +R

(
u∞ −

2d0

R

)
where

Rkin =
Dwater

KTT∆

(108)

Assuming KT ≈ 4 × 10−4 m/sec-K, which
is reasonable for fast kinetics on prism sur-
faces, we obtain Rkin ≈ 5 µm, which is
smaller than the tips of most growing nee-
dle crystals, suggesting that the growth is
primarily diffusion limited (and not kinet-
ics limited), which is consistent with ex-
periments. If we assume an exceptionally
large KT ≈ 10−2 m/sec-K from Einstein-
Stokes theory, then Rkin ≈ 0.2 µm. Note,
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however, we can expect a much smaller ki-
netic coefficient for the basal facet, per-
haps KT,basal < 10−5, giving Rkin > 200
µm. This larger value of Rkin suggests that
basal growth will be kinetics limited at low
supercoolings, as is observed.

In this diffusion-limited regime, and ig-
noring the small Gibbs-Thomson correc-
tion, the growth velocity becomes

vn ≈
Dwateru∞

R
(109)

In this simple limit, the surface supercool-
ing can be obtained using

vn ≈
Dwateru∞

R
≈ KTT∆usurf

usurf ≈
Dwater

RKTT∆

u∞ (110)

6.6 Perturbation Analysis

Assuming mainly diffusion-limited growth,
with small perturbations from attachment
kinetics and the Gibbs-Thomson effect, we
can expand the expression for the growth
velocity to obtain

vn =
Dwater

Rkin +R

(
u∞ −

2d0

R

)
(111)

≈ Dwater

R

(
u∞ −

Rkinu∞
R

− 2d0

R

)
For essentially all experimental values of
u∞, the last term in the parentheses is
much smaller than the second, even if we
assume an extremely large value of KT ≈
10−2 m/sec-K for the kinetic coefficient.
This suggests that growth perturbations
from surface-energy effects are negligible
compared to perturbations arising from at-
tachment kinetics.

6.7 Ivantsov Solution

Assuming the Laplace approximation, the
Ivantsov solution for a paraboloid of revo-

lution in three dimensions gives the solu-
tion

vtip ≈
2

B

Dwater

Rtip

u∞ (112)

where B = log(ηfar/Rtip) and ηfar is
the distance to the far-away boundary in
parabolic coordinates. Under typical ex-
perimental conditions, B ≈ 8. A similar
perturbation analysis then gives

vtip ≈
2

B

Dwater

Rtip

(
u∞ −

Rkinu∞
Rtip

− 2d0

Rtip

)
(113)

for the growth of a parabolic needle crystal.
The correspondence between the spheri-
cal and Ivantsov solutions is particularly
simple using the Laplace approximation
for the thermal diffusion equation. This
approximation is highly accurate with ice
growth from vapor, and less accurate for
ice growth from liquid water. Nevertheless,
as described above, the approximation is
probably satisfactory for gaining an over-
arching understanding of the physical pro-
cesses involved in dendrite growth from liq-
uid water. Our main conclusion remains,
namely that the perturbation from attach-
ment kinetics is likely much larger than the
perturbation from surface energy via the
Gibbs-Thomson effect.

6.8 Solvability Theory

From [1996Sai], the usual solvability the-
ory, which ignores attachment kinetics
(Rkin = 0) produces an additional relation-
ship between vtip and Rtip

vtipR
2
tip =

2Dwaterd0

s
(114)

From Shibkov [2003Shi], s ≈ 0.025. Com-
bining this with the Ivanstov solution
yields

vtip ≈
2

B

Dwater

Rtip

u∞ (115)

≈ 2Dwaterd0

sR2
tip

(116)
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Rtip ≈
B

su∞
d0 (117)

vtip ≈
2s

B2

Dwater

d0

u2
∞ (118)

For example, at ∆T∞ = 1 C, u∞ =
0.012, vtip ≈ 5 × 10−5 m/sec, which is
in reasonable agreement with observations,
supporting our use of the Laplace approxi-
mation. The overall functional form vtip ∼
u2
∞ changes somewhat when the Laplace

approximation is not used [2003Shi].
The above analysis suggests that we

should instead ignore d0 and keep Rkin,
which yields a new solvability relation

vtipR
2
tip =

DwaterRkinu∞
s0

(119)

yielding

vtip ≈
2

B

Dwater

Rtip

u∞ ≈
DwaterRkinu∞

s0R2
tip

Rtip ≈
B

2s0

Rkin (120)

vtip ≈
4s0

B2

Dwater

Rkin

u∞ (121)

This overall functional form does not fit
the data, but it might if the solvability pa-
rameter depended on temperature in the
right way. Noting that KT has some de-
pendence on supercooling, it may be that
the anisotropy in KT also depends on su-
percooling.

6.9 Einstein-Stokes Theory

From [1996Sai], the characteristic growth
rate is given by the Einstein-Stokes rela-
tion

KT,ES =
`

6πa2µTm
(122)

` = LSLρa
3

KT,ES =
LSLρa

6πµTm
≈ 0.01m/s−K

but falls at lower temps because µ in-
creases. Using µ ≈ (47.8−∆Tsupercool)

−1.637

kg/m-s gives

KT,ES =
LSLρa

6πµTm
(123)

≈ 1.87e− 5

(47.8−∆Tsupercool)−1.637
m/s−K

7 The Ivantsov Solution in
the Laplace Approximation

We start with the diffusion equation

∇2c = 0 (124)

which we would like to solve to obtain the
slow-growth Ivantsov relation. The first
step is to reformulate the problem as an
integral equation instead of a differential
equation. The above equation is the same
as for the electrostatic potential in free
space, so we can use Green’s theorem to
write

c(−→x ) =
1

4π

∮ [
1

X

∂c

∂n′
− c ∂

∂n′

(
1

X

)]
dA′

(125)
where X ≡

∣∣−→x −−→x ′∣∣ and the integral is
over the boundary surface.

7.1 The Spherical Case

Solving the spherical case is somewhat in-
formative, where we know the answer is

c(r) = c∞ −
∆cR

r
(126)

where c∞ is the saturation at r →∞, R is
the radius of the sphere, and ∆c = c∞ −
c(R), which gives the growth velocity

v =
D

cice

∂c

∂r
(R) =

D

cice

∆c

R
(127)

To do the problem using the integral ex-
pression, we split the boundary into two
pieces, one at infinity, and the other at the
crystal interface. We need to watch the
signs, as the normal vector needs to point
out everywhere, giving ∂c/∂n = ∂c/∂r at
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r → ∞, while ∂c/∂n = −∂c/∂r at r = R.
At infinity we have ∂c/∂n ∼ r−2, so the
first term vanishes there. The second term
becomes

− 1

4π

∮ [
c
∂

∂n′

(
1

X

)]
dA′ = c(∞) (128)

·−1

4π

∮ [
∂

∂n′

(
1

X

)]
dA′

because c = c(∞) = constant over the
boundary. By consideration of a similar
electrostatics problem with a uniform po-
tential over a closed boundary, it can be
shown that the latter integral is equal to
unity for all points −→x inside the boundary.
By considering a dumbell-shaped conduc-
tor, again with uniform potential within,
one can also show that the latter integral
is equal to zero for all points −→x outside the
boundary. If we could not factor c(surface)
out of the integral, however, then these re-
lations would not hold.

So we have

c(R)− c(∞) (129)

=
1

4π

∮ [
1

X

∂c

∂n′
− csurf

∂

∂n′

(
1

X

)]
dA′

= − 1

4π

∮ [
1

X

∂c

∂r′

]
dA′ (130)

where the integral is now over the crystal
interface.

The remaining integral is related to the
crystal growth velocity, because from mass
conservation we have

n̂ · −→v surf =
D

cice
(̂n · −→∇c)surf (131)

v =
D

cice

∂c

∂r

giving

− 1

4π

∮ [
1

X

∂c

∂r′

]
dA′

= − 1

4π

vcice
D

∮
1

X
dA′ (132)

The integral on the right is the same as
the integral for the gravitational potential
on the surface of a mass shell, which is the
same as if all the mass were concentrated
at the center of the sphere. Thus∮

1

X
dA′ =

1

R
4πR2 (133)

so

− 1

4π

∮ [
1

X

∂c

∂r′

]
dA′

= − 1

4π

vcice
D

4πR (134)

= −vRcice
D

Putting all this together gives

c(R)− c(∞) (135)

= − 1

4π

∮ [
1

X

∂c

∂r′
− c ∂

∂r′

(
1

X

)]
dA′

= c(∞)− vRcice
D

(136)

so we find

v =
D

cice

∆c

R
(137)

which is the same as we had from direct
integration of the differential equation.

7.2 The Parabolic Case

The parabolic case provides more a chal-
lenge. The solution we’re looking for is the
slow-growth Ivantsov solution,

c(η) =
∆c

log(η∞/R)
log(η/R) + c(R) (138)

which gives

v =
2D

R

∆c

cice

1

log(η∞/R)
(139)

We begin with the integral equation

c(−→x ) (140)

=
1

4π

∮ [
1

X

∂c

∂n′
− c ∂

∂n′

(
1

X

)]
dA′
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To make the boundary at infinity nice and
clean, we can consider not a single grow-
ing parabolic crystal whose base extends to
infinity, but rather two parabolic crystals
growing back to back. Then the integra-
tion over the boundaries at infinity goes
the same as we had above. Also we can
factor c = csat out of the second integral,
causing it to vanish, finally giving

c(surface) = c(∞)− 1

4π

∮ [
1

X

∂c

∂n′

]
dA′

(141)
where the integral is to be performed over
the crystal interface. Again following the
above, we have changed the sign of the in-
tegral, which allows us to have the normal
pointing out from the crystal.

The first term is again related to the
growth velocity, which we assume gives a
shape-preserving growth. From mass con-
servation we have

∂c

∂n′
= (̂n · −→∇c)surf (142)

=
cice
D

(n̂ · −→v surf )

Then in parabolic coordinates we have

−→v surf = vẑ (143)

=
v

2

(√
4η

η + ξ
η̂ −

√
4ξ

η + ξ
ξ̂

)
so

n̂ · −→v surf =
v

2

√
4η

η + ξ
(144)

giving

∂c

∂n′
(surface) =

cice
D

(n̂ · −→v surf )

=
cicev

D
(n̂ · ẑ) (145)

=
cice
D

v

2

√
4η

η + ξ

Here we have assumed a parabolic surface,
so n̂ = η̂.

We prefer to do the integral in polar co-
ordinates (ρ, z), where the origin is on the

tip of the growing dendrite. Then we take
the dendrite surface to have z = −ρ2/2R,
where R is the radius of curvature of the
tip. Assuming we are calculating c at the
dendrite tip, we have

X = (ρ′2 + z′2)1/2 (146)

= ρ′(1 + ρ′2/4R2)1/2

We also need another set of coordinates,
which we will call (ρ′′, z′′), that is con-
nected to the parabolic coordinates. These
are related to (ρ, z) by

ρ′′ = ρ (147)

z′′ = z +
1

2
R

In parabolic coordinates the dendrite sur-
face has η = R, and we can write ξ as
(using z = ρ2/2R)

ξ = r′′ − z′′ (148)

= (ρ′′2 + z′′2)1/2 − z′′

=

[
ρ2 +

(
z +

1

2
R

)2
]1/2

−
(
z +

1

2
R

)
=

ρ2

R

Thus√
4η

η + ξ
=

(
4

1 + ρ2/R2

)1/2

(149)

Finally we have the area element

dA′ = 2πρ′ds′ (150)

= 2πρ′
(
dρ′2 + dz′2

)1/2

= 2πρ′
(

1 +
ρ′2

R2

)1/2

dρ′

Putting this together into the first term of
the integral gives

− 1

4π

∮ [
1

X

∂c

∂n′

]
dA′ (151)

= −cice
D

v

2

∫ ρ∞

0

(
1 +

ρ′2

4R2

)−1/2

dρ′
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= −cice
D
vR

∫ ρ∞/2R

0

(
1 + α2

)−1/2
dα

= −cice
D
vR log(ρ∞/R)

and we have

c(surface) (152)

= c(∞)− 1

4π

∮ [
1

X

∂c

∂n′

]
dA′

∆c =
cice
D
vR log(ρ∞/R)

so

v =
D

R

∆c

cice

1

log(ρ∞/R)
(153)

Replacing ρ∞ with (2Rz∞)1/2, this be-
comes

v =
2D

R

∆c

cice

1

log(2z∞/R)
(154)

=
2D

R

∆c

cice

1

log(η∞/R)

because η = r + z = 2z along the ξ = 0
direction, thus giving the desired result.
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