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If the Lord Almighty had consulted me 
before embarking on Creation, I should 
have recommended something simpler.  

            – Alphonso the Wise 
attributed, ~1250 

 
When a snow crystal grows in the atmosphere, 
it does so by removing water vapor molecules 
from the air in its vicinity. To continue 
growing, more water molecules must diffuse 
through the surrounding air, making their way 
into the depleted region near the crystal. 
Because diffusion is a slow process, it tends to 
limit the development of the crystal, so we say 
its growth is diffusion-limited. As we will 
discuss in this chapter, diffusion-limited 
growth is responsible for the creation of 
branches and other structures, and it is of great 

importance in the formation of complex 
patterns in snow crystals. 
 The word diffusion derives from the Latin 
diffundere, meaning to spread out over time. 
The diffusion of water molecules in air results 
from the normal thermal jostling of air and 
water molecules, which tends to mix the two 
species together. If the water-vapor density is 
not spatially uniform, then the random 
molecular motions will, on average, transport 
water molecules from higher-density regions to 
lower-density regions. Therefore, as a growing 
snow crystal consumes water vapor molecules 
in its vicinity, more will flow inward toward the 
crystal from afar, providing additional material 
for continued growth. 
 Diffusion is a common phenomenon in 
everyday life, although we may not readily 
notice diffusion in action, especially when it 
involves invisible gases like air and water vapor. 
Diffusion in colored liquids can be more easily 
visualized, as shown in Figure 4.1. Most people 
are familiar with material dispersing out from a 
central source, but perhaps less so with 
diffusion toward a central sink, as shown in the 
illustration. Particle diffusion always tends to 
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complex sidebranching brought about by 
diffusion-limited growth. It also experienced a 
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mix materials together, so the net diffusive 
transport is always from high to low densities. 
More quantitatively, the net flow of material 
arising from diffusion is along a density 
gradient and is proportional to the size of the 
gradient. 

There are actually two types of diffusion 
involved in snow crystal growth: particle 
diffusion and heat diffusion. The latter arises 
when latent heat is generated by deposition and 
then diffuses away through the air. As I will 
show below, the effects of heating and heat 
diffusion are relatively small compared to 
particle diffusion. Except in a few special 
circumstances, one can describe the growth of 
snow crystals to a good approximation by 
neglecting heat diffusion entirely, and that will 
be my default assumption unless otherwise 
indicated.  

Figures 4.2 illustrates how a growing ice 
crystal depletes the water-vapor density around 
it, creating a supersaturation gradient. As seen 
in this computer simulation, the gradient is 
highest near the tips of a growing crystal, 
resulting in a high flow of water vapor at these 
points, and thus fast growth at the tips. In the 
interior parts of the crystal, the supersaturation 
gradients are lower, providing lower water-
vapor flow and slower growth. The result can 
be seen in movies of growing snow crystals 
(both in computer models and in laboratory 
observations), as the outer regions grow 
outward quickly while the interior structures 
evolve more slowly. 

Figure 4.3 shows another illustration of the 
depletion of water vapor around a growing 
snow crystal, this time in a laboratory setting. 
Water droplets condense on non-ice surfaces 
whenever the supersaturation is above 𝜎𝜎𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤, 

Figure 4.1: The process of diffusion, shown 
operating in two directions. A crystal dropped 
into an undersaturated solution will dissolve 
(top row). Diffusion will then slowly spread the 
dissolved material throughout the solution. In 
contrast, a seed crystal placed into a 
supersaturated solution (bottom row) will grow 
as diffusion carries material to the crystal and 
depletes the solution nearby. The first case is 
analogous to a snow crystal sublimating in 
undersaturated air, and the second case is 
analogous to a snow crystal growing in 
supersaturated air. Adapted from an image 
found at https://byjus.com/jee/diffusion-of-
gases/. 

Figure 4.2: This 2D numerical simulation 
[2008Gra] demonstrates the depletion of water 
vapor around a snow crystal. The 
supersaturation is constant (grey) far away from 
the crystal, but it drops to near zero (white) at 
the growing crystal surface. The 
supersaturation gradient produces a diffusion-
driven inward flow of water vapor that 
continuously supplies material for the growing 
crystal.  
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because this means that the humidity is 
above the dew point (see Chapter 2). 
When humid air is blown down onto the 
growing snow crystal in Figure 4.3, a fog 
of water droplets condenses on the 
substrate around the crystal because 
𝜎𝜎 > 𝜎𝜎𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 in that outer region. But the 
supersaturation is depleted near the growing 
crystal, giving 𝜎𝜎 < 𝜎𝜎𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 and no condensed 
droplets in the inner region. The boundary 
between the inner and outer regions reveals 
where 𝜎𝜎 ≈ 𝜎𝜎𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 near the substrate surface. 
While this laboratory image nicely illustrates 
water vapor depletion around a growing snow 
crystal, it would require a rather sophisticated 
3D numerical simulation to reproduce the 
𝜎𝜎 ≈ 𝜎𝜎𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 contour seen in Figure 4.3. 
 Large-scale air flow can also transport and 
mix water vapor in air, and these flows operate 
in addition to diffusion. Wind and turbulence 
thus affect snow-crystal growth, sometimes 
substantially, and I discuss this topic later in the 
chapter. Plain particle diffusion is by far the 
most important transport process, however, 
and it operates even in still air. To a first 
approximation, therefore, we can ignore large-
scale air flow and focus our attention on 
understanding particle diffusion and how it 
affects snow crystal growth. 
 The process of diffusion is defined 
mathematically by the classical diffusion 

equation. Unlike attachment kinetics, where 
our grasp of the underlying molecular 
dynamics is depressingly poor, the essential 
physics of diffusion is extremely well 
understood, and has been for over a century. 
Calculating the effects of diffusion in complex 
geometries (for example, surrounding a 
branched snow crystal) remains a challenging 
computation problem, but at least we have a 
firm grasp of the underlying physics. 
 One goal in this chapter is somewhat 
qualitative in nature: to describe the 
phenomenology of diffusion-limited growth as 
it pertains to the specific case of snow-crystal 
formation. Phenomenological descriptions are 
not always the best way to understand the 
underlying science, as they can involve rough 
approximations and empirical descriptions. 
Our brains, however, are very much tuned to 
visual inputs, such as graphs, sketches, and 
photographs, and less so to mathematical 
formulae. So a well-crafted phenomenological 
description is not without pedagogical value. 
Moreover, I have always found it useful to 
develop a basic mental picture of a physical 
phenomenon under study, unfettered by words 

Figure 4.3: This laboratory-grown POP 
snowflake (see Chapter 9) indirectly 
shows the depletion of water vapor 
around a growing crystal. As moist air 
blows down on the substrate supporting 
the crystal, a fog of tiny water droplets 
condenses onto its surface. No droplets 
condense near the ice crystal, however, 
because the water vapor density is lower 
in that region. The boundary between 
these two regions shows where the 
humidity passes through the dew point 
(or, equivalently, the supersaturation 
passes through 𝝈𝝈𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘), which is when 
water droplets begin to condense. 
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or equations, as this often provides a helpful 
intuitive grasp of the subject. 
 A second goal in this chapter is to develop 
the quantitative side of diffusion-limited 
growth, writing down the relevant equations 
and then outlining techniques used to solve 
them. This mathematical background will be 
needed in the next chapter, when we address 
the problem of making numerical models of 
growing snow crystals. Computational 
simulations have become essential in this field, 
as analytical calculations are simply inadequate 
for dealing with the morphological richness 
inherent in the diffusion-limited growth of 
snow-crystal structures that are both faceted 
and branched. 
 Our overarching game plan is a 
straightforward example of modern 
reductionist science: 1) break down a complex 
phenomenon (snow crystal formation) into its 
simplest component pieces, 2) study and 
understand those pieces as best one can by 
using realistic physical models informed by 
precise measurements, and 3) reassemble the 
pieces into a computer simulation that 
recreates the original phenomenon and agrees 
with quantitative observations. As I have been 
striving to execute this plan over the years, I 
have found that both quantitative and 
qualitative perspectives are necessary to fully 
understand and appreciate the science of snow 
crystal formation, so I try to address both in 
this chapter.  
 
4.1 Faceting and 
Branching 
A good starting point is to examine how 
particle diffusion affects the transition from 
faceted to branched snow-crystal growth. 
Faceting is driven primarily by attachment 
kinetics, as I described in Chapter 3, and 
faceted snow crystals grow readily even when 
diffusion effects are negligible, as in near-
vacuum environments. But the interplay of 
faceting and branching is a central theme in 
snow crystal growth, so we begin our 

discussion with the growth of the simple 
faceted crystal shown in Figure 4.4. 
 As we discussed above, a growing crystal 
absorbs water vapor around it, creating a 
depleted region in the supersaturated air. In 
other words, the supersaturation asymptotes to 
some constant value 𝜎𝜎∞ far from the crystal 
and decreases as one approaches the crystal. 
Because the six corners of the hexagonal crystal 
in Figure 4.4 stick out farther into the humid 
air, the corners typically experience a slightly 
higher supersaturation than that found near the 

Figure 4.4: The prism facets on this POP snow 
crystal (top photo) look straight, but they must 
be slightly concave at the molecular scale 
(bottom sketch). The hexagonal corners stick out 
farther into the humid air, so 𝝈𝝈 is slightly higher 
at the corners than at the facet centers. At the 
same time, the density of molecular terrace steps 
is higher nearer the facet centers, making 𝜶𝜶 
slightly higher there (the surface lines in the 
sketch represent molecular layers). Because the 
growth rate is proportional to 𝜶𝜶𝝈𝝈, the entire facet 
surface grows upward at a constant rate, 
maintaining its flat appearance. 
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facet centers. This phenomenon is sometimes 
called the Berg effect [1938Ber]. 

Beginning with a perfectly flat, faceted 
surface, a higher supersaturation at the 
hexagonal corners makes the corners grow 
more rapidly than the facet centers. Soon the 
faceted surface is no longer perfectly flat, but 
becomes slightly concave at the molecular 
level, as illustrated in the sketch in Figure 4.4. 
New molecular terraces nucleate preferentially 
near the corners, where the supersaturation is 
highest, and the steps subsequently grow 
inward toward the facet centers. Again, 
because the supersaturation is highest near the 
corners, the terrace steps grow fastest there, 
slowing down as they approach the facet 
centers. 

This change in step velocity causes the 
terrace steps to bunch up near the facet 
centers, as shown in Figure 4.4. Because the 
terrace edges readily absorb water-vapor 
molecules (faster than faceted surfaces with no 
steps), the increased step density near the facet 
centers means that the attachment coefficient 
𝛼𝛼 is higher at the facet centers than near the 
corners. Thus, the corners experience a slightly 
higher 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 and lower 𝛼𝛼, while the facets 
centers experience a slightly lower 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 and 
higher 𝛼𝛼, as shown in the figure. 

This process of nucleation and motion of 
molecular steps results in stable, self-regulating 
facet growth. There is a negative feedback that 
maintains the precise concave shape needed to 
keep the growth velocity, equal to 𝑣𝑣𝑛𝑛 =
𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠, constant across the entire facet 
surface. If the surface became too flat, the 
corners would grow a bit faster and increase 
the surface curvature. If the surface became 
too concave, the facet-center region would 
grow a bit faster and again restore the correct 
concave shape. There is a stable point in the 
curvature that is set by the supersaturation, 
crystal size, attachment kinetics, and perhaps 
other parameters. This process is one of the 
simplest examples of spontaneous structure 
formation, as the rules of crystal growth bring 

about the sustained, stable growth of a faceted 
crystal.  

Molecular steps are too small to be 
observed even with high-power optical 
microscopy, so the concave facet shape is 
normally imperceptible. In a similar vein, one 
cannot easily observe the supersaturation 
variations around the crystal, as water vapor is 
an invisible gas. When you look at faceted 
snow crystals by eye, or with a magnifier or 
microscope, all you can see is that the faceted 
surfaces appear as smooth and flat as a pane of 
glass. 
 
Transition to Branching 
This picture of facet formation takes on a new 
twist as the growth rate increases, or as the 
crystal grows larger. In either of these cases, the 
faceting mechanism continues working only 
until 𝛼𝛼 ≈ 1 at the facet centers. Once this 
happens, 𝛼𝛼 can no longer increase, and this 
causes the self-regulating process described 
above to break down. At some point, the facet 
centers will no longer be able to keep pace with 
the corners, and the facet will no longer be able 
to maintain its flat appearance. When this 
happens, branches sprout from the hexagonal 
corners, as shown in Figure 4.5. 
 This transition from faceted to branched 
growth tends to be rather abrupt. Once the 
hexagonal tips sprout branches, they quickly 
grow outward and leave the regions between 
the branches far behind. Exactly when the 
transition occurs depends on several factors. A 
general rule of thumb is that faceting 
dominates when: 1) crystals are small, 2) the 
degree of anisotropy in the attachment kinetics 
is large, and 3) the growth is slow. As these 
three qualitative criteria become lessened, 
branched growth becomes more likely.  
 For example, if 𝛼𝛼𝑠𝑠𝑤𝑤𝑓𝑓𝑤𝑤𝑤𝑤 is just below unity, 
then the facet stability is weak, as there can be 
little difference between the value of 𝛼𝛼 at the 
corners and at the facet centers. In this case, 
branches form readily and will sprout from 
quite small crystals even when they are growing 
slowly.  If 𝛼𝛼𝑠𝑠𝑤𝑤𝑓𝑓𝑤𝑤𝑤𝑤 ≪ 1, on the other hand, then 
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faceted growth with be highly stable and a 
crystal may grow quite large before branches 
sprout. Of course, the value of 𝛼𝛼𝑠𝑠𝑤𝑤𝑓𝑓𝑤𝑤𝑤𝑤 depends 
on the surface supersaturation 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠, which in 
turn depends on the size of the crystal, the 
functional form of 𝛼𝛼𝑠𝑠𝑤𝑤𝑓𝑓𝑤𝑤𝑤𝑤�𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠�, and the far-
away supersaturation 𝜎𝜎∞. So, determining the 

exact point at which branches appear becomes 
a nontrivial problem. 
 The formation of symmetrical branched 
snow crystals often results from the fact that 
faceting is more stable on smaller crystals. 
When a nascent snow crystal begins its 
existence, it is small and tends to grow into a 
faceted hexagonal prism. As it grows larger, at 
some point six branches will sprout 
simultaneously from the six corners of the 
hexagon, as seen in Figure 4.5. Whenever you 
see a branched snow crystal with six-fold 
symmetry, it is almost certain that the primary 
branches first sprouted in unison from a 
faceted ice crystal. 
 
The Branching Instability 
The transition from stable faceted growth to 
branching is just one example of a more 
general phenomenon in diffusion-limited 
growth called the Mullins-Sekerka Instability, 
named after its discoverers William Mullins 
and Robert Sekerka [1963Mul, 1964Mul]. I also 
like to call it the Branching Instability because 
this is a more descriptive moniker, and using it 
avoids unnecessary jargon. The basic idea is 
shown in Figure 4.6 for the case of ice growth 
when 𝛼𝛼 ≈ 1, but the Mullins-Sekerka instability 
applies to many other systems as well, 
whenever growth is limited by diffusion.  

The hallmark of any instability is positive 
feedback, and Figure 4.6 illustrates this for the 
special case of an initially flat ice surface with 
𝛼𝛼 ≈ 1. If a small bump randomly appears on 
the surface, then the top of the bump sticks out 
slightly into the humid air above it. As a result, 
slightly more water vapor in the air diffuses to 
the top of the bump than diffuses to the flat 
surface around it. With this slight enhancement 
in material transported to it, the top of the 
bump grows slightly faster than its 
surroundings, and so it grows taller. Soon the 
bump sticks out even farther than it did before, 
causing it to grow even faster, which makes it 
stick out still farther, and so on. In this way, 
positive feedback yields a branching instability.  

Figure 4.5: This series of photographs shows 
branches sprouting from the six corners of a 
hexagonal snow crystal when the applied 
supersaturation was increased. Branching like 
this becomes more likely when a hexagonal 
crystal is large and/or its growth rate is fast. 
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Note that the uniform surface growth 
shown in the top panel in Figure 4.6 is a 
perfectly valid solution to the diffusion 
equation; it is just not a stable solution. Any 
deviation from perfect flatness, no matter how 
small, will grow larger. Thus, the Mullins-
Sekerka instability will eventually turn a simple 
growing structure into a complex, branched 
structure with an ever-changing morphology. 
When you get to the heart of the matter, this 
growth instability is why the simple process of 
water vapor freezing into ice creates the 
beautiful, complex snow crystal patterns we 
observe falling from the winter clouds.  

Going back to Figure 4.5, we see that 
faceting provides a stabilizing influence that 
initially inhibits the Mullins-Sekerka instability. 
Anisotropic attachment kinetics provides a 
negative feedback that reduces perturbations 
and maintains the ever-so-slightly concave 
shape of the surface, as I described above. 
When there is no anisotropy in the attachment 
kinetics (for example when 𝛼𝛼 ≈ 1), then the 
surface is always susceptible to the Mullins-
Sekerka instability, and this is the case shown 
in Figure 4.6. In the opposite extreme, when 
there is a large anisotropy in the attachment 
kinetics (𝛼𝛼𝑠𝑠𝑤𝑤𝑓𝑓𝑤𝑤𝑤𝑤 ≪ 1), then faceted growth will 
continue for quite some time.  

The growth behavior of snow crystals is 
most often determined by a combination of 
branching and faceting, with the details 
depending on the crystal size, growth rate, 
attachment kinetics, and other factors. 
Faceting dominates in some regions of 
parameter space, while branching dominates in 
other regions. The complex interplay of the 
processes of faceting and branching is what 
gives snow crystal growth its especially rich 
phenomenology.  

Another aspect of this topic to note is that 
abrupt transitions are a common hallmark of 
instabilities. For a simple analogy, consider a 
cylindrical rod balancing upright on one of its 
flat ends on a table. Add a bit of damping to 
the problem by placing the upright rod in a 
small bowl of honey. If you perturb the rod, 

perhaps by giving it a gentle tap, it will wobble 
a bit and then go back to its upright, balanced 
state. Thus, the motion of the rod is stable to 
minor perturbations. As you increase the 
length of the rod, however, it becomes less 
stable. For a sufficiently tall, slender rod, even 
a small tap will topple it. Moreover, when it 
topples, it will topple over completely; the 
transition from upright to not upright will be 
abrupt and dramatic. The transition from 
faceted to branched growth is similar: once 

Figure 4.6: The diffusion-limited growth of an 
initially flat surface with 𝜶𝜶 ≈ 𝟏𝟏 (top sketch) is 
susceptible to the Mullins-Sekerka instability, 
also known as the branching instability. If a 
small bump appears on the surface (center), it 
will stick out farther into the supersaturated 
medium, so the top of the bump will grow 
slightly faster than the surrounding flat surface. 
This initiates a positive feedback effect, causing 
the bump to become larger, increasing its 
relative growth rate even more (bottom). This 
illustration assumes zero anisotropy in the 
attachment kinetics (𝜶𝜶 ≈ 𝟏𝟏) to eliminate the 
possibility of faceting and thus emphasize the 
Mullins-Sekerka instability. 
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branches sprout from the corners of a 
faceted prism, they grow rapidly outward 
and leave the facets far behind. 

The branching instability is also well 
known for its repeated application in the 
formation of complex dendritic structures. 
Once a branch sprouts and grows outward, 
perturbations on its surfaces may again 
become amplified, thereby sprouting 
additional sidebranches, as illustrated in 
Figure 4.7. In principle, this could lead to 
sidebranches on the sidebranches, and so 
on, yielding intricate structures.  

Dendritic snow crystals forming near -
15 C are often characterized by a set of six 
primary branches that are decorated with 
copious sidebranches, as shown in Figure 
4.8. Side-sidebranches are sometimes seen, 
although they are somewhat rare. More 

common is a mixture of both faceting and 
branching behaviors on a single crystal, 
producing the endless morphological 
variations we associate with snowflakes. 

The chaotic nature of the branching 
instability becomes apparent in crystals like 
that shown in Figure 4.8. The six primary 
branches must have simultaneously sprouted 
from the corners of a tiny hexagonal prism, as 
the symmetry of these branches reflects the 
initial faceted order of the crystal. The 
sidebranches, on the other hand, arose from 
perturbations that occurred near the primary 
branch tips. Because these perturbations were 
somewhat random in nature, the sidebranches 

Figure 4.7: A schematic diagram showing the 
creation of dendritic sidebranches resulting 
from repeated application of the Mullins-
Sekerka instability [1980Lan]. Random 
perturbations on the sides of the growing tip 
typically yield somewhat erratically placed 
sidebranches. However, there is often a 
characteristic length scale involved in the 
formation of these perturbations, resulting in a 
somewhat regular spacing between adjacent 
sidebranches.   

Figure 4.8: Both branching and faceting play 
large roles in fernlike stellar dendrites like this 
one. The branching instability is clearly 
responsible for the copious sidebranching, and 
for the largely random sidebranch placement. 
However, this crystal began its life as a faceted 
hexagonal prism, because the six primary 
branches must have spouted from the small 
prism’s six corners. Moreover, the crystal is 
thin and flat, indicating strong basal faceting 
even in the presence of highly developed 
dendritic branching. 
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are largely uncorrelated among the primary 
branches, and even the two sides of a single 
primary branch exhibit quite different 
sidebranches. Thus, the detailed six-fold 
symmetry of the crystal in Figure 4.8 is quite 
poor. It is possible, however, to stimulate 
symmetrical sidebranches with not-so-random 
perturbations, and I discuss this phenomenon 
later in the chapter. 
 
Additional Snow Crystal 
Growth Instabilities  
Nature abounds with dynamical instabilities in 
nonequilibrium systems, even though they are 
not much discussed in early science teaching. 
For example, when sunlight heats the ground, 
the adjacent air becomes warmer than the air 
above it, and this situation is unstable to 
convection. The convective instability drives 
the wind, the clouds, and much of our weather. 
When the resulting wind blows over a still lake, 
the surface of the lake becomes unstable to the 
formation of ripples and waves. When waves 
reach the shore, they become unstable and 
break. Whenever you see any kind of complex 
structure in nature, it is a good bet that some 
dynamical instabilities were involved in its 
formation. We do not talk about them much in 
science teaching because their behavior can be 
extremely complicated and difficult to 
understand. Nevertheless, understandable or 
not, instabilities are everywhere in the natural 
world. 
 In snow crystal formation I count three 
distinct growth instabilities that have been 
found so far: 
 
The Mullins-Sekerka instability is clearly 
the big player, producing branched structures 
and a host of competitive growth behaviors in 
complex snow crystals. Because the underlying 
physics in this phenomenon is well 
understood, the branching instability is very-
much amenable to computer modeling. 
 
The edge-sharpening instability (see 
Chapter 3) is also present in Figure 4.8, putting 

the “flake” in snowflake by keeping this crystal 
thin and flat. Being an especially complicated 
phenomenon involving bulk diffusion, surface 
diffusion, and attachment kinetics, the ESI 
remains something of a scientific puzzle. 
 
The electric-needle instability (see Chapter 
8) provides an excellent tool for studying snow 
crystal formation under well controlled initial 
conditions. This phenomenon is reasonably 
well understood, being essentially an extension 
of normal dendritic growth, but several 
important aspects remain unstudied. 
 

As we continue to probe more deeply into 
the physics of snow crystal formation, there are 
likely additional dynamical instabilities lurking 
in the varied molecular processes occurring on 
the ice surface, still waiting to be discovered. 
 
4.2 Free Dendrites 
When the branching instability is operating in 
high gear, dendritic structures with copious 
sidebranches are the norm. Snow crystal 
dendrites appear whenever the supersaturation 
is sufficiently high, and their morphology can 
be quite different at different temperatures. 
The most well-known example is the fernlike 
stellar dendrite, for example that shown in 
Figure 4.8. These are the largest and fastest 
growing natural snow crystals, and they readily 
form at temperatures near -15 C. 

Individual fernlike dendritic branches like 
those shown in Figure 4.9 are easy to grow in 
the lab as well, and they exhibit several 
characteristic traits: 1) The branching structure 
is mainly confined to a flat plane because of 
strong basal faceting; 2) The tip of the dendritic 
branch grows outward at a constant tip velocity 
𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 that increases approximately linearly with 
the far-away supersaturation, so 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 ~ 𝜎𝜎∞; 3) 
The radius of curvature of the tip is equal to 
about 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 ≈ 1 micron, a value that is roughly 
independent of supersaturation; 4) Each 
distinct sidebranch grows out at an angle of 60 
degrees relative to the primary branch; 5) New 
sidebranches typically spout at a characteristic 
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distance from the tip that is roughly several 
times 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡; 6) The sidebranch spacing is 
generally erratic with little correlation on either 
side of a primary branch.  

At lower air pressures, 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 increases with 
decreasing pressure, and snow-crystal dendritic 
structures are generally more complex at higher 
air pressures [1976Gon]. I delve a bit more into 
the mathematical aspects of dendrite formation 
in the section on solvability theory below. 

An individual branch like the one in Figure 
4.9 is called a “free” dendrite because it is a self-
assembling structure that can be considered 
free from the constraints of container walls or 

competing crystals. The branch grows out into 
open space with a uniform far-away 
supersaturation 𝜎𝜎∞. Moreover, the overall tip 
morphology of a free dendrite is essentially 
independent of time. If you photographed the 
near-tip structure at different times, you would 
find that the photos all looked about the same. 
The detailed placement of the sidebranches 
with respect to the tip is different at different 
times, but the overall morphology remains 
constant. Also, the initial origin of the dendritic 
branch largely unimportant; once it becomes 
fully developed, the branch automatically 
assumes its characteristic shape and properties. 
 
Fishbone Dendrites near -5 C 
While fernlike dendrites near -15 C are 
something of a canonical snow crystal form, 
other dendritic structures appearing at 
different temperatures are also worthy of 
attention. The “fishbone” dendrites shown in 
Figures 4.10 through 4.12 are especially 
pronounced, as they grow rapidly near -5 C and 
make up the “fishbone peak” often seen in 
snow crystal diffusion chambers (see Chapters 
6 and 8). 

While they look quite different, fishbones 
are also free dendrites with many of the same 
characteristic traits as the fernlike dendrites just 
described. However, the sidebranches are not 
conveniently confined to a nearly flat plane, 

Figure 4.9: Several fernlike dendrites growing out 
from the tip of a wire substrate at a temperature 
of -15 C (only a single dendrite is in sharp focus 
in this photo). Although they are oriented 
randomly with respect to the wire, each complex 
dendritic structure is mostly confined to a thin 
plane by slow basal growth. 

Figure 4.10: Several “fishbone” dendrites growing 
out from a frost-covered wire at a temperature of 
-5 C. Note the overall similarities between the 
different dendritic branches. 
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and thus their structure is not so easy to convey 
using a single photograph. Moreover, the 
formation of fishbone dendrites requires high 
supersaturation levels that do not occur in 
nature, so they are entirely a laboratory creation 
[2009Lib1]. 

These two special cases – fernlike dendrites 
near -15 C and fishbone dendrites near -5 C – 
are the fastest growing and most distinctive 
examples from the family of snow crystal 
dendritic structures. I will not discuss here the 
full spectrum of free dendrites that appear in 
the snow crystal morphology diagram, but 
photographs from a broad range of 
temperatures are presented in Chapter 8. 

Note that the direction of dendrite tip 
growth in snow crystals depends on both 
temperature and supersaturation. Fernlike 
dendrites have 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 aligned with the crystal a-
axis, but typically the growth direction is not 
aligned with any particular axis but is 
determined by details of the attachment 
kinetics. In particular, the growth direction 
depends on the ratio of 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 to 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚, which 

depends on both temperature and 
supersaturation at the growing tip. Also 
notable is that no snow crystal free dendrites 
grow along the c-axis, although e-needles (see 
Chapter 8) can be coaxed to grow in that 
direction using chemical vapor additives. 
 
Ice Dendrites Growing from  
Liquid Water 
It is useful, at this point, to expand our 
horizons beyond the snow crystal realm by 
examining ice free dendrites growing from 
liquid water. These appear readily in nature in 
the form of pond crystals, like that shown in 
Figure 4.13, and several different dendrite tip 
morphologies are illustrated in Figure 4.14.  
 While snow crystals grow in the two-
dimensional parameter space of temperature 
and supersaturation, ice growing from liquid 
water is mainly described by a single variable, 
the undercooling, which is the far-away 
temperature of the water bath in which the ice 
dendrites grow. Pressure is the missing second 
parametric variable in this case, missing 
because few experiments have examined ice 

Figure 4.11: The sidebranch structure of a 
fishbone dendrite is more three-dimensional 
than a fernlike dendrite. This figure compares 
a photograph with a sketch that shows the 
orientations of the different sidebranches with 
respect to the ice crystal axes (defined by the 
hexagonal prisms in the sketch). Unlike 
fernlike dendrites, fishbone dendrites are 
clearly not confined to a flat growth plane. 

Figure 4.12: The crystal structure of fishbone 
dendrites can be difficult to discern from 
optical photographs like those in the previous 
two figures. Observing their growth on c-axis 
e-needles (see Chapter 8) allows an 
unambiguous determination of the sidebranch 
orientations with respect to the crystal axes, as 
described in [2009Lib1].  
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growth at the high pressures needed to see 
interesting effects [1997Mar, 2005Mar]. 
 Ice growth in liquid water bears a good 
resemblance to the solidification of metals 
from their melts, and the latter subject has 
received much attention from metallurgists in 
the scientific literature. In both cases, the 
growth is strongly limited by the diffusion of 
latent heat generated during solidification, and 
in both cases dendritic structures appears as a 
result. Figure 4.15 shows an example of a 
dendrite forming in succinonitrile, which is 
transparent and often used as a metal analog. 
Unlike ice from liquid water, however, there is 
negligible faceting in succinonitrile and other 
metal analogs, meaning that attachment 
kinetics is not an important factor in these 
systems. 
 
A Brief Classification of 
Solidification Systems 
To avoid confusion regarding which physical 
effects are important and which can be 
neglected, it is useful to list the different types 
of systems in which dendritic structures arise 
from diffusion-limited crystal growth. One 
soon finds that while there is a large scientific 
literature on dendrite formation, and 
solidification more generally, a great deal of it 

cannot be directly applied to snow crystal 
growth. The underlying physics is so dissimilar 
in the various materials that each system must 
be approached differently. 
 
Unfaceted Solidification from the Melt. A 
great deal of scientific literature on 
solidification can be found in this category. 
Succinonitrile and pivalic acid are two oft-
studied materials, popular because they are easy 
to work with and are considered good proxies 
for simple metallurgical systems. Listing the 
dominant physical effects that need to be 
considered, in order of important, we obtain: 
1) Thermal diffusion. Removing latent heat is a 
major consideration in solidification from the 
melt, so the thermal diffusion equation is of 
paramount importance. Dendritic structures in 
this system arise mainly from thermal-
diffusion-limited growth. 
2) Surface energy. Although less important 
than thermal diffusion, this physical effect sets 
the scale for 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 and therefore the overall 
structure of a free dendrite. Together, thermal 
diffusion and surface energy effects define the 
primary features seen in metallurgical 
solidification.  
3) Anisotropic surface energy. As we discuss 
later in this chapter, stable dendrites require 

Figure 4.13: This photo shows a 
plate-like dendritic ice crystal 
that formed on the surface of a 
still pond. It shows the same six-
fold symmetry of snow crystals, 
arising from the underlying 
symmetry of the ice lattice. It also 
exhibits dendritic sidebranching 
brought about by diffusion-
limited growth, in this case the 
diffusion of latent heat created 
during solidification. Strong 
basal faceting is responsible for 
the overall plate-like structure, 
indicating the importance of 
attachment kinetics in the 
formation of this crystal. [Photo 
by Bathsheba Grossman.]  
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some anisotropy in the boundary conditions, 
and here that is provided by an anisotropic 
surface energy.  
4) Attachment kinetics. Usually neglected 
entirely, as the attachment kinetics is often so 
fast that it does not limit growth significantly. 
This applies only to systems that exhibit no 
faceting, which is true for succinonitrile (Figure 
4.15) and most metals and metal analogs. 
5) Particle diffusion. Also usually neglected, 
because particle diffusion is not needed to 
bring material to the solidification surface, as 
liquid is always present. Thus, particle diffusion 
does not limit the growth significantly. 
 

Faceted Solidification from Vapor. Snow 
crystal formation stands out as perhaps the 
most studied example of solidification of a 
high-vapor-pressure system. Material science, 
usually classified as a branch of engineering, 
has little interest in materials that readily 
evaporate away, so high-vapor-pressure 
materials have received remarkably little 
attention over the years. Again, listing the 
dominant physical effects, in order of 
importance, we obtain:  
1) Particle diffusion. In air, particle diffusion 
transports water vapor molecules to the ice 
surface, and this slow process greatly limits 
growth. Particle diffusion is responsible for 
branching and essentially all the complex 
structure seen in snow crystals. 
2) Attachment kinetics. In the formation of 
snow crystal free dendrites, attachment kinetics 
sets the scale for 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 and the overall branched 
structure, as I describe in detail below. 
Together, particle diffusion and attachment 
kinetics define the primary features seen in 
snow crystal growth.  
3) Anisotropic attachment kinetics. Snow 
crystal attachment kinetics are generally highly 

Figure 4.14: Several optical photographs 
showing ice free-dendrite growth from liquid 
water as a function of the bath temperature 
[2004Shi]. Near the freezing point (-0.3 C), the 
growth is relatively slow, the tip radius is large, 
and tip splitting can occur. As the bath 
temperature decreases, the growth rate increases 
and the tip radius decreases, yielding somewhat 
different morphological features.  

Figure 4.15: A free dendrite forming in 
succinonitrile from its melt [1976Gli]. This 
transparent material is often used as a metal 
analog in studies of solidification, as it forms 
dendritic structures that are typical for 
solidification from the melt when attachment 
kinetics is not an important factor. 
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anisotropic, and this tends to yield strongly 
faceted structures. 
4) Thermal diffusion. A minor effect compared 
to particle diffusion, thermal diffusion is often 
neglected. It plays a role close to 0 C, but this 
can often by approximated by a simple 
rescaling of 𝜎𝜎∞ (as is discussed later in this 
chapter). 
5) Surface energy. Almost negligible because 
surface-energy effects are dwarfed by similar 
effects arising from attachment kinetics. 
However, the surface energy is necessary in 
modeling to avoid unphysical results at very 
low supersaturations (see Chapter 5).  
6) Anisotropic surface energy. Negligible. 
Surface energy effects are small to begin with, 
plus the surface energy anisotropy in ice is quite 
small. Any residual effects are dwarfed by 
similar effects from anisotropic attachment 
kinetics. 
7) Surface diffusion. This is nominally part of 
the attachment kinetics, but surface diffusion 
introduces nonlocal effects that are not 
included with a simple attachment coefficient. 
It is not yet known how important surface-
diffusion effects are in snow crystal growth. 
 
Chemical Vapor Deposition. So much work 
has been done with CVD that it deserves a 
separate listing all its own, although in principle 
is could be included in previous categories. The 
primary focus in CVD systems has been on 
technological applications, so these materials 
almost always exhibit low vapor pressures. 
Theoretical descriptions of CVD often make 
an implicit assumption of zero vapor pressure 
from the outset, which greatly simplifies the 
theory but also immediately changes the 
underlying physics compared to high-vapor-
pressure systems. Thus, the vast literature on 
CVD systems often has little relation to snow 
crystal growth, so I do not delve into the topic 
at all in this book. I encourage the reader to 
sample some of the excellent books devoted to 
CVD systems, but keep in mind that a nonzero 
vapor pressure is not much considered in these 
studies. 

Unfaceted Solidification from Vapor. To 
my knowledge (quite limited in this case), the 
formation of unfaceted free dendrites from 
vapor has received little scientific attention. I 
performed a few experiments using carbon 
tetrabromide, as this seemed to be a 
convenient test system, but little came out of 
those observations. Important physical effects 
could include all the items mentioned above – 
particle diffusion, heat diffusion, surface 
energy, and attachment kinetics, all to varying 
degrees depending on the specific material 
under consideration. With few practical 
applications, substantial experimental 
challenges, and especially complex input 
physics, it is perhaps little surprise that vapor 
solidification of free dendrites has not been a 
popular research topic. 
 
Faceted Solidification from the Melt. Ice 
growth from the melt falls into this category, as 
is clearly indicated by the presence of strong 
basal faceting like that shown in Figure 4.13 
(see also [2017Lib] and references therein). The 
dominant physical effects are the same as with 
unfaceted solidification from the melt, except 
now one must include effects from both 
anisotropic attachment kinetics and 
anisotropic surface energy; neither is negligible 
compared with the other. Unfortunately, this 
complicates matters substantially and creates a 
pretty full plate on the theory side.  
 Again, there has been very little scientific 
research focusing on faceted dendritic growth 
from the melt. Most research into solidification 
from the melt tends to ignore attachment 
kinetics entirely, as this simplifies the 
mathematics, and this is a reasonable 
assumption with unfaceted metallic systems. 
The ice/water system is a good example of the 
current state of affairs in this category; basal 
faceting clearly plays an important role, but 
attachment kinetic at the ice/water interface 
has received little attention (see Chapter 12). 
Several ice/water solidification studies ignore 
attachment kinetics entirely.  Given the ease of 
creating and studying ice structures from liquid 
water, and the many recent advances in 
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numerical modeling, this topic seems ripe for 
additional experimental research.  
 
Sidebranch Competition 
Another manifestation of the Mullins-Sekerka 
instability can be seen in the development of 
sidebranches after they sprout near a dendrite 
tip. For example, consider the fernlike stellar 
dendrite shown in Figure 4.8. As the individual 
sidebranches grow longer, each competes with 
its neighbors for available water vapor. If one 
branch becomes slightly longer than others 
nearby, then it sticks out farther into the humid 
air and shields its neighbors. Diffusion brings 

the longer branch a greater supply of water 
vapor at the expense of the neighboring 
branches. Soon the long branch shoots ahead 
while its immediate neighbors are greatly 
stunted. The underlying physical effect is 
essentially the same as with the Mullins-
Sekerka instability described above. 

Over time, this competition plays out on 
many length scales, so the spacing between the 
fastest-growing sidebranches becomes ever 
larger, as a few players become dominant by 
appropriating available resources at the 
expense of their neighbors. The result can be 
seen in the sidebranching characteristics of 
most fernlike stellar dendrites, including the 
example shown in Figure 4.8. Diffusion-driven 
competition between neighboring structures is 
a common feature in snow crystal growth 
dynamics, and many examples can be found 
scattered throughout this book. 

In socio-economic circles, a similar 
phenomenon is sometimes called the Matthew 
Effect, from the biblical quote: “For unto every 
one that hath shall be given, and he shall have 
abundance: but from him that hath not shall be 
taken away even that which he hath.” Matthew 
25:29. 
 
Fractal Structure 
I have not found that the concepts of fractal 
mathematics add much to our understanding 
of snow-crystal formation and structure. 
Perhaps this view results from my perspective 
as an experimental physicist focusing on the 
material-science and crystal-growth aspects of 
this problem. But my bias is reinforced by the 
fact that fractal mathematics provides 
essentially no predictive power when it comes 
to understanding snow crystal formation. 

Nevertheless, snow crystals do exhibit 
some fractal characteristics. The most apparent 
of these is a degree of self-similarity in the 
formation of dendritic structures, as illustrated 
in Figures 4.16 and 4.17. Primary branches 
yield sidebranches, and these can yield side-
sidebranches, etc. If a dendrite sidebranch 
develops sufficiently, its overall structure will 

Figure 4.16: This sketch shows the 
construction of geometrical curve known as 
the Koch snowflake, first described by Swedish 
mathematician Helge von Koch in 1904. It is 
one of the earliest known examples of a 
fractal structure. As ever-smaller triangular 
sidebranches are attached ad infinitum, the 
area of the Koch snowflake converges to 8/5 
times the area of the original triangle, while 
its perimeter length diverges to infinity. 
Consequently, the Koch snowflake has a 
finite area bounded by an infinitely long 
perimeter. Although this fractal structure 
bears some resemblance to a stellar dendrite 
snow crystal, there is little real connection 
between fractal mathematics and the physics 
of snow crystal formation. 
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be indistinguishable from the central branch 
from which it arose. And the same would be 
true of side-sidebranches, if they matured to 
the same extent. 
 Observations generally reveal that the 
degree of self-similarity seen in snow crystal 
structure is relatively minor. Moreover, the 
concept of self-similarity does not provide a 
physics-based explanation of the formation of 
the dendritic structure in the first place – that 
requires the Mullins-Sekerka instability. 
Explaining snow crystal structure requires a 
broad understanding of diffusion-limited 
growth, attachment kinetics, and ultimately the 
molecular dynamics of the ice-crystal surface. 
Saying that a snowflake has some self-similar 
fractal characteristics is an accurate description, 
but, by itself, this description does not provide 

many useful insights that allow one to 
comprehend the underlying physical 
phenomenon. 
 
4.3 Diffusion Physics in 
Snow Crystal Growth 
Now that we have examined a few of the more 
prominent morphological effects of diffusion 
on snow crystal growth, it is time to delve into 
the underlying mathematics. Most textbooks 
on mathematical physics derive the diffusion 
equation and examine its solution, and I will 
assume that the reader already has a basic 
understanding of diffusion physics. My focus 
in the following discussion, therefore, will be 
on describing how to apply the diffusion 
equation to the specific problem at hand. In 
addition, I have relegated some of the more 
tedious mathematical details to Appendix A, 
focusing here mainly on physical concepts and 
specific model systems. A useful list of 
variables and physical constants can be found 
near the front of this book. 
 
Particle Diffusion  
We begin with the particle diffusion equation 
that describes the transport of water molecules 
through the air  
 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑤𝑤𝑘𝑘𝑤𝑤∇2𝜕𝜕 (4.1) 

 
where 𝜕𝜕(�⃗�𝑥) is the number density of water 
molecules, 𝐷𝐷𝑤𝑤𝑘𝑘𝑤𝑤 is the diffusion constant for 
water molecules in air, and �⃗�𝑥 is the position 
vector. For typical atmospheric conditions,  
𝐷𝐷𝑤𝑤𝑘𝑘𝑤𝑤 ≈ 10−5 m2/sec. 

If the temperature is equal to a fixed value 
everywhere (the isothermal approximation), 
then Equation 4.1 can be rewritten in terms of 
the supersaturation as 
 

𝜕𝜕𝜎𝜎
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑤𝑤𝑘𝑘𝑤𝑤∇2𝜎𝜎 (4.2) 

 
where 𝜎𝜎(�⃗�𝑥) is defined by 
 

Figure 4.17: This photo shows a close-up of 
one section of an exceptionally large fernlike 
stellar dendrite. The crystal exhibits a 
somewhat self-similar fractal structure with 
sidebranches begetting side-sidebranches, 
and even a few side-side-sidebranches. 
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𝜎𝜎(�⃗�𝑥) =
𝜕𝜕(�⃗�𝑥)− 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤

𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤
(4.3) 

 
and 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤 is the saturated water vapor density, 
equal to 𝜕𝜕 above a flat ice surface in equilibrium 
with the vapor phase. Here we assumed that 
𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤 is a constant independent of �⃗�𝑥, which is 
true in the isothermal approximation. Because 
the values of both 𝜕𝜕 and 𝜎𝜎 vary with position 
around a growing crystal, I often refer to the 
fields 𝜕𝜕(�⃗�𝑥) and 𝜎𝜎(�⃗�𝑥). 
 In addition to the isothermal 
approximation, we can also employ a quasi-
static approximation that reduces Equation 4.2 
to Laplace’s equation 
 

∇2𝜎𝜎 = 0 (4.4) 
 
This is a good approximation because the 
relaxation timescale for water vapor diffusion 
in air is typically very short compared to the 
growth time of a snow crystal.  

To see this, consider suddenly placing a 
snow crystal into a uniform body of preexisting 
supersaturated air. Immediately the crystal will 
begin growing and thereby create around it a 
region somewhat depleted of water vapor. The 
size of this depleted “hole” in the water vapor 
density will be a few times larger than 𝑅𝑅, the 
size of the crystal, and its creation will take a 
time roughly equal to 𝜏𝜏𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑘𝑘𝑑𝑑𝑛𝑛 ≈ 𝑅𝑅2/𝐷𝐷. (This 
is a well-known result from diffusion physics. 
To make the notation more compact I often 
use 𝐷𝐷 in place of 𝐷𝐷𝑤𝑤𝑘𝑘𝑤𝑤.) If we put in some 
typical numbers, taking 𝐷𝐷 = 𝐷𝐷𝑤𝑤𝑘𝑘𝑤𝑤 ≈ 2 ×
10−5 m2/sec and 𝑅𝑅 ≈ 1 mm, we obtain 𝜏𝜏 ≈
50 msec.  

Meanwhile it takes a time 𝜏𝜏𝑔𝑔𝑤𝑤𝑑𝑑𝑤𝑤𝑤𝑤ℎ ≈ 2𝑅𝑅/𝑣𝑣𝑛𝑛 
for a snow crystal to grow appreciably, where 
𝑣𝑣𝑛𝑛 is the growth velocity. The ratio of the 
relaxation time to the growth time is called the 
Peclet number, defined as 𝑝𝑝𝑃𝑃𝑤𝑤𝑓𝑓𝑏𝑏𝑤𝑤𝑤𝑤 = 𝑅𝑅𝑣𝑣𝑛𝑛/2𝐷𝐷, 
and its value is typically less than 10−4 for a 
snow crystal growing in air. (Note that the 
Peclet number is usually not small for 
solidification from the melt, so the quasi-static 
approximation is not valid in those systems. 

Solidification from the vapor generally yields 
much smaller Peclet numbers than 
solidification from the melt.) 
 The take-away message from all this is that 
the depleted region around a snow crystal 
adjusts itself almost instantaneously to changes 
in the crystal shape, and this is equivalent to the 
quasi-static approximation. Adopting 
Equation 4.4 affords a substantial 
simplification in the mathematics, allowing us 
to assume that the water-vapor field 
surrounding a growing snow crystal is always in 
its completely relaxed state. This state changes 
as the crystal grows, but we need not worry 
about the relaxation process itself.  
 
Boundary Conditions 
To solve the diffusion equation, we also need 
to supply appropriate boundary conditions. 
These are nontrivial for snow crystal growth, 
so we need to consider them with some care. 
We present a summary here, with more details 
presented in Appendix A. 
 
Far-away Boundary. One often-used 
boundary condition is to assume that the 
supersaturation is equal to some fixed value 𝜎𝜎∞ 
far from the growing crystal. The term “far-
away” in this context usually means at a 
distance much larger than the size of the 
growing crystal in question. 
 This boundary condition works well in 3D 
if the growing crystal is small in all three 
dimensions. It is possible, however, to apply 
this boundary condition incorrectly, and 
people sometimes do. Assuming a simple far-
away boundary may not work with infinitely 
long cylinders, infinitely large walls, large 
dendritic structures, or other system 
geometries. We will encounter examples of 
such cases later in this chapter. 
 
Ice-covered Walls. In many experimental 
situations, a boundary might consist of an ice-
covered surface at some temperature 𝑇𝑇. 
Assuming the ice is neither growing or 
sublimating appreciably, the vapor pressure 
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will equal the equilibrium value, 𝜕𝜕 ≈ 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤(𝑇𝑇), at 
the ice-covered surface. For an isothermal 
environment, this means 𝜎𝜎 ≈ 0 at the ice 
surface.  
 Even here, we must be a bit careful with 
this boundary condition. For the isothermal 
case, the surface boundary condition is given 
more accurately as  
 

𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 ≈
𝑣𝑣

𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛
(4.5) 

 
where 𝑣𝑣 is the growth velocity of the ice on the 
surface. This can be very close to zero for a 
large ice-covered reservoir wall, but it is often 
not a good assumption to take 𝜎𝜎 ≈ 0 at the 
surface of a small, isolated ice crystal. In any 
case, the only time 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 is exactly zero is in 
equilibrium, when the growth velocity is also 
zero, as shown in Equation 4.5. 
 If the temperature varies in an 
experimental system, then we must be careful 
about the definition of 𝜎𝜎 itself, as 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤 is 
temperature dependent. In this case, the 
boundary condition is best left as 𝜕𝜕 ≈ 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤(𝑇𝑇)  
at the surface of a large, ice-covered wall, as 
written above. 
 
Mass Flux. To look at additional boundary 
conditions, we need to understand the flow of 
material in a diffusing system. In particle 
diffusion, there is always a net particle flux 
associated with a density gradient, in our case 
given by 𝐹𝐹 = 𝐷𝐷�𝑛𝑛� ∙ 𝛻𝛻�⃑ 𝜕𝜕� = 𝐷𝐷𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤�𝑛𝑛� ∙ 𝛻𝛻�⃑ 𝜎𝜎�. (This 
is also a standard result from basic diffusion 
physics found in textbooks.) Note that the 
equals sign goes both ways: if there is a gradient 
in the water-vapor density in air, it necessarily 
results in a flow of water-vapor molecules 
given by 𝐹𝐹. Likewise, if there is a net diffusive 
flow of water-vapor molecules through air, it 
must be accompanied by a density gradient 𝛻𝛻�⃑ 𝜕𝜕. 
 
Ice-free Walls. If particles cannot flow into or 
out of an ice-free wall in an experimental 
chamber, then zero net particle flux implies 
zero density gradient at the wall. This means 

that the boundary condition at an ice-free wall 
is given by 
  

�
𝜕𝜕𝜎𝜎
𝜕𝜕𝑛𝑛
�
𝑤𝑤𝑤𝑤𝑏𝑏𝑏𝑏

= 0 (4.6) 

 
where (𝜕𝜕𝜎𝜎/𝜕𝜕𝑛𝑛)𝑤𝑤𝑤𝑤𝑏𝑏𝑏𝑏 is the gradient of the 
supersaturation in the direction of the surface 
normal. 
 
Mass Conservation. If a snow crystal is 
growing in air, then there must be a particle 
flux into the surface of the ice, as the flow of 
particles is what supplies the growth. Doing the 
math (see Appendix A), this yields a surface 
boundary condition 
 

𝑣𝑣𝑛𝑛 =
𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤𝐷𝐷
𝜕𝜕𝑘𝑘𝑓𝑓𝑤𝑤

�
𝜕𝜕𝜎𝜎
𝜕𝜕𝑛𝑛
�
𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠

(4.7) 

 
where 𝑣𝑣𝑛𝑛 is the growth velocity of the crystal 
normal to the surface and (𝜕𝜕𝜎𝜎/𝜕𝜕𝑛𝑛)𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 is the 
normal gradient of the supersaturation just 
above the ice surface. Combining this with the 
Hertz-Knudsen relation (see Chapter 3)  

 
𝑣𝑣𝑛𝑛 = 𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 (4.8) 

 
then gives the surface boundary condition as  

 

𝑋𝑋0 �
𝜕𝜕𝜎𝜎
𝜕𝜕𝑛𝑛
�
𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠

= 𝛼𝛼𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 (4.9) 

 
where 

𝑋𝑋0 =
𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤
𝜕𝜕𝑘𝑘𝑓𝑓𝑤𝑤

 
𝐷𝐷
𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛

(4.10) 

 
This is called a mixed boundary condition 
because it involves both the value and gradient 
of 𝜎𝜎 at the surface.  
 In some circumstances, it is reasonable to 
just assume 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 ≈ 0 at the surface of a 
growing snow crystal, and one occasionally 
sees this assumption in the literature. But it is 
an oversimplification that often obscures 
interesting aspects of snow-crystal growth. 
Assuming 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 = 0 on a growing crystal can 
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never be absolutely accurate, as Equation 4.5 
would then imply zero growth. Quantifying 
this discussion is important, and I defer that 
topic to the section below on spherical 
solutions. Equation 4.9 is the usual boundary 
condition needed at the surface of a growing 
snow crystal. 
 
Example: A Basic Ice-Growth 
Experiment 
Looking through the older scientific literature, 
researchers sometimes grew ice crystals in air 
and tacitly assume 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 ≈ 𝜎𝜎∞, which can be a 
shockingly poor assumption (for example, see 
[2004Lib, 2015Lib]). Making this assumption 
without a careful consideration of the diffusion 
equation and its solution can lead to wholly 
incorrect conclusions regarding the ice 
attachment kinetics and other matters.  
 To see this in detail, consider the ice-
growth experimental chamber diagrammed in 
Figure 4.18. The basic idea in this thought 
experiment is to measure the growth of a small 
test crystal under well-controlled 
environmental conditions, specifically with 
well-known supersaturation boundary 
conditions around the test crystal. If the 
boundary-conditions are well defined, then one 

can model the 𝜎𝜎(�⃗�𝑥) field around the growing 
test crystal and learn something useful about 
the underlying growth physics. If the boundary 
conditions are not carefully constrained using 
proper experimental design, however, the 
results obtained may be of little scientific value. 
 To analyze the experiment shown in Figure 
4.18, first consider the case where we remove 
all the ice crystals from the bottom substrate 
while leaving a good coating of ice on the 
reservoir surface. Being an ice-covered wall, 
the reservoir surface has the boundary 
condition 𝜕𝜕 = 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤(𝑇𝑇𝑤𝑤𝑤𝑤𝑠𝑠𝑤𝑤𝑤𝑤𝑟𝑟𝑑𝑑𝑘𝑘𝑤𝑤). The other walls 
are free of ice, giving (𝜕𝜕𝜕𝜕/𝜕𝜕𝑛𝑛)𝑤𝑤𝑤𝑤𝑏𝑏𝑏𝑏 on those 
surfaces. Solving the diffusion equation for this 
situation yields the simple solution 𝜕𝜕 =
𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤(𝑇𝑇𝑤𝑤𝑤𝑤𝑠𝑠𝑤𝑤𝑤𝑤𝑟𝑟𝑑𝑑𝑘𝑘𝑤𝑤) throughout the chamber, as 
this satisfies the diffusion equation and all the 
boundary conditions. Moreover, this solution 
for 𝜕𝜕(�⃗�𝑥) is independent of 𝑇𝑇𝑠𝑠𝑠𝑠𝑏𝑏𝑠𝑠𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 or the 
temperatures of any of the walls. 

Now note that the air just above the 
substrate surface has a temperature 𝑇𝑇 =
𝑇𝑇𝑠𝑠𝑠𝑠𝑏𝑏𝑠𝑠𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤. Thus, the supersaturation just above 
the substrate will be 
 

𝜎𝜎1 =
𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤(𝑇𝑇𝑤𝑤𝑤𝑤𝑠𝑠𝑤𝑤𝑤𝑤𝑟𝑟𝑑𝑑𝑘𝑘𝑤𝑤) − 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤(𝑇𝑇𝑠𝑠𝑠𝑠𝑏𝑏𝑠𝑠𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤)

𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤(𝑇𝑇𝑠𝑠𝑠𝑠𝑏𝑏𝑠𝑠𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤)
(4.11) 

 
which will be greater than zero if 𝑇𝑇𝑤𝑤𝑤𝑤𝑠𝑠𝑤𝑤𝑤𝑤𝑟𝑟𝑑𝑑𝑘𝑘𝑤𝑤 >
𝑇𝑇𝑠𝑠𝑠𝑠𝑏𝑏𝑠𝑠𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤.  
 Next, place a single, small test crystal on 
the substrate (with none of the “extraneous” 
crystals shown in Figure 4.18), and assume that 
the test-crystal temperature is equal to the 
substrate temperature (typically a good 
assumption, as 𝜅𝜅𝑘𝑘𝑓𝑓𝑤𝑤 is quite large). As long as 
the test crystal is much smaller than the 
substrate/reservoir spacing, we see that taking 
𝜎𝜎 ≈ 𝜎𝜎∞ = 𝜎𝜎1 at distances far from the growing 
crystal is an excellent approximation. The test 
crystal depletes the supersaturation in its 
vicinity, but not at distances many times larger 
than its size. 
 Assuming 𝜎𝜎∞ = 𝜎𝜎1 at distances far from 
the test crystal (but still near the substrate), we 
are then ready to solve the diffusion equation 

Figure 4.18: An example of a poorly designed 
experimental set-up. As described in the text, 
the boundary conditions are so ill-defined that 
it is essentially impossible to do a quantitative 
analysis of the growth of the test crystal. 
Removing the extraneous crystals largely 
remedies this situation, but only if all of them 
are removed. 
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to model the test-crystal growth, presumably 
for comparison with measurements of the 
same. This can be done by adding a mirror 
reflection of the entire experiment about the 
substrate plane. Combining the real problem 
with its mirror reflection yields a single test 
crystal (twice as tall as the real crystal) 
surrounded entirely by 𝜎𝜎∞, and this reflected 
geometry automatically satisfies the boundary 
condition on the substrate surface, namely 
(𝜕𝜕𝜎𝜎/𝜕𝜕𝑛𝑛)𝑤𝑤𝑤𝑤𝑏𝑏𝑏𝑏 = 0. (Creating such a mirror 
reflection is a common trick used for obtaining 
analytic solutions of the diffusion equation.) 
 From this discussion we see that the set-up 
in Figure 4.18 (with no “extraneous” crystals) 
gives us a fighting chance of making a solid, 
quantitative, scientifically interesting 
measurement of the crystal growth rate in a 
known 𝜎𝜎∞. We still must model the test crystal, 
with the mixed boundary condition at its 
surface, but at least the rest of the system is well 
characterized. Thus, as long as we have just a 
single, isolated test crystal on the substrate, this 
is a good experimental set-up. 
 All this changes if we add the “extraneous 
crystals” shown in Figure 4.18. Now the 
boundary condition on the substrate surface is 
a mess, as each extraneous crystal provides an 
additional, unknown water-vapor sink. Given 
that some of these unseen crystals have rough 
surfaces with 𝛼𝛼 ≈ 1, and we do not know 
where the extraneous crystals are placed on the 
substrate, the boundary conditions are overall 
ill-defined, and we are left with an intractable 
diffusion problem. It is likely that 𝜎𝜎 ≈ 0  
around the test crystal, but we cannot know for 
sure.  

Even a few extraneous crystals in this 
situation can make a big difference, even if the 
filling fraction is very small (I will quantify that 
statement using a model system later in this 
chapter). One thing is certain, however, and 
that is that assuming 𝜎𝜎 ≈ 𝜎𝜎∞ = 𝜎𝜎1 may not be 
a good way to proceed. A surprising number of 
ice-growth researchers have not paid enough 
attention to a careful vapor-diffusion analysis, 
and this helps explain why there are such large 

discrepancies in experimental results presented 
in the literature [2004Lib]. This issue was most 
acute in the pre-computer era, but even some 
recent experiments have suffered from similar 
problems [2015Lib]. 
 
Heat Diffusion  
The solidification of water molecules at a 
growing snow crystal surface releases latent 
heat that increases the surface temperature and 
thus slows growth. The temperature rise is 
countered by the diffusion of heat away from 
the surface through the surrounding air, 
producing another type of diffusion-limited 
growth. Heat diffusion is less important than 
particle diffusion in snow crystal growth, so it 
is rightfully ignored in most numerical models, 
at least for the time being. Nevertheless, the 
separate contributions of heat and particle 
diffusion have been observed at least once 
[2016Lib], so one will have to face the full dual-
diffusion problem (particle plus heat diffusion) 
at some point in the future. 
 Heat diffusion is described by the thermal 
diffusion equation  
 

𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑤𝑤ℎ𝑤𝑤𝑤𝑤𝑚𝑚∇2𝑇𝑇 (4.12) 

 
where 𝑇𝑇(�⃗�𝑥) is the temperature field 
surrounding the crystal and  
 

𝐷𝐷𝑤𝑤ℎ𝑤𝑤𝑤𝑤𝑚𝑚 =
𝜅𝜅𝑤𝑤𝑘𝑘𝑤𝑤

𝜌𝜌𝑤𝑤𝑘𝑘𝑤𝑤𝜕𝜕𝑡𝑡,𝑤𝑤𝑘𝑘𝑤𝑤
(4.13) 

 
(see Appendix A and the list of constants near 
the front of this book). For typical atmospheric 
conditions,  𝐷𝐷𝑤𝑤ℎ𝑤𝑤𝑤𝑤𝑚𝑚 ≈ 2 × 10−5 m2/sec, and 
the fact that 𝐷𝐷𝑤𝑤ℎ𝑤𝑤𝑤𝑤𝑚𝑚 ≈ 𝐷𝐷𝑤𝑤𝑘𝑘𝑤𝑤 reflects the 
universal nature of diffusion through ideal 
gases.  

The quasi-static approximation applies for 
heat diffusion as it does for particle diffusion, 
giving  
 

∇2𝑇𝑇 = 0 (4.14) 
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to quite high accuracy. Equating the heat flux 
away from the crystal surface to the heat 
generated gives the surface boundary condition 

 

𝜅𝜅𝑤𝑤𝑘𝑘𝑤𝑤 �
𝜕𝜕𝑇𝑇
𝜕𝜕𝑛𝑛
�
𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠

= 𝑣𝑣𝑛𝑛𝜌𝜌𝑤𝑤𝑘𝑘𝑤𝑤𝐿𝐿𝑠𝑠𝑟𝑟 (4.15) 

 
With all the relevant diffusion equations and 
boundary conditions now in hand, we can 
proceed to examine their simplest analytic 
solutions. 
 
4.4 The Spherical 
Solution 
A spherical snowflake is like the hydrogen 
atom in atomic physics – simple enough to be 
solvable analytically, yet remarkably useful for 
gaining intuition that can be applied to more 
challenging scenarios. If you really want to 
understand the growth of snow crystals, with 
all their branching, faceting, and other complex 
structures and growth behaviors, I recommend 
starting your quest with the simplest possible 
example – the growth of a spherical ball of ice. 
I examine this problem in detail in Appendix A 
and present the results here with a focus on the 
physical concepts and most useful results. 
 
Kinetics plus Diffusion 
The spherical problem can be solved 
analytically and exactly, and I like to start with 
the minimum physics needed to describe the 
basic problem. Thus, let us begin by including 
particle-diffusion-limited growth and 
attachment kinetics with a constant 𝛼𝛼 on the 
surface of the sphere. This addresses the heart 
of the problem without a lot of unnecessary 
complications. The solution of the diffusion 
equation gives (see Appendix A)  
 

      𝜎𝜎(𝑟𝑟) = 𝜎𝜎∞ −
𝑅𝑅
𝑟𝑟 �
𝜎𝜎∞ − 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠� (4.16) 

 
where 

 
             𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 =

𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠
𝛼𝛼 + 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠

𝜎𝜎∞ (4.17) 

with 

𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 =
𝑋𝑋0
𝑅𝑅

(4.18) 
 
The crystal growth velocity is then 

 

               𝑣𝑣𝑛𝑛 = �
𝛼𝛼𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠
𝛼𝛼 + 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠

�𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎∞ (4.19) 

 
There are two limiting cases that deserve 
special attention: 
 
I) Kinetics-limited growth 
This limit applies when  

 
𝛼𝛼 ≪ 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 (4.20) 

 
and gives 
 

𝑣𝑣𝑛𝑛 ≈ 𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎∞ (4.21)   
 

𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 ≈ 𝜎𝜎∞ (4.22) 
 
As the name implies, kinetics-limited growth 
depends on 𝛼𝛼 but is independent of 𝐷𝐷 or 𝑋𝑋0. 

Because 𝑋𝑋0 is typically about 0.15 microns 
in normal air, 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 is quite small for even a 
small natural snow crystal. For this reason, 
kinetics limited growth usually applies in air 
only when 𝛼𝛼 is extremely small. At low 
pressure, however, 𝑋𝑋0 can be substantially 
larger, so kinetics-limited growth is more likely 
to apply in near-vacuum conditions. 
 
II) Diffusion-limited growth 
This limit applies when  

 
𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 ≪ 𝛼𝛼 (4.23) 

 
and gives 
 

𝑣𝑣𝑛𝑛 ≈
𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤𝐷𝐷
𝜕𝜕𝑘𝑘𝑓𝑓𝑤𝑤𝑅𝑅

𝜎𝜎∞ (4.24)   

 

       ≈
𝑋𝑋0
𝑅𝑅

 𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎∞ 
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𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 ≈
𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠
𝛼𝛼

 𝜎𝜎∞ (4.25) 
 

       ≈
𝑋𝑋0
𝛼𝛼𝑅𝑅

 𝜎𝜎∞ 
 
Figure 4.19 shows some example solutions for 
𝜎𝜎(𝑟𝑟) using a constant 𝑅𝑅 and several different 
values of 𝛼𝛼.  

As a general rule, looking beyond the 
spherical solution, faceting becomes a 
dominant growth characteristic in the kinetics-
limited regime, while branching tends to 
dominate in the diffusion-limited regime. 
Thus, tiny snow crystals (small 𝑅𝑅) tend to grow 
into simple faceted prisms, as do slow-growing 
crystals (small 𝛼𝛼). Crystals grown at low 
pressures (large 𝐷𝐷) often grow as simple prisms 
for the same reason. Conversely, branching 
tends to dominate over faceting in the 
diffusion-limited regime. Although the 
spherical solution is of little use for describing 
the detailed formation of complex snow 
crystals, it is invaluable for understanding 
different limiting behaviors. 

The spherical solution also tells us that that 
𝑣𝑣𝑛𝑛 is independent of 𝛼𝛼 in the diffusion-limited 
regime, but 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 is not. We also see that 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 
generally becomes smaller as 𝑅𝑅 becomes larger. 
However, 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 never reduces fully to zero for 
a growing crystal, as zero supersaturation 
would be equivalent to a zero-growth 
equilibrium state. 

It is also worth noting that while the 
spherical solution is a perfectly correct and 
accurate solution to the diffusion equation, in 
real life it is not a stable solution. Diffusion-
limited spherical growth is subject to the 
Mullins-Sekerka instability, eventually 
producing dendritic structures.  

 
Kinetics, Diffusion, and 
Heating 
When latent heating is included in the spherical 
problem, we must then simultaneously solve 
both the heat and particle diffusion equations, 
which is a substantially more difficult problem. 
Notably, the isothermal approximation clearly 

no longer holds, so 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤 is not a simple constant 
and one must be quite careful with the 
definition of the supersaturation field 𝜎𝜎(�⃗�𝑥). 
The details are provided in Appendix A, and 
here I jump straight to the solution for the 
growth velocity, which can be written in the 
same basic form as Equation 4.19:  

 

𝑣𝑣𝑛𝑛 = �
𝛼𝛼𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠,ℎ𝑤𝑤𝑤𝑤𝑤𝑤

𝛼𝛼 + 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠,ℎ𝑤𝑤𝑤𝑤𝑤𝑤
� 𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎∞ (4.26) 

 
where  

𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠,ℎ𝑤𝑤𝑤𝑤𝑤𝑤 =
𝑋𝑋0
𝑅𝑅

1
1 + 𝜒𝜒0

(4.27) 

 
and 𝜒𝜒0 is a dimensionless parameter 
 

𝜒𝜒0 =
𝜂𝜂𝐷𝐷𝐿𝐿𝑠𝑠𝑟𝑟𝜌𝜌𝑘𝑘𝑓𝑓𝑤𝑤

𝜅𝜅𝑤𝑤𝑘𝑘𝑤𝑤
𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤
𝜕𝜕𝑘𝑘𝑓𝑓𝑤𝑤

(4.28) 

 
as described in Appendix A, with all the 
variables in Equation 4.28 evaluated at 𝑇𝑇∞. In 
addition, the surface temperature of the 
growing spherical crystal is given by  
 

Figure 4.19: The solution to the diffusion 
equation for the growth of a spherical snow 
crystal with 𝜶𝜶𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅=0.05. When 𝜶𝜶 → 𝟎𝟎, the 
growth is kinetics limited and 𝝈𝝈𝒔𝒔𝒔𝒔𝒘𝒘𝒅𝒅 ≈  𝝈𝝈∞. 
Then as 𝜶𝜶 increases, the growth becomes more 
diffusion limited and 𝝈𝝈𝒔𝒔𝒔𝒔𝒘𝒘𝒅𝒅 decreases. 
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∆𝑇𝑇 =
1
𝜂𝜂

𝛼𝛼
𝛼𝛼 + 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠,ℎ𝑤𝑤𝑤𝑤𝑤𝑤

𝜒𝜒0
1 + 𝜒𝜒0

𝜎𝜎∞ (4.29) 

 
where ∆𝑇𝑇 = 𝑇𝑇𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 − 𝑇𝑇∞. If 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 ≪ 𝛼𝛼, so the 
growth is purely diffusion-limited (which gives 
the maximum ∆𝑇𝑇), then Equation 4.29 reduces 
to  
 

∆𝑇𝑇 ≈
1
𝜂𝜂

𝜒𝜒0
1 + 𝜒𝜒0

𝜎𝜎∞ (4.30) 

 
which, interestingly, is independent of the 
crystal radius 𝑅𝑅. 

A first take-away message from this 
analysis is that heat diffusion plays a somewhat 
minor role in snow crystal growth compared to 
particle diffusion. The relevant variable 𝜒𝜒0 
equals about 0.8 at -1 C, drops to about 0.4 at 
-10 C, and it continues falling with colder 
temperatures. If the growth is mainly kinetics-
limited, then neither particle or heat diffusion 
matters much (in air at normal pressures). If 
the growth is mainly diffusion-limited, then 
Equation 4.26 becomes  

 
𝑣𝑣𝑛𝑛 ≈ 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛

𝜎𝜎∞
1 + 𝜒𝜒0

(4.31) 

 
which means that the main effect of heating 
can be incorporated into a simple rescaling of 
𝜎𝜎∞.  

This is a significant result; once we can 
create realistic computer models of snow 
crystal growth incorporating only particle 
diffusion and attachment kinetics, then adding 
heat diffusion can be done to a reasonably 
good approximation simply taking 𝜎𝜎∞ →
𝜎𝜎∞/(1 + 𝜒𝜒0) in the same models. The take-
away message is that we should probably 
ignore heating (in atmospheric snow crystal 
growth) until we first solve the problem 
including just particle diffusion and attachment 
kinetics. One step at a time. 
 Qualitatively, we can understand the 
heating effects from the underlying physics. 
Deposition generates latent heat, and this 
warms the growing snow crystal until a balance 

is reached, when the heat carried away by 
diffusion equals that generated. The increased 
crystal temperature then lowers the effective 
supersaturation by changing 𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤 at the surface. 
Moreover, the heat conductivity of ice is much 
higher than that of air, so the whole snow 
crystal heats nearly uniformly. When all this is 
considered in the spherical solution, we see 
that thermal diffusion effects, although not 
always negligible, are not nearly as important as 
particle diffusion and attachment kinetics for 
snow crystal growth in air. 
 This situation changes at low pressures, 
however. To first order, 𝐷𝐷 is inversely 
proportional to background gas pressure 𝑃𝑃, so 
particle diffusion speeds up considerably at low 
pressures. But 𝜅𝜅𝑤𝑤𝑘𝑘𝑤𝑤 is roughly independent of 𝑃𝑃 
down to quite low pressures (until the mean 
free path of air molecules becomes larger than 
other scales in the problem). For this reason, 
𝜒𝜒0~𝑃𝑃−1 and heating effects can become quite 
pronounced at lower pressures. In [1972Lam], 
for example, the growth behavior of somewhat 
large ice crystals was substantially influenced by 
heating effects. Smaller crystals resting on a 
conducting substrate are less effected by 
heating, however, even in near vacuum 
conditions [2012Lib, 2013Lib]. We examine 
this point in detail in Chapter 7. 
 
Experimental Verification 
Although diffusion theory is well understood, 
it is nevertheless good to see an experimental 
verification, for no other reason than to obtain 
a “reality check” to make sure one is on the 
correct theoretical track. Producing a suitable 
experiment is nontrivial, however, as spherical 
growth is generally unstable to the Mullins-
Sekerka instability, plus just getting to an 
interesting place in parameter space is not a 
simple task.  
 I was able to validate the particle+heat 
diffusion model using measurements of the 
growth of long ice needles [2016Lib], and the 
results are shown in Figure 4.20. Although 
needles are certainly not spheres, the 
mathematics of cylindrical growth is nearly 
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identical to that of spherical growth, as I 
describe below. Moreover, slightly tapered 
cylinders have the desirable property that 𝛼𝛼 is 
large enough that 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 ≪ 𝛼𝛼 is valid and the 
growth is mainly diffusion limited. 
 With (almost) no adjustable parameters 
[2016Lib], experiment and theory were found 
to agree nicely. These data confirm the relative 
roles of particle and heat diffusion, 
demonstrating that the net effect of heating is 
greater near the melting point, reflecting the 
dependence of 𝜒𝜒0 on temperature. To my 
knowledge, this is the first and only 
quantitative result demonstrating that snow-
crystal growth is indeed limited by a 
combination of particle and heat diffusion.  

While this experiment nicely demonstrates 
that latent heating plays a role in snow crystal 
growth in air, I reiterate that it a relatively 
modest perturbation when compared with the 
dominant effects of particle diffusion and 
attachment kinetics. Someday, we will need to 
solve the combined particle+heat double-
diffusion problem in full 3-D to explain all the 
subtleties of snow-crystal growth. But that day 
is not yet upon us.  

Throughout most of this book, therefore, I 
have largely ignored latent heating and heat 
diffusion (except, of course, when dealing with 
systematic errors in precision growth 
experiments). A scientist’s life, after all, is one 
of successive approximations, especially in the 
world of condensed-matter systems. Until we 
have a better understanding of the attachment 
kinetics over the full range of growth 
conditions, it is reasonable to (mostly) ignore 
heating effects, at least for the immediate 
future. 
 
Kinetics, Diffusion, Heating, 
and Surface Energy 
Rounding out our analysis of spherical ice 
growth, we add surface energy by including the 
Gibbs-Thomson effect, yielding the expression 

 

𝑣𝑣𝑛𝑛 = �
𝛼𝛼𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠,ℎ𝑤𝑤𝑤𝑤𝑤𝑤

𝛼𝛼 + 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠,ℎ𝑤𝑤𝑤𝑤𝑤𝑤
� 𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛(𝜎𝜎∞ −

2𝑑𝑑𝑠𝑠𝑟𝑟
𝑅𝑅

)

                                                                            (4.32)
 

 
where the origin of the 𝑑𝑑𝑠𝑠𝑟𝑟 term is described in 
Chapter 2 (see also Appendix A). If one wishes 
to ignore heating effects, 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠,ℎ𝑤𝑤𝑤𝑤𝑤𝑤 can be 
replaces with 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠. 
 Under most snow-crystal growth 
conditions, the added Gibbs-Thomson term is 
a minor effect, especially with large crystals or 
fast growth rates. With a fernlike stellar 
dendrite, for example, the tip radius is 𝑅𝑅 ≈
1 𝜇𝜇m, so 2𝑑𝑑𝑠𝑠𝑟𝑟/𝑅𝑅 ≈ 0.002, while the 
supersaturation is typically 𝜎𝜎∞ > 0.1. Thus, 
surface energy likely has only a small effect, and 

Figure 4.20: Measurements of the radial 
growth of thin ice needles, together with an 
analytical model that included only particle 
diffusion (top line), plus a similar model that 
included both particle and heat diffusion 
(lower line) [2016Lib]. The plotted velocity 
coefficient is equal to the cylinder growth rate 
at a fixed far-away supersaturation and a fixed 
cylinder radius of five microns, as described in 
[2016Lib]. The measurements show good 
agreement with the particle+heat diffusion 
model, confirming the temperature-dependent 
reduction in growth rate caused by latent 
heating.  
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the same can be said for most snow crystals 
growth scenarios. 

There are times when surface energy is an 
important factor, however. During the growth 
of exceptionally thin plates at low 
supersaturations, it appears that the Gibbs-
Thomson effect does limit the growth and 
prevent the formation of even thinner plates 
than those observed. I discuss this further in 
Chapter 5. 

Once again, the spherical solution is quite 
useful for examining the relative sizes of 
different physical effects, and for making 
suitable simplifying approximations in other 
analyses. Moreover, analytical solutions also 
play an important role in testing quantitative 
computation models of snow-crystal growth, 
verifying that the simulations reproduce 
known analytical results with acceptable 
accuracy (see Chapter 5). 
 
Finite Outer Boundary 
Bringing the outer boundary in from infinity 
complicates the analysis, but the finite-
boundary case is useful for validating numerical 
models to make sure they obtain correct 
quantitative results. Including both particle 
diffusion and attachment kinetics, the solution 
becomes [2013Lib1] 
 

      𝜎𝜎(𝑟𝑟) = 𝜎𝜎𝑑𝑑𝑠𝑠𝑤𝑤 − �
𝑅𝑅′
𝑟𝑟
−

𝑅𝑅′
𝑅𝑅𝑠𝑠𝑤𝑤𝑤𝑤

� 𝜎𝜎𝑑𝑑𝑠𝑠𝑤𝑤 (4.33) 

 
where 

 

             𝑅𝑅′ = �
𝛾𝛾
𝑅𝑅
−

1
𝑅𝑅𝑠𝑠𝑤𝑤𝑤𝑤

�
−1

(4.34) 

 
and 

             𝛾𝛾 =
𝛼𝛼 + 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠
𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠

(4.35) 

 
This then gives the crystal growth velocity 
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𝑅𝑅

𝛾𝛾𝑅𝑅𝑠𝑠𝑤𝑤𝑤𝑤
�
−1

(4.36) 

and we see that this reduces to Equation 4.19 
when 𝑅𝑅𝑠𝑠𝑤𝑤𝑤𝑤 → ∞, as it must. 
 
Example: Growth-Chamber 
Supersaturation Estimation 
With the spherical solution in hand, we are now 
able to better examine the experimental 
chamber shown in Figure 4.18, and to make a 
quantitative estimate of the supersaturation 
near the test crystal in that chamber. To this 
end, we re-draw that chamber and model the 
extraneous crystals with an array of ice 
hemispheres of radius 𝑅𝑅, as shown in Figure 
4.21.  

We assume these crystals are all identical in 
size and shape, and they are arranged on a 
square grid with a separation 𝐿𝐿 between the 
crystals, as shown. As before, the top surface is 
covered with ice crystals at a temperature of 
𝑇𝑇𝑤𝑤𝑤𝑤𝑠𝑠𝑤𝑤𝑤𝑤𝑟𝑟𝑑𝑑𝑘𝑘𝑤𝑤 , and these crystals serve as the source 
of water vapor in the experiment.  
 Defining 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 to be the effective 
supersaturation at the bottom of the chamber, 
as shown in Figure 4.21, we see that Equation 
4.11 gives 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 = 𝜎𝜎1 in the absence of any 
bottom crystals, as I described above. But we 
will have 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 < 𝜎𝜎1 when ice crystals are 
present on the substrate. Assuming 𝑅𝑅 ≪ 𝐿𝐿 ≪

Figure 4.21: Analytic solutions of the diffusion 
equation can be quite useful for estimating the 
supersaturation in an experimental ice growth 
chamber, such as in this example. Even if there 
is only a low density of ice crystals on the bottom 
of the chamber, the supersaturation there can be 
reduced to surprisingly low levels. 
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𝐻𝐻, the spherical solution gives the growth 
velocity 𝑣𝑣 ≈ (𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤/𝜕𝜕𝑘𝑘𝑓𝑓𝑤𝑤)(𝐷𝐷/𝑅𝑅)𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 for each 
of the hemispherical crystals. Adding up all the 
water vapor consumed by these crystals, there 
must be a downward flux given by 𝐹𝐹 ≈
(2𝜋𝜋𝑅𝑅𝐷𝐷𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤/𝐿𝐿2)𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 flowing from the top of 
the chamber to the bottom. But this flux must 
also equal 𝐹𝐹 = 𝐷𝐷𝜕𝜕𝑠𝑠𝑤𝑤𝑤𝑤(𝜎𝜎1 − 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚)/𝐻𝐻, and 
equating these two expressions yields  
 

𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 ≈
1

1 + �2𝛽𝛽𝐻𝐻
𝑅𝑅 �

𝜎𝜎1 (4.37) 

 
where we have defined the filling fraction 𝛽𝛽 =
𝜋𝜋𝑅𝑅2/𝐿𝐿2 as the fraction of the total area of the 
substrate covered with ice crystals. 
 At this point the difficulty in building a 
good ice growth experiment begins to become 
apparent. For example, assume 𝐻𝐻 = 2.5 cm 
and 𝑅𝑅 = 50 microns for typical chamber and 
crystal sizes. Then if we want to keep 2𝛽𝛽𝐻𝐻/𝑅𝑅 <
0.2, so 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 is close to the ideal expectation, 
this requires a filling fraction of 𝛽𝛽 < 0.0002. In 
other words, the filling factor must be very 
small before the experiment approaches the 
ideal case with 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 ≈ 𝜎𝜎1. 
 Even a seemingly small filling fraction of 
𝛽𝛽 = 0.01 yields 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 = 0.09𝜎𝜎1 with these 
values of 𝐻𝐻 and 𝑅𝑅. As a result, even small 
uncertainties in the placement of crystals on 
the substrate may produce large uncertainties 
in the estimate of 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚. And once 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 is 
not well determined, it becomes nearly 
impossible to produce meaningful, quantitative 
experimental results.  
 Interestingly, this exercise shows that 
𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 goes to zero as 𝐻𝐻 increases to infinity, 
regardless of the crystal size or filling fraction. 
So 𝜎𝜎𝑏𝑏𝑑𝑑𝑤𝑤𝑤𝑤𝑑𝑑𝑚𝑚 is likely going to be especially small 
if the reservoir is far from the growing crystals. 
It may seem like a somewhat counterintuitive 
result, but only because one’s intuition can 
easily be wrong regarding solutions of the 
diffusion equation.  

While studying the ice-growth literature 
over the years, I found a surprising number of 
papers in which the authors did not adequately 

account for diffusion effects in their 
experiments, rendering their results somewhat 
unreliable [2004Lib]. In a more recent example, 
I found that a reanalysis of the diffusion 
problem could change the reported 
measurements by over two orders of 
magnitude [2015Lib]. 

The main take-away message from this 
example is that it remarkably easy to make 
mistakes involving diffusion analyses, so one 
must proceed with considerable caution when 
estimating supersaturations in ice growth 
experiments. Full 3D numerical simulations of 
the diffusion field within a growth chamber are 
best, but one can learn a great deal by a careful 
application of analytic solutions to the 
diffusion equation. 
 
4.5 Additional Analytic 
Solutions 
While the spherical solution is the best starting 
point for any quantitative discussion of 
diffusion limited growth, several other analytic 
solutions can be found. In this section I 
examine some of these additional solutions and 
their application. 
 
Cylindrical Growth 
I have found that the analytic solution for an 
infinitely long growing cylinder is surprisingly 
useful when examining measurements of the 
growth of electric needle crystals (see Chapter 
8), so I present this case in Appendix A and 
mention the results here. The diffusion analysis 
is analogous to the spherical case, the main 
change being to work in a cylindrical 
coordinate system. Once again, the solution 
can be written in a form like Equation 4.19, 
giving the radial growth velocity 
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and 𝐵𝐵 = log (𝑅𝑅𝑑𝑑𝑠𝑠𝑤𝑤/𝑅𝑅𝑘𝑘𝑛𝑛), where 𝑅𝑅𝑘𝑘𝑛𝑛 is the radius 
of the cylinder and 𝑅𝑅𝑑𝑑𝑠𝑠𝑤𝑤 is the radius of the far-
away boundary (see Appendix A). Note that 
one cannot assume 𝑅𝑅𝑑𝑑𝑠𝑠𝑤𝑤 → ∞ in this solution 
without encountering a logarithmic divergence, 
a feature that is well known from cylindrical 
electrostatics problems. It is straightforward to 
extend the analysis to include latent heating 
and heat diffusion, and the resulting model is 
the one compared with experimental data in 
Figure 4.20. The cylindrical solution is also 
useful for validating numerical models, as 
described in [2013Lib1]. 
 
The Ivantsov Solution 
Continuing the progression from spherical and 
cylindrical coordinates, one can also find a 
solution to the diffusion equation in parabolic 
coordinates in either 2D or 3D. While 
parabolic coordinates seldom come up in 
physics problems, in this case the solution 
yields a parabolic crystal morphology that 
exhibits a constant tip radius 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 and constant 
tip growth velocity 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 that looks a lot like the 
observed behavior in free dendrite growth. The 
parabolic solution was discovered in 1947 by 
Russian physicist G. P. Ivantsov [1947Iva], and 

it provides many valuable insights into the 
formation and structure of free-dendrite snow 
crystals. 

The full 3D Ivantsov solution takes the 
form of a needle-like paraboloid-of-revolution 
that is parameterized by its tip radius 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡, as 
shown in Figure 4.22. For purely diffusion-
limited growth, solving the diffusion equation 
(for either particle or heat diffusion separately) 
yields that this entire paraboloid grows at a 
constant velocity 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 in the direction of the 
needle axis, while 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 and the full parabolic 
shape of the crystal remain unchanged in time.  

We will not describe the derivation of the 
Ivantsov solution here but present the primary 
result only. For the case of ice growing from 
water vapor in air, neglecting surface energy 
and attachment kinetics (𝛼𝛼𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≪ 𝛼𝛼 ≈ 1), the 
growth velocity is given by [1996Sai, 2002Lib] 
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to the far-away boundary (using a parabolic 
coordinate system with standard variables 
(𝜉𝜉, 𝜂𝜂,𝜑𝜑)) and 𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤 is the supersaturation at 
𝜂𝜂𝑠𝑠𝑤𝑤𝑤𝑤. This equation is analogous to Equation 
4.24, but with one noteworthy distinction: in 
the spherical case, 𝑅𝑅 increases as the crystal 
grows, while 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 remains constant in the 
Ivantsov solution. And again, with the 
cylindrical solution above, we cannot assume 
an outer boundary at infinity, as this produces 
a logarithmic divergence in 𝐵𝐵.  
 As with the spherical solution, the Ivantsov 
solution is unstable with respect to the Mullins-
Sekerka instability. However, the Ivantsov 
parabola provides an approximate description 
of free dendrite growth, where we see that the 
shape and growth near the dendrite tip are 
roughly like that shown in Figure 4.22. The 
Mullins-Sekerka instability creates 
sidebranching away from the tip, but the tip 

Figure 4.22: The Ivantsov solution to the 
diffusion equation describes a crystalline 
paraboloid of revolution with a constant 
parabolic shape and tip radius 𝑹𝑹𝒘𝒘𝒅𝒅𝒕𝒕 that grows 
forward with a constant velocity 𝒗𝒗𝒘𝒘𝒅𝒅𝒕𝒕. If viewed 
from a frame of reference that moves in the 
growth direction with velocity 𝒗𝒗𝒘𝒘𝒅𝒅𝒕𝒕, the system 
would appear completely static. 
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itself is reasonably well described by the 
Ivantsov solution. 

Although sidebranches clearly complicate 
the picture, the Ivantsov form is a remarkably 
robust solution to the diffusion equation. 
Thus, the large-scale outline of a typical free 
dendrite is roughly parabolic, and usually the 
structure near the tip is smoother with a nearly 
parabolic form. Put another way, the Ivantsov 
solution creates a self-assembling free-dendrite 
morphology with constant 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 that is generally 
insensitive to perturbations from other growth 
effects. This property helps to explain why 
free-dendrite growth in diffusion-limited 
solidification is such a commonly observed 
phenomenon. 

Looking at the snow crystal free-dendrite 
morphologies in Figures 4.9 and 4.11, clearly 
the Ivantsov solution only goes so far when 
describing real crystal growth. The same can be 
said of the spherical and cylindrical 
morphologies. In all cases, the analytic 
solutions are useful mainly as limiting cases and 
for examining overall trends regarding 
different parameters and growth behaviors. 
Most of all, analytic solutions are a good way 
to build one’s intuition and understanding 
about which physical processes can be safely 
neglected in what circumstances. Reproducing 
actual snow crystal structures and growth 
measurements with any real fidelity, however, 
will require numerical modeling. 

 
4.6 Solvability Theory 
For roughly a decade around the 1980s, there 
was a concentrated effort to create an analytical 
model of free-dendrite growth, and the result 
became known as solvability theory [1988Kes, 
1988Sai, 1989Lan, 1991Bre]. The primary goal 
of this endeavor was to derive 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 and 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 
directly from basic physical principles and 
intrinsic material properties, reproducing 
measurements from a broad range of materials. 
This research effort was stimulated in part by a 
series of beautiful, quantitative observations of 
dendritic solidification from the melt by Martin 

Glicksman and others, with one experimental 
example shown in Figure 4.23.   
 It was realized early on that the Ivantsov 
relation provides only a relation between 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 
and 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡, without specifying either. In fact, the 
Ivantsov solution is a family of solutions, 
specifying 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 for a given 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡, as can be seen 
in Equation 4.40 for the snow crystal case. This 
physical indeterminacy became known as the 
selection problem. If diffusion alone does not 
define 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 and 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 uniquely, what does? 
 
The Selection Problem 
Resolving the selection problem required some 
additional physics beyond diffusion alone, and 
the two leading candidates were surface energy 
and attachment kinetics. In solidification from 
the melt, surface energy turns out to be the 
dominant effect, and many theoretical 
treatments in the literature ignore attachment 
kinetics for that reason. Solidification from the 

Figure 4.23: A series of photographs showing the 
tips of free dendrites growing during the 
solidification of liquid succinonitrile (a clear, waxy 
material that melts at 57 C). As the supercooling ∆𝑻𝑻 
of the liquid increases, 𝑹𝑹𝒘𝒘𝒅𝒅𝒕𝒕 decreases while 𝒗𝒗𝒘𝒘𝒅𝒅𝒕𝒕 
increases, their product 𝑹𝑹𝒘𝒘𝒅𝒅𝒕𝒕𝒗𝒗𝒘𝒘𝒅𝒅𝒕𝒕 satisfying the 
Ivantsov relation for thermal diffusion. Meanwhile 
the overall growth behavior and dendrite tip 
morphology remains nearly independent of ∆𝑻𝑻. 
(Image from [1981Hua].)  
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vapor phase has been much less studied, but 
here it appears that attachment kinetics 
dominates over surface energy, as we will see 
shortly with the snow crystal case. 

My goal in this chapter is not to provide an 
in-depth review of all aspects of solvability 
theory, but rather to outline its basic results as 
applied to snow crystal formation. To this end, 
I will ignore all heating effects, as particle 
diffusion is more important than heat 
diffusion, and the former by itself is enough to 
develop a crude version of vapor-growth 
solvability theory. Using this theory, I will then 
show that attachment kinetics is likely more 
important than surface energy in the theory, 
allowing us to additionally ignore surface 
energy while keeping attachment kinetics, 
which is opposite to the melt-growth case. 

I begin with a perturbation expansion of 
the spherical solution, Equation 4.32, 
neglecting heating (𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠,ℎ𝑤𝑤𝑤𝑤𝑤𝑤 = 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠) and 
assuming that the growth is mainly diffusion 
limited (𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 ≪ 𝛼𝛼), which gives 

 

𝑣𝑣𝑛𝑛 ≈
𝑋𝑋0
𝑅𝑅
𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛 �𝜎𝜎∞ −

2𝑑𝑑𝑠𝑠𝑟𝑟
𝑅𝑅

−
𝜎𝜎∞
𝛼𝛼
𝑋𝑋0
𝑅𝑅
� (4.41) 

 
For a typical fernlike dendrite tip (taking 𝑅𝑅 =
𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 ≈ 1 𝜇𝜇m, 𝜎𝜎∞ ≈ 1, and 𝛼𝛼 ≈ 1), we find that 
the second and third terms in this equation are 
indeed small compared to 𝜎𝜎∞, justifying the 
perturbation expansion. 
 For the next step, I assume that the near-
hemispherical tip of a parabolic ice dendrite 
behaves much like spherical growth, so I can 
do an analogous perturbation expansion of the 
Ivantsov solution, Equation 4.40, giving (see 
Appendix A)  
 

𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 ≈
2𝑋𝑋0
𝐵𝐵𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡

𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛 �𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤 −
𝑅𝑅𝐺𝐺𝐺𝐺
𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡

−
𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡
𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛

� (4.42) 

 

     ≈
2𝑋𝑋0
𝐵𝐵𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡

𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛 �𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤 −
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𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡

�  

 
where we have defined 𝑅𝑅𝐺𝐺𝐺𝐺 = 2𝑑𝑑𝑠𝑠𝑟𝑟 ≈ 2 nm 
and 𝑅𝑅𝑘𝑘𝑘𝑘𝑛𝑛 = 2𝑋𝑋0/𝐵𝐵 ≈ 35 nm. 

 From this expansion, we can begin to see 
the essential physics underlying the dendrite 
selection problem. Referring to Figure 4.6, we 
see that the Mullins-Sekerka instability 
generally promotes the growth of bumps on 
top of broad, flat surfaces. Zooming in on the 
end of a dendrite tip, it stands to reason that 
the Mullins-Sekerka instability would also 
promote the growth of a smaller bump on top 
of a broad dendrite tip. Taking this reasoning 
to its logical conclusion, we see that the 
Mullins-Sekerka instability would, if no other 
forces intervened, sharpen a dendrite tip 
indefinitely, driving 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 → 0.  
 The available intervening forces are those 
found in Equation 4.42, specifically in the 
second and third terms of this expression. As 
𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 → 0, these terms both become so large 
that they are no longer small compared to 𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤. 
At some value of 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡, therefore, one or both 
of these forces halts any further tip sharpening. 
 The nature of these two stabilizing effects 
can also be reasonably well understood from 
the underlying physics. The Gibbs-Thomson 
effect states that the equilibrium vapor 
pressure of ice increases as 𝑅𝑅−1 on a spherical 
surface, and this effectively reduces the driving 
supersaturation at the tip. Following the math 
through, this gives the 𝑅𝑅𝐺𝐺𝐺𝐺 term in Equation 
4.42. The negative sign means that this is a 
stabilizing force that prevents runaway tip 
sharpening.  

The kinetics term 𝑅𝑅𝑘𝑘𝑘𝑘𝑛𝑛 arises from the fact 
that a finite surface supersaturation 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 > 0 
is needed to drive crystal growth, and this 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 
increases with 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡, which is proportional to 
𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡−1 to first order in this perturbation 
analysis. In effect, there is a supersaturation 
“penalty” for fast growth, and this also serves 
to prevent 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 → 0. The fact that 𝑅𝑅𝐺𝐺𝐺𝐺 ≪ 𝑅𝑅𝑘𝑘𝑘𝑘𝑛𝑛 
suggests that the kinetics term in Equation 4.42 
is more important than the surface-energy term 
for selecting the final dendrite tip radius in 
typical snow-crystal scenarios. 
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Snow Crystal Dendrites 
Extending this qualitative discussion of 
Equation 4.42 into a rigorous theory is not a 
simple task, which is why it took a concerted 
effort to develop solvability theory. Although 
my comprehension of the theory is not 
thorough, it appears that the final result can be 
expressed in a fairly simple form [1988Kes, 
1988Sai, 1989Lan, 1991Bre, 2002Lib]. The 
answer, however, depends on the relative 
importance of the surface-energy and 
attachment-kinetics terms in Equation 4.42. 

For the snow-crystal case, we neglect 
surface energy (on the grounds that 𝑅𝑅𝐺𝐺𝐺𝐺 ≪
𝑅𝑅𝑘𝑘𝑘𝑘𝑛𝑛), and solvability theory then yields the 
relationship  

 

𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡2 ≈
4𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝑋𝑋02

𝑠𝑠0𝐵𝐵𝛼𝛼
(4.43) 

 
where 𝑠𝑠0 is a dimensionless constant called the 
solvability parameter. This second 
mathematical relationship, in addition to the 
Ivantsov solution, allows one to uniquely 
determine both 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 and 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 as a function of 
intrinsic material properties and external 
growth conditions. 

Combining Equations 4.40 and 4.43 yields  
 

𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 ≈
2𝑋𝑋0
𝑠𝑠0𝛼𝛼

(4.44) 

 
                         𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡   ≈

𝑠𝑠0
𝐵𝐵
𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤  

 
and at this point it is beneficial to compare the 
theory with experimental observations. 

Figure 4.24 show measurements of 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡 as 
a function of 𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤 for fernlike free dendrites 
growing near -15 C. The data support a linear 
dependence 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡~𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤, and the low-resolution 
tip images are at least consistent with 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 
being independent of 𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤, so both observed 
trends agree with Equation 4.44. A fit to the 
data assuming 𝐵𝐵 ≈ 10 yields 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 ≈ 1 𝜇𝜇m and 
𝛼𝛼𝑠𝑠0 ≈ 0.25 [2002Lib]. Similar data for 

fishbone free dendrites yields 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 ≈ 1.5 𝜇𝜇m 
and 𝛼𝛼𝑠𝑠0 ≈ 0.2 [2002Lib].   

Note that these values of 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 were 
measured in air, and we see from Equation 4.44 
that theory indicates 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡~𝑋𝑋0. This implies that 
𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡 should be roughly inversely proportional 
to the background air pressure. It would be 
straightforward to confirm this prediction, but 
to my knowledge it has not yet been done. 
However, experiments have revealed finer 
structural details in snow crystals grown at 
higher pressures, supporting this solvability 
theory prediction [1976Gon]. 
 This analysis of snow-crystal free dendrite 
growth comes with some caveats, however. 
Solvability theory indicates that the value of 𝑠𝑠0 
depends on the detailed properties of the most 
important stabilization term, namely the 
attachment kinetics in this case. This is 
problematic because the attachment kinetics 
are not well known from independent 

Figure 4.24: Measurements of the tip velocity 
of fernlike free dendrites growing near -15 C as 
a function of the far-away supersaturation. The 
data indicate a linear relationship between 
these variables, and the line shows 𝒗𝒗𝒘𝒘𝒅𝒅𝒕𝒕 =
𝟓𝟓𝝈𝝈𝒅𝒅𝒘𝒘𝒘𝒘 µm/sec. This supports the theoretical 
expectation that attachment kinetics provides 
the dominant selection perturbation in 
solvability theory for the case of snow-crystal 
free dendrite growth. (The data are from 
[2002Lib] with additional later measurements 
added to the plot.)  
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measurements, and they may depend on the 
growth conditions at the tip surface, 
specifically the near-surface supersaturation. 
This means that the theory is somewhat under-
constrained due to a poor knowledge of 
material properties, so we should not read too 
much into the linear trend seen in Figure 4.24.  
This issue is a manifestation of a more general 
problem with solvability theory: an analytic 
theory including just a few basic parameters 
may not be sufficient to describe a complex 
phenomenon like free dendrite growth.   
 Note that had we ignored the attachment-
kinetic perturbation and instead kept the 
surface-energy perturbation in solvability 
theory, the result would have included the 
scaling 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡~𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤 and 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡~𝜎𝜎𝑠𝑠𝑤𝑤𝑤𝑤2 . The above 
caveats notwithstanding, Figure 4.24 does not 
agree with such a quadratic dependence, and 
this supports the notion that that attachment 
kinetics is the more important stabilizing 
mechanism, in agreement with the sizes of the 
relevant terms in Equation 4.42. 
 
Ice Dendrites Growing from 
Liquid Water 
The formation of ice dendrites from freezing 
liquid water is a substantially different problem 
than the snow crystal case. In melt 
solidification, growth is driven by an 
undercooling ∆𝑇𝑇 (a.k.a. supercooling) and is 
limited primarily by latent heat diffusion. The 
Peclet number is generally large, so the Laplace 
approximation to the diffusion equation is not 
justified. In solvability theory describing 
solidification from the melt, the dominant 
stabilization term is typically surface tension, 
while attachment kinetics can often be 
neglected.  

For the succinonitrile system shown in 
Figure 4.23, for example, the dendrite tip radius 
scales as 𝑅𝑅𝑤𝑤𝑘𝑘𝑡𝑡~∆𝑇𝑇−1 and the tip velocity scales 
as roughly 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡~∆𝑇𝑇2.7 [1981Hua]. (If the Peclet 
number were small, the velocity scaling would 
likely change to 𝑣𝑣𝑤𝑤𝑘𝑘𝑡𝑡~∆𝑇𝑇2, in accordance with 
the previous discussion.) This behavior is 
nicely explained by the relevant version of 

solvability theory that includes a large Peclet 
number and neglects attachment kinetics. The 
growth of ice dendrites from liquid water also 
fits this theory quite well, as seen in Figure 4.25 
(see also [1978Lan, 1980Lan]). 
 Here again, the theory comes with some 
caveats. In the case of ice dendrites growing 
from liquid water, we know that attachment 
kinetics play an important role, because the 
dendrite morphology is that of a flat plate over 
a broad range of undercoolings, indicating 
strong basal faceting. Neglecting attachment 
kinetics in solvability theory, therefore, is at 
least a somewhat questionable assumption in 
the water/ice case. And, once again, the 
underlying material properties are not known 

Figure 4.25: Measurements of the free dendrite 
tip velocity for ice growing from liquid water as 
a function of the far-away supercooling. The 
line shows a calculation from solvability 
theory. (Figure adapted from [2005Shi], with 
additional context given in [2017Lib].) 
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well enough to constrain the theory adequately, 
and numerical modeling methods are not yet 
sophisticated enough to include the combined 
effects of diffusion, surface energy, and 
attachment kinetics. As a result, even though 
theory and experiment seem to agree nicely in 
both Figures 4.24 and 4.25, the full story has 
perhaps not been told in either case. 
 
Anisotropy and Tip Splitting 
Another important discovery from solvability 
theory is that 𝑠𝑠0 depends on the anisotropy of 
the surface physics that stabilizes the dendrite 
tip radius. For perfectly isotropic systems, even 
the initial premise of a stable, Ivantsov-like 
parabolic tip structure turns out to be 
incorrect. With perfect isotropy, the Mullins-
Sekerka instability brings about not only 
sidebranches, but also tip splitting.  
 Tip splitting behavior is best seen in 
computer simulations of dendritic growth, 
which have improved greatly since the 
founding days of solvability theory. Figure 4.26 
shows a growing dendritic system for which 
the anisotropy was varied in different runs. 
With no anisotropy, the dendritic branches 
exhibited frequent tip splitting that resulted in 
a complex “seaweed-like” structure. Above 
some threshold anisotropy, dendrites with 
stable tip structures appeared.  
 This dependence on anisotropy appears to 
be a general property of diffusion-limited 
dendrite formation, present over a broad range 
of different physical systems. When the surface 
stabilization forces are sufficiently anisotropic, 
Ivantsov-like dendrites appear with stable tip 
structures, as seen in snow-crystal dendrites. As 
the anisotropy is turned down, first tip-splitting 

begins to occur only occasionally, and it 
becomes more frequent until the growth 
transitions to completely random seaweed-like 
structures as the anisotropy decreases to zero. 

Tip splitting is largely absent in snow-
crystal dendrites, owing to the exceptionally 
large underlying anisotropy in the attachment 
kinetics. Nevertheless, Figure 4.26 shows an 
example of tip splitting in a rapidly growing 
fernlike stellar dendrite, indicating 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1  
when the surface supersaturation is sufficiently 
high. This general behavior fits the model for 
nucleation-limited attachment kinetics 
presented in Chapter 3. I have also witnessed 
some dendritic tip splitting at temperatures 
near 0 C when the supersaturation is high and 
chemical contaminants are present, again 
indicating 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1  under those conditions. 

Figure 4.14 shows some evidence of tip 
splitting for ice/water solidification, but only at 
quite low supercooling. In this case we need to 
consider the anisotropy in both the attachment 
kinetics and the surface energy, and neither of 
these is known well from other measurements.  

Note that the basal anisotropy is relatively 
high under all growth conditions, for both 
ice/water and ice/vapor, owing to a finite basal 
step energy at 0 C (see Chapter 3). Thus, one 
expects a complete absence of basal tip 

Figure 4.26: In crystal growth, some kind of surface 
anisotropy, usually in the attachment kinetics or 
surface energy, is necessary to prevent tip splitting 
and create stable free-dendrite growth (far left). For 
perfectly isotropic systems, seaweed-like structures 
emerge (far right). This numerical simulation 
shows a morphological transition between these 
two states, in this case when the underlying 
anisotropy possesses six-fold symmetry. (Image 
from [2006Gra1].)  
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splitting, and this expectation is consistent with 
observations. 

 
4.7 Snow Crystal 
Aerodynamics 
We next turn our attention to how 
aerodynamics can affect snow crystal growth 
and morphologies [2009Lib3, 1982Kel, 
2002Wan, 1999Fuk, 1997Pru, 2009Lib4]. In 
normal air, the motion of falling crystals can 
align their orientation relative to the horizon, 
change their growth rates, and even alter their 
growth morphologies, although typically all 
these effects are rather small perturbations 
compared to normal growth behaviors. Our 
main goal in this section is to outline the basic 
physical processes using analytic models, 
estimating the importance of the various 
effects over a range of growth conditions. 
 Throughout this discussion, it is important 
to remember that wind speed relative to the 

ground is not the relevant parameter in the 
problem, but rather wind speed relative to the 
crystal in question. A small snow crystal may be 
carried by the wind for long distances, but, like 
a speck of dust, it mostly travels along with the 
moving air around it. Thus, while wind blowing 
over a stationary snow crystal in the lab may 
strongly perturb its growth [1982Kel], we 
cannot apply these results until we understand 
the velocity of air flow around a freely falling 
snow crystal. 
 
Drag and Terminal Velocity 
Gravity creates a net velocity between crystals 
and air, and a falling snow crystal quickly 
reaches its terminal velocity in still air. The 
viscous drag on a snow crystal is well described 
by Stokes drag at low velocities, given by 
 

𝐹𝐹𝑆𝑆𝑤𝑤𝑑𝑑𝑘𝑘𝑤𝑤𝑠𝑠 = 6𝜋𝜋𝜇𝜇𝑅𝑅𝐻𝐻𝑢𝑢 (4.45) 
 
where 𝐹𝐹𝑆𝑆𝑤𝑤𝑑𝑑𝑘𝑘𝑤𝑤𝑠𝑠 is the drag force, 𝑅𝑅𝐻𝐻 is the 
hydrodynamic radius of the object, 𝜇𝜇 is the 
dynamical viscosity of air, and 𝑢𝑢 is the flow 
velocity. For a spherical particle, 𝑅𝑅𝐻𝐻 equals the 
radius 𝑅𝑅 of the sphere. 
 At the velocity increases, the flow becomes 
turbulent, adding a component to the drag that 
is proportional to 𝑢𝑢2. Assuming a thin disk 
morphology with radius 𝑅𝑅 and thickness 𝑇𝑇 (a 
satisfactory model for a plate-like snow 
crystal), the drag force becomes 
 

𝐹𝐹𝑑𝑑𝑤𝑤𝑤𝑤𝑔𝑔 ≈ 6𝜋𝜋𝜇𝜇𝑅𝑅𝑢𝑢 +
𝜋𝜋
2
𝜌𝜌𝑤𝑤𝑘𝑘𝑤𝑤𝑅𝑅2𝑢𝑢2 (4.46) 

to a reasonable approximation, where 𝜌𝜌𝑤𝑤𝑘𝑘𝑤𝑤 is 
the density of air [2009Lib3]. The two terms in 
this expression are equal when the Reynolds 
number 𝑅𝑅𝑤𝑤 is about 24, where I take  
 

𝑅𝑅𝑤𝑤 =
2𝜌𝜌𝑤𝑤𝑘𝑘𝑤𝑤𝑢𝑢𝑅𝑅

𝜇𝜇
=

2𝑢𝑢𝑅𝑅
𝜈𝜈𝑘𝑘𝑘𝑘𝑛𝑛𝑤𝑤𝑚𝑚𝑤𝑤𝑤𝑤𝑘𝑘𝑓𝑓

(4.47) 

 
and 𝜈𝜈𝑘𝑘𝑘𝑘𝑛𝑛𝑤𝑤𝑚𝑚𝑤𝑤𝑤𝑤𝑘𝑘𝑓𝑓 = 𝜇𝜇/𝜌𝜌𝑤𝑤𝑘𝑘𝑤𝑤 is the kinematic 
viscosity.  
 The falling thin-disk crystal reaches its 
terminal velocity 𝑢𝑢𝑤𝑤𝑤𝑤𝑤𝑤𝑚𝑚 when 𝐹𝐹𝑑𝑑𝑤𝑤𝑤𝑤𝑔𝑔 = 𝑚𝑚𝑚𝑚, 

Figure 4.27: An example of tip splitting in 
rapidly growing fernlike dendrites at 𝝈𝝈𝒅𝒅𝒘𝒘𝒘𝒘 ≈ 1.3 
near -15 C. In these conditions, 𝜶𝜶𝒕𝒕𝒘𝒘𝒅𝒅𝒔𝒔𝒑𝒑 is close 
to unity and the anisotropy in the kinetic 
coefficient becomes quite low. Notably, the tip 
splitting in this example occurred when the 
crystal was small, and the surface 
supersaturation was therefore higher than at 
later times (as indicated in Equation 4.25). 
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where 𝑚𝑚 = 𝜋𝜋𝑅𝑅2𝑇𝑇𝜌𝜌𝑘𝑘𝑓𝑓𝑤𝑤 is the mass of the crystal, 
giving  
 

𝑢𝑢𝑤𝑤𝑤𝑤𝑤𝑤𝑚𝑚 ≈
1
6
𝜌𝜌𝑘𝑘𝑓𝑓𝑤𝑤𝑚𝑚
𝜇𝜇

𝑅𝑅𝑇𝑇  (𝑙𝑙𝑙𝑙𝑙𝑙 𝑅𝑅𝑤𝑤) (4.48)

             ≈ 8 �
𝑅𝑅

100 𝜇𝜇𝑚𝑚
��

𝑇𝑇
10 𝜇𝜇𝑚𝑚

�   cm/sec
 

 
for the case of small crystals falling at low 
Reynolds number and 
 

𝑢𝑢𝑤𝑤𝑤𝑤𝑤𝑤𝑚𝑚 ≈ �
2𝑇𝑇𝜌𝜌𝑘𝑘𝑓𝑓𝑤𝑤𝑚𝑚
𝜌𝜌𝑤𝑤𝑘𝑘𝑤𝑤

�
1/2

  (ℎ𝑑𝑑𝑚𝑚ℎ 𝑅𝑅𝑤𝑤) (4.49)

    ≈ 40 �
𝑇𝑇

10 𝜇𝜇𝑚𝑚
�
1/2

cm/sec
 

 
for larger crystals moving at high Reynolds 
number [2009Lib3]. For these thin-disk 
crystals, the transition from low to high 
Reynolds number terminal velocity occurs 
when the crystal radius exceeds 

𝑅𝑅𝑤𝑤𝑤𝑤𝑤𝑤𝑛𝑛𝑠𝑠𝑘𝑘𝑤𝑤𝑘𝑘𝑑𝑑𝑛𝑛 ≈ 450 �
10 𝜇𝜇𝑚𝑚
𝑇𝑇

�
1/2

  𝜇𝜇𝑚𝑚 (4.50) 

 
Figure 4.28 shows an example of the terminal 
velocity of a 2-𝜇𝜇𝑚𝑚 thick disk as a function of 
its radius. 
 Comparing terminal velocity calculations 
with observations is not especially fruitful, 
unfortunately. The theory is well understood 
for small crystals with simple shapes, 
while most measurements have been 
obtained using larger crystals with 
complex, rather poorly characterized 
morphologies and sizes. Nevertheless, 
the extensive measurements of fall 
velocities in a vertical flow chamber 
made by Fukuta and Takahashi 
[1999Fuk] seem to be consistent with 
the above theory, given the substantial 
uncertainties involved.  
 
Horizontal Alignment 
Over a range of snow crystal sizes and 
morphologies, drag forces align falling 
crystals relative to the horizon. The 
resulting alignment is well known in 

natural snow crystals, as it is essential for 
explaining many distinctive features in 
atmospheric halos [2006Tap, 1990Tap, 
1980Gre]. Thin disks, for example, often align 
with the basal surfaces in a horizontal 
orientation (vertical c-axis), while slender 
columns align with a horizontal c-axis. In some 
instances, columns may align further with two 
prism facets in a horizontal orientation, known 
as the Parry orientation [2006Tap]. In some 
rare halo observations, models suggest 
widespread crystal alignments as precise as a 
few degrees relative to the horizon. 
 Focusing on plates, theory suggests that the 
smallest crystals will not align unless their 
terminal velocities are larger than surrounding 
turbulent air flows that perturb their fall and 
orientation. Meanwhile large plates are 
unstable to various fluttering and tumbling 
instabilities when the Reynolds number 
exceeds 𝑅𝑅𝑤𝑤 ≈ 100. The latter regime applies to 

Figure 4.28: The terminal velocity curve on this 
plot shows the fall velocity of a 2-𝝁𝝁𝒑𝒑-thick snow 
crystal disk as a function of disk radius, while 
approximate scaling with disk thickness is given 
by Equations 4.48 and 4.49. The turbulence curves 
show two models of root-mean-squared air 
velocities when the average air speed in 1 m/sec. 
When 𝑹𝑹 is large enough that the terminal velocity 
curve is above the turbulence curves, then gravity 
can align the crystal horizontally [2009Lib3].  
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crystals with sizes of about 1 mm or more, 
while Figure 4.28 shown two models for 
turbulent air velocities [2009Lib3]. Unless the 
air is exceptionally still, snow crystals are likely 
to exhibit good alignment only in roughly the 
0.1-1 mm size range.  
 
The Ventilation Effect 
When supersaturated air flows around a snow 
crystal, its growth rate increases as the flow 
essentially enhances the diffusion of water 
vapor molecules to its surface, and this 
phenomenon is called the ventilation effect 
[1982Kel, 1997Pru]. The magnitude of the 
growth change can be estimated by comparing 
the diffusion time and the flow time. The 
diffusion timescale for water molecules 
diffusing a distance 𝐿𝐿 through the air is 
 

𝜏𝜏𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑘𝑘𝑑𝑑𝑛𝑛 ≈
𝐿𝐿2

𝐷𝐷
(4.51) 

 
A growing crystal significantly reduces the 
supersaturation in its vicinity only out to a 
distance comparable to its size, so we take 𝐿𝐿 to 
be the approximate size of the crystal. 
Meanwhile the time it takes for air to flow the 
same distance 𝐿𝐿 is 
 

𝜏𝜏𝑠𝑠𝑏𝑏𝑑𝑑𝑤𝑤 ≈
𝐿𝐿
𝑢𝑢

(4.52) 

 
If the flow velocity is low and 𝜏𝜏𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑘𝑘𝑑𝑑𝑛𝑛 ≪
𝜏𝜏𝑠𝑠𝑏𝑏𝑑𝑑𝑤𝑤, then diffusion creates a depleted region 
around the crystal before the air flows by. In 
this case, the ventilation effect would be 
negligible, as we would expect when 𝑢𝑢 → 0. We 
expect, therefore, that air flow would 
significantly affect the crystal growth only 
when 𝜏𝜏𝑠𝑠𝑏𝑏𝑑𝑑𝑤𝑤 < 𝜏𝜏𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑘𝑘𝑑𝑑𝑛𝑛, which is equivalent to 
the regime 𝑅𝑅𝑤𝑤 > 1. 
 In a somewhat more in-depth analysis 
incorporating studies of liquid droplet growth 
in the literature, I found that that the growth 
rate of a spherical snow crystal is enhanced by 
a factor 
 

𝑑𝑑𝑟𝑟 ≈ 1 + 0.1𝑅𝑅𝑤𝑤    (𝑅𝑅𝑤𝑤 < 1) (4.53)
𝑑𝑑𝑟𝑟 ≈ 0.8 + 0.3𝑅𝑅𝑤𝑤

1/2    (𝑅𝑅𝑤𝑤 > 1)
 

 
to a reasonable approximation [2009Lib3]. 
 Applying this to a specific example, 
consider the fernlike stellar dendrite shown in 
Figure 4.8. This is a common snow crystal 
morphology, and an examination of the 
calibrated photo reveals that the initial 
branching instability occurred when the crystal 
radius was no larger than 𝑅𝑅 ≈ 30 𝜇𝜇𝑚𝑚. From 
Figure 4.28, the Reynolds number of the air 
flow around this nascent crystal was likely 
about 𝑅𝑅𝑤𝑤 ≈ 0.1, giving an enhancement factor 
of 𝑑𝑑𝑟𝑟 ≈ 1.01, meaning that the ventilation 
effect was likely negligible when the first 
branching event occurred. Strong turbulence 
might have increased this enhancement, but 
well-formed crystals like the one in Figure 4.8 
rarely survive long in windy, turbulent 
conditions. 
 As this crystal grew larger, the Reynolds 
number of the flow around it increased, and 
the crystal morphology became dominated by 
the six fernlike dendritic branches. Then the air 
flow likely aligned the crystal so its basal faces 
were nearly horizontal, and the flow past each 
tip was roughly perpendicular to the growth 
direction. The ventilation effect is more 
difficult to analyze in this case, but the sharp-
tipped geometry leads to a substantially higher 
ventilation effect compared to the spherical 
case. At terminal velocity for this crystal, the 
ventilation effect would produce roughly a 25 
percent increase in tip growth velocity 
[2009Lib3]. 
 Combining alignment and ventilation 
effects, it is possible that aerodynamics plays a 
role in promoting the high symmetry of some 
snow crystal structures. This is likely a small 
effect, a supposition that is supported by the 
fact that the vast majority of snow crystals do 
not exhibit a high degree of six-fold symmetry. 
Nevertheless, aerodynamic alignment can lead 
to tumbling instabilities that would tend to 
enhance symmetrical growth of several crystal 
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morphologies. Some possibilities along these 
lines are discussed in [2009Lib3, 1999Fuk]. 

It has also been suggested that 
aerodynamic effects may promote the growth 
of triangular snow crystals, through a 
combination of alignment and ventilation 
effects [2009Lib4]. However, as discussed in 
the next section, the origin of triangular plate 
snow crystals is still a bit of a mystery, and it is 
not yet clear if aerodynamics plays a major role 
in their development. 

The bottom line in this discussion is that 
aerodynamics can play a role in snow crystal 
growth dynamics, but it is usually a rather 
minor one. Small crystals are the least 
susceptible to aerodynamic effects, although 
remarkably precise crystal alignments are 
possible in rare and especially calm conditions.  
 
4.8 Growth Behaviors 
Snow crystal morphologies are determined 
mainly by the interplay of two physical 
processes: attachment kinetics and particle 
diffusion. Attachment kinetics brings about 
ordered, faceted surfaces with sharp edges and 
corners, defined precisely by the crystal lattice 
structure. Diffusion brings about instability, 
yielding complex structures and the chaotic 
sidebranching seen in dendritic growth. These 
are the competing forces of order and chaos 
that drive the formation of snow crystals. In 
some circumstances, additional physical effects 
from heat diffusion, surface energy, air flow, 
etc., may also be important; but typically, these 
effects are small and often negligible. 

In this section I examine a selection of 
snow crystal morphological features in some 
detail and attempt to describe how each 
originates from the combined effects of 
attachment kinetics and particle diffusion. This 
undertaking would be best accomplished with 
the help of corresponding numerical 
simulations, but here the state-of-the-art is 
somewhat unreliable. Computational snow 
crystals do not yet reproduce real snow crystal 
structures with good fidelity (see Chapter 5). 

One motivation in this section, therefore, 
is to qualitatively describe various growth 
behaviors that might be investigated more 
quantitatively in future numerical simulations. 
Another motivation is to develop an 
overarching physical intuition regarding the 
underlying causes of snow crystal formation, as 
this is helpful for making additional progress in 
the field. And last, but not least, it is simply 
pleasing to have an essential understanding of 
some of the puzzling characteristics often seen 
in snow crystal structures. 

 
Aspect Ratios and Anisotropy 
As a general rule, I have found that the large-
scale aspect ratio of a snow crystal – here 
defined as the ratio of the overall size of a 
crystal along the c-axis to that along an a-axis – 
reflects the anisotropy in the underlying 
attachment kinetics. For example, the 
formation of thin plates invariably requires 
𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≪ 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚, while the formation of 
slender columns requires 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≫ 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚. 
Although qualitative in nature, this aspect-ratio 
rule applies throughout the menagerie of 
different snow-crystal types. 
 An important aspect of this rule is that 
diffusion effects alone cannot yield structures 
with extreme aspect ratios, like thin plates or 
slender columns. Numerical studies have 
revealed that while the Mullins-Sekerka 
instability may yield complex dendritic 
branching, the overall aspect ratios of the 
resulting structures are determined by 
anisotropies in the underlying attachment 
kinetics or surface energies. A well-known 
example is illustrated in Figure 4.26, where 
isotropic surface physics yielded the seaweed-
like structure shown, exhibiting intricate 
branching but an overall round structure.  

Another important corollary of this rule is 
that extreme aspect ratios seen in the 
solidification of real materials do not arise from 
surface energy anisotropy. Highly anisotropic 
surface energies are mostly a theoretical fiction 
(except perhaps in exotic materials). As 
discussed in Chapter 2, simple solids (such as 
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ice or metals) generally exhibit modest 
anisotropies in the surface energy that are too 
small to produce large aspect ratios during 
solidification. In particular, the extreme aspect 
ratios seen in snow crystals and plate-like pond 
crystals are the result of highly anisotropic 
attachment kinetics, and not from highly 
anisotropic surface energies. 
 Figure 4.29 shows a nice illustration of 
what low and high anisotropy in the 
attachment kinetics looks like around a faceted 
snow crystal. In the case of a nearly isometric 
faceted prism (left side of Figure 4.29), 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 
and 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 are roughly equal in magnitude, so 
the basal and prism facets grow at about the 
same rates. Thus, the overall aspect ratio is 
close to unity, indicating 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≈ 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚.  

Of course, the presence of strong basal and 
prism faceting indicates anisotropy in the sense 
that both 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 < 1 and 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 < 1. The 
overall aspect ratio of the crystal, however, is 
determined mainly by 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏/𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚. In this 
case, we see that the supersaturation near the 
surface is highest at the corners of the prism, 

essentially because the corners stick out farther 
into the supersaturated air, a phenomenon 
called the Berg effect (see also Figure 4.4). 
 Looking at the other side of Figure 4.29, 
the growth of the thin plate crystal resulted 
because 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≪ 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚. In keeping with the 
general rule, the extreme aspect ratio for this 
crystal resulted from highly anisotropic 
attachment kinetics. Now wee see that the 
surface supersaturation is substantially higher 
on the basal facet than on the prism facet, 
contrary to the usual expectation from the Berg 
effect. Even though the prism edge sticks out 
farther into the supersaturated air, 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 is 
lowest there. Thus, the normal Berg effect does 
not apply in cases when the anisotropy in the 
attachment kinetics is sufficiently high.  

The contour lines around the thin plate in 
Figure 4.29 also show that the supersaturation 
gradient is highest near the prism facet. This 
makes sense because the prism surface is 
growing rapidly, which requires a high influx of 
water vapor molecules. And this implies a steep 
supersaturation gradient, as the diffusion 
equation tells us that particle flux is 
proportional to 𝑛𝑛� ∙ 𝛻𝛻�⃑ 𝜎𝜎. In contrast, the particle 
flux and supersaturation gradient is low near 
the center of the basal facets. 
 Additional models like these reveal that the 
strong correlation between aspect ratio and 
anisotropy in the attachment kinetics applies 
over a broad range of growth conditions. If, for 
example, one begins with a thin plate crystal 
and then changes parameters so that 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≈
𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚, then the subsequent growth will not 
maintain the thin-plate structure. Instead the 
edges of the plate would thicken over time and 
the overall aspect ratio would tend toward 
unity. Diffusion-limited growth generally 
pushes morphologies toward small overall 
aspect ratios, and this trend is usually 
countered only by a strong anisotropy in the 
attachment kinetics. 
 
Stellar Dendrites near -15 C 
Although often overlooked, the primary 
morphological feature of a stellar dendrite 

Figure 4.29: Calculated contour plots of 
supersaturation levels around two growing ice 
crystals, shown here in (r,z) coordinates. Around 
a blocky crystal (left), the supersaturation is 
highest near the corners of the faceted prism, a 
phenomenon called the Berg effect. Around a 
thin-plate crystal, the contour lines are tightly 
bunched at the plate edge, and the 
supersaturation is highest at the center of the 
basal facets. The model on the left assumed 
𝜶𝜶𝒃𝒃𝒘𝒘𝒔𝒔𝒘𝒘𝒃𝒃 ≈ 𝜶𝜶𝒕𝒕𝒘𝒘𝒅𝒅𝒔𝒔𝒑𝒑 < 𝟏𝟏, while the model on the right 
assumed 𝜶𝜶𝒃𝒃𝒘𝒘𝒔𝒔𝒘𝒘𝒃𝒃 ≪ 𝜶𝜶𝒕𝒕𝒘𝒘𝒅𝒅𝒔𝒔𝒑𝒑. 
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snow crystal is the fact that it is thin and flat. 
The aspect ratio can be as low as 0.01 for a 
large thin plate, and this extreme aspect ratio 
is what puts the “flake” in “snowflake.” 
Following the discussion above, this 
structure immediately demands that 
𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≪ 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚. Moreover, rounding on the 
branch tips indicates that 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 there, 
because rounding indicates that rough and 
faceted surfaces are growing at about the 
same rate. If 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 were substantially below 
unity, prism faceting would be more 
prevalent. Thus, just looking at a large stellar 
dendrite with rounded branch tips reveals 
that 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 at the tips and 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 < 0.01. 
 Stellar dendrite snow crystals are a good 
illustration of the complex interplay between 
branching and faceting. Because 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≪ 1, 
basal faceting dominates the c-axis 
dimension of the crystal structure. At the 
opposite extreme, the fact that 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≈ 1 
means that prism faceting is quite weak and 
susceptible to branching and sidebranching. 
Thus, both the aspect ratio and the degree of 
sidebranching are determined by the 
attachment coefficients on the two primary 
facet surfaces. 
 If 𝜎𝜎∞ around the growing crystal is high, 
then 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 becomes relatively high as well, 
sending 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 → 1 as described in Chapter 3, 
stimulating copious sidebranching. But if 𝜎𝜎∞  
and 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 are lower, then 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 is lower and 
the branches exhibit greater prism faceting. 
This contributes to why higher 𝜎𝜎∞ yields more 
complex branched structures. 

Similarly, 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 is typically highest near the 
branch tips, so these are often rounded, while 
𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 is lower near the crystal center, yielding 
more prism faceting in the central region. 
Indeed, photographs of stellar dendrite crystals 
often reveal greater prism faceting in the inner 
parts of the crystals.   

We see that many morphological 
characteristics of stellar dendrites can be 
explained from the properties of 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 and 
𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 as functions of 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠. This can be 
turned around as well; the values of 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 and 

𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 can be inferred, at least to a rough 
approximation, by an informed examination of 
the crystal morphology. In the words of Yogi 
Berra, you can observe a lot just by watching.  
 
Faceting and Anisotropy 
The above discussion illustrates another 
general rule in snow crystal growth – faceting 
requires a high anisotropy in the attachment 
kinetics, specifically 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≪ 1  for basal 
faceting or 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≪ 1 for prism faceting. Put 
another way, the higher 𝛼𝛼𝑠𝑠𝑤𝑤𝑓𝑓𝑤𝑤𝑤𝑤 becomes, the 

Figure 4.30: Simple stars present a case where 
large-scale morphology is directed by an 
unusual characteristic of anisotropic 
attachment kinetics. Rounding near the 
branch tips indicates 𝜶𝜶𝒕𝒕𝒘𝒘𝒅𝒅𝒔𝒔𝒑𝒑 ≈ 𝟏𝟏 on the 
outermost prism surfaces, but faceting on the 
branch sides indicates 𝜶𝜶𝒕𝒕𝒘𝒘𝒅𝒅𝒔𝒔𝒑𝒑 < 𝟏𝟏 on those 
prism surfaces. This difference explains why 
sidebranching is suppressed on this crystal. 
The Edge-Sharpening Instability (see Chapter 
3) may be present at the branch tips, although 
high-fidelity 3D numerical simulations will 
likely be needed to fully understand this 
seemingly simple morphology. 
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more likely it will be that a faceted surface will 
be susceptible to some form of the branching 
instability. When 𝛼𝛼𝑠𝑠𝑤𝑤𝑓𝑓𝑤𝑤𝑤𝑤 ≈ 1, faceting is no 
longer possible, yielding rounded (unfaceted) 
surfaces and branched structures. 
 This fundamental feature of the Mullins-
Sekerka instability helps explain the increasing 
morphological complexity with increasing 𝜎𝜎∞, 
which is one of the principal characteristics of 
the snow crystal morphology diagram. To see 
this, start with the fact that 𝛼𝛼𝑠𝑠𝑤𝑤𝑓𝑓𝑤𝑤𝑤𝑤 typically 
increases monotonically with 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 (see 
Chapter 3) and add to this the fact that 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 
generally increases with 𝜎𝜎∞. The result is that 
branching becomes more prevalent at higher 
𝜎𝜎∞, thus leading to more complex snow crystal 
morphologies at higher supersaturations. 
 
Hollow Columns and 
Needles near -5 C 
Once again, the primary morphological feature 
of snow crystal columns and needles is their 
large aspect ratio, which can be 20 or more for 
an especially slender needle. The same 
anisotropy rule applies, so an overall columnar 
shape indicates 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≪ 1  for moderate 
supersaturations near -5 C. One can create a 
simple diffusion model for a faceted column, 
analogous to the models in Figure 4.29, and the 
results are similar to what was discussed above. 
If the anisotropic in the attachment kinetics is 
sufficiently high, then the supersaturation 
around a slender column is lowest near the 
basal surfaces, accompanied by steep 
supersaturation gradients that drive the fast 
basal growth. 
 Fully faceted prisms are the norm when 𝜎𝜎∞ 
is sufficiently low, but hollow columns form 
near -5 C as the supersaturation increases to 
intermediate values. The basic hollowing 
mechanism is a form of the Mullins-Sekerka 
instability, as illustrated in Figure 4.31. 
Diffusion-limited growth causes 𝜎𝜎𝑠𝑠𝑠𝑠𝑤𝑤𝑠𝑠 to be 
higher at the edges of a basal facet compared 
to the basal facet center, and soon the facet 
edges grow upward and leave the facet centers 
behind, resulting in conical hollow regions on 

both ends of the column. This behavior is 
analogous to the formation of branches shown 
in Figure 4.5, except now the edges of the basal 
surface remain faceted, or nearly so, as the 
hollows develop. Figure 4.32 shows an 
example of a natural hollow columnar snow 
crystal. In this crystal, the hollow regions 
changed their growth behavior as the external 
conditions changed, yielding a wavy structure 
in the shape of the hollows. Because both ends 
of the column experienced the same growth 
conditions as a function of time, the shape 
variations on the two ends of the column are 
nearly symmetrical. 

As the growth of a hollow column 
continues, eventually the basal edges will no 
longer be able to maintain their faceted shape 
as they too succumb to the branching 
instability. When this happens, the basal edges 
can split into slender needles, as shown in 
Figure 4.33. Note how the initial conical voids 
are still present near the center of this crystal, 

Figure 4.31: A schematic diagram illustrating 
the transition from solid columnar growth (first 
sketch, showing a side view of a solid column) 
to the formation of a hollow columnar snow 
crystal (third sketch) via the Mullins-Sekerka 
instability. The image on the right shows a 3D 
numerical simulation of hollow-column 
growth, from [2009Gra]. 
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exemplifying the transition from a solid 
column at the earliest stage of growth to a 
hollow column for a time, and finally to a set 
of needle-like branches sprouting from the 
basal corners. Note also that the very center of 
a hollow column can never itself be hollow, as 
there would be no mechanism that would yield 
such a structure from a small seed crystal. 

The successful numerical simulation of 
faceted hollow columns was an excellent early 
achievement for the 3-D cellular-automata 
method [2009Gra], which I describe in Chapter 
5. Moreover, hollow columnar behavior can be 
reproduced and studied in the lab using electric 
needle crystals, as described in Chapter 8. 
Making quantitative comparisons between 
laboratory observations and numerical models 
is therefore now feasible, but not much work 
along those lines has been done to date. 

It is also amusing to speculate what 
columnar crystals growing near -5 C might 
develop into if the supersaturation were 
increased to very high levels. Fishbone 
dendrites are the natural morphology in these 
conditions, just like fernlike dendrites are the 
natural form at -15 C in high 𝜎𝜎∞. Just as a 
fernlike stellar dendrite is essentially six fernlike 
dendrite branches connected at a common 
center, Figure 4.34 shows twelve fishbone 

dendrites growing from the twelve corners of a 
columnar prism.  

The existing observations of fishbone 
dendrites in the lab suggests 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≈ 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 
for these crystals, yielding the near-unity aspect 
ratio seen in Figure 4.34. The conditions 
needed to create such a crystal are not wholly 
out of reach, so consider this a prediction for 
future laboratory observations. Alas, the high 
supersaturation levels necessary to produce 
fishbone dendritic crystals are not be found in 
nature. 

 
Bubbles in Columns 
Under the right circumstances, the conical 
hollows in a hollow-column snow crystal can 
develop into enclosed bubbles, as illustrated in 
the two examples in Figure 4.35. I have also 
created enclosed columnar bubbles in the lab 
using electric needles, and an example is shown 
near the end of Chapter 8. In all these cases, 
the first step is to create a hollow column, as 
described previously, followed by a period of 

Figure 4.32: This hollow column snow crystal 
shows a characteristic matched pair of conical 
hollow voids in the ice. 

Figure 4.33: This crystal began as a solid 
column when it was small, but soon 
transformed into a hollow column, leaving 
behind central conical voids in the ice as it 
grew. Later, the corners of the basal edges 
sprouted branches, here taking the form of 
slender ice needles. 
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growth at lower supersaturation that seals off 
the hollow ends. 
 Figure 4.36 illustrates how different 
nucleation dynamics on convex and concave 
surfaces facilitates the sealing-off process. The 
outer surfaces of a growing column soon 
become faceted because of the usual nucleation 
barrier that makes 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≪ 𝛼𝛼𝑤𝑤𝑑𝑑𝑠𝑠𝑔𝑔ℎ ≈ 1, 
yielding a hexagonal column. Inside the hollow 
region, however, there are always interior 
corners at which there is no nucleation barrier. 
In Figure 4.36, for example, the red hexagon 
(representing an idealized molecular cell) can 
readily attach at the corner shown, as this 
position is essentially the same as the edge of a 
terrace step on a faceted surface. More 
generally, the growth of concave surfaces is 
never limited (in a global sense) by a nucleation 
barrier.  

 When a hollow column is exposed to a 
relatively low supersaturation, therefore, the 
strong nucleation barrier on the outer faceted 
surfaces slows additional growth. But the inner 
surfaces lack this nucleation barrier, so they 
grow readily under the same conditions. At the 
same time, diffusion brings more water vapor 
molecules to the columnar ends than to regions 

Figure 4.34: The author’s conception showing 
what a snow crystal growing at -5 C with very 
high supersaturation probably looks like. Here 
an initial simple prism rapidly branched into 
twelve fishbone dendrites.  Because 𝜶𝜶𝒕𝒕𝒘𝒘𝒅𝒅𝒔𝒔𝒑𝒑 is 
only slightly lower than 𝜶𝜶𝒃𝒃𝒘𝒘𝒔𝒔𝒘𝒘𝒃𝒃 in these extreme 
conditions, the overall aspect ratio of this 
crystal is near unity. This image was created by 
modifying a photograph of electric needle 
growth at -5 C and 𝝈𝝈∞ = 𝟏𝟏𝟏𝟏𝟏𝟏%, as described in 
Chapter 8. Actual freely growing crystals at 
such high supersaturations have not yet been 
observed, either in the lab or in nature. 

Figure 4.35: Two photographs of natural snow 
crystals showing enclosed bubbles in ice 
columns. The top image was captured by the 
author, the bottom by Don Komarechka 
[2013Kom]. 
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deep inside the hollows, so growth at the ends 
is preferred. Thus, the inner surfaces near the 
columnar ends grow fastest, soon sealing off 
the conical hollow regions to form enclosed 
bubbles.  
 
Hollows & Bubbles in Plates  
Hollow columns appear when three conditions 
are met: 1) 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 ≪ 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏, 2) 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 ≈ 1, and 
3) the supersaturation is not too low (which 
would yield solid columns) and not to high 
(which would yield needle-like crystals). These 
conditions are typically restricted to 
temperatures around -5 C, so this is why 
hollow columns are most prevalent at this 
region of the snow crystal morphology 
diagram. 
 Hollow plates appear when these same 
conditions are met, but with 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 and 𝛼𝛼𝑏𝑏𝑤𝑤𝑠𝑠𝑤𝑤𝑏𝑏 
exchanged. The underlying physics is 
essentially the same as with hollow columns, 
and Figures 4.37 and 4.38 show two examples 
of hollow plates, one with enclosed bubbles. 

Figure 4.39 shows a hollow plate during as it 
forms at (𝑇𝑇,𝜎𝜎) = (−16 𝐶𝐶, 16%).  
 Growing in constant environmental 
conditions, the geometry of the crystal in 
Figure 4.39 tells a story about its formation. On 
the prism facets, new molecular layers first 
nucleate at the corners, as the supersaturation 
is highest there. The terraces then grow inward, 
initially forming full faceted prism surfaces 
near the hexagonal tips. A terrace growth 
instability then causes the terraces to split, each 
new layer slightly enlarging the prism hollow 
region. The resulting hollow-plate morphology 
seen in Figure 4.39 is similar to the basic form 
shown in the sketch in Figure 4.37. I believe 

Figure 4.36: A diagram of the end of a fictitious 
nanoscopic hollow columnar snow crystal, 
with hexagons representing molecular cells in 
the ice lattice. While a nucleation barrier 
prevents growth of the outer faceted surfaces, 
there is no nucleation barrier on the inner 
surfaces because molecules can always attach 
at interior corners (red hexagon). 

Figure 4.37: The essential geometry of a 
hollow-plate snow crystal (top) and a 
photograph of a natural snow crystal with deep 
hollows. Note that the six hollow regions are 
separated by solid ice at the hexagonal corners. 
The photo exhibits oddly shaped hollow 
regions reflecting the changing conditions that 
the crystal experienced during its growth. 



154 
 

that reproducing this robust growth 
morphology would be another interesting 
challenge for 3D numerical modeling. 
 If a hollow region evolves into an enclosed 
bubble, the void becomes essentially a closed 
system unaffected by the supersaturation field 
surrounding the crystal. In this isolated state 
(neglecting any temperature gradients in the 
crystal), the bubble would naturally evolve 
toward its equilibrium shape, which is likely 
nearly spherical (see Chapter 2). However, 
relaxation toward equilibrium is significantly 
hindered by a nucleation barrier on the interior 
faceted surfaces, as shown in Figure 4.40. Here 
we see that while the growth of interior 
concave surfaces is never limited by a 
nucleation barrier, evaporation is limited by a 
nucleation barrier. For this reason, even an 
exceedingly thin bubble in a plate-like snow 
crystal may retain its nonequilibrium shape for 
long periods of time.  

 
Ridges and Sectored Plates 
Ridge structures are commonly found in both 
natural and synthetic snow crystals, and a 
particularly simple example is shown in Figure 
4.41. Here the six ridges are thick linear 
features in an otherwise thin plate. The ridges 
divide the hexagonal plate into six equal 
sectors, like slices of a hexagonal pie, so these 
are called sectored plates. Sectored-plate snow 

Figure 4.38: Another natural snow crystal 
exhibiting deep hollow regions in each of the 
prism surfaces. Near the center of the crystal, 
some of the hollows have closed off to form 
thin bubbles in the ice. The colors arise from 
optical interference between reflections off the 
top and bottom surfaces of the 
hollows/bubbles, which are separated by 
about one wavelength of light. Photo by Don 
Komarechka [2013Kom]. 

Figure 4.39: A laboratory snow crystal growing 
on an e-needle with (𝑻𝑻,𝝈𝝈) = (-16 C, 16%). 
Under these constant conditions, the hollow 
regions grew as roughly triangular segments 
separated by solid ice spokes. 

Figure 4.40: Even if the equilibrium shape of an 
enclosed bubble is spherical, a faceted bubble 
may evolve exceedingly slowly toward that final 
form. It is difficult to remove molecules from a 
fully faceted surface (red), and this presents a 
strong hole-nucleation barrier that can greatly 
slow equilibration. For this reason, even very thin 
bubbles in plate-like crystals can retain their 
shape for long periods of time. 
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crystals typically grow near -15 C at 
intermediate supersaturations, when the 
growth conditions are nearly constant in time. 
Laboratory observations reveal that ridges are 
typically associated with slightly convex basal 
surfaces, as shown in the sketch in Figure 4.41.  
 Figure 4.42 shows a diagram of the growth 
process that leads to ridge formation. The 
convex basal surface includes a series of 
regularly spaced molecular terrace steps, and 
the step spacing defines the slope of the 
surface, like a set of contour lines on a 
topographic map. As the top basal surface 
grows upward (see Figure 4.41), the overall 
crystal thickness increases, and more steps 
appear on the lower surface. The lower surface 
grows much more slowly, as it is shielded by 
the substrate below. 

 As the faceted prism edges grow outward 
(arrows in Figure 4.42) the lower terrace edges 
grow outward also, although the step velocity 
need not be the same as the edge velocity. A 
two-dimensional manifestation of the Mullins-
Sekerka instability comes into play on the 
molecular steps, enhancing the corner growth, 
as diffusion brings a greater supply of water 
vapor to the step corners. Each terrace corner 
thus sprouts a one-molecule-high “branch”, as 
shown in Figure 4.42, and these linear branches 
combine to form a macroscopic ridge. Note 
that the closely spaced contours around the 
ridge indicate its steep vertical sides, as in a 
topographic map. 
 One can speak of the one-dimensional 
attachment kinetics associated with a molecular 
step, and how anisotropic step attachment 
kinetics could lead to step “faceting.” It 
appears, however, that any existing 
anisotropies are negligibly small, so there is 
little or no inhibition to the formation of ridges 
arising from attachment kinetics. If this is 
indeed the case, then step growth rates will be 
largely driven by the local surface 

Figure 4.41: A small Plate-on-Pedestal (POP) 
snow crystal exhibiting simple ridges that 
originate at the six faceted corners as the plate 
grows outward. As shown in the accompanying 
sketch, the top basal surface of this crystal is 
essentially flat and unfeatured, while the ridges 
and other visible structural features exist on the 
convex lower surface of the crystal. 

Figure 4.42: A sketch showing the 
development of a snow-crystal ridge on a 
convex basal surface. Lines represent 
molecular steps defining individual terraces. 
As the prism facet edges grow outward 
(arrows), diffusion enhances the growth of the 
terrace corners, leading to ridge formation. 
This terrace-branching model naturally 
explains why ridges are generally associated 
with convex basal surfaces. 
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supersaturation, which is limited by water-
vapor diffusion. 
 The appearance of ridges on plate-like 
snow crystals appears to be always, or nearly 
always, associated with slightly convex basal 
surfaces. Because a POP crystal is intrinsically 
asymmetrical, as water vapor is supplied from 
above the substrate, the upper surface of a 
POP crystal stays flat or slightly concave, 
containing no ridges. But the bottom surface is 

convex and often displays strong ridge 
structures. For this reason, POP crystals are 
well suited for observing ridge growth. 

In contrast, the two basal surfaces of a 
fernlike stellar dendrite (like the one shown in 
Figure 4.8) are possibly both slightly convex in 
shape, with each exhibiting ridges. I have not 
seen any direct evidence of this kind of double-
sided ridging, but it is likely quite common. 
With many natural snow crystals, the basal 
surface curvature will depend on its growth 
history, aerodynamic effects, and other factors, 
so ridges may appear on one, both, or neither 
of the basal surfaces. 
  The relatively simple nature of ridge 
formation means that ridges are readily found 
in 3D numerical simulations of snow-crystal 
growth using cellular automata, as shown in 
Figures 4.43 and 4.44. It is not necessary to 
include accurate attachment kinetics in these 
models to produce ridge-like structures, as 
ridging requires only that diffusion limits the 
growth of basal terraces. Ridges are less 
apparent in phase-field models [2012Bar, 
2017Dem], but the underlying physics in these 
models (using highly anisotropic surface 
energies) is generally inappropriate for 
modeling snow-crystal growth, as we discuss in 
Chapter 5. Once again, many insights await 
when we move beyond the demonstration 
phase and are finally able to make direct 
quantitative comparisons between snow crystal 
models and experiments. 

Figure 4.43: This numerical model of a 
growing stellar crystal exhibits clear ridging on 
the primary branches. The micron-scale steps 
in the model are orders of magnitude larger 
than molecular steps, but the underlying 
diffusion-driven ridge growth is essentially the 
same. It appears that ridge formation is readily 
seen in both natural snow crystals and 
numerical modeling, at least using the cellular 
automata method. The robustness of ridging 
seems to reflect the basic diffusion physics 
underlying the phenomenon, which is 
insensitive to other material parameters. 
Image from [2014Kel]. 

Figure 4.44: (Below) Another 3D numerical 
model showing clear ridge structures on 
slightly convex basal surfaces. Image from 
[2009Gra]. 
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Ridges with Grooves 
In many instances, snow-crystal ridges are 
flanked by linear “grooves” that are long, 
shallow depressions in the ice on either side of 
a ridge, as shown in Figure 4.45. The formation 
of these grooves appears to be yet another 
example of the Mullins-Sekerka instability 
relating to step growth, an additional feature on 
top of basic ridge formation described above.  

Once a ridge begins to form, as shown in 
Figure 4.46, it sticks up above the basal surface 
surrounding it, and 𝛼𝛼 on the sides of the ridges 
is close to unity. The ridge growth thus attracts 
a great deal of water vapor, depleting the air 
near it. As diagrammed in the figure, the 
presence of the high-𝛼𝛼 ridge means that the 
growth velocity of a step far from the ridge is 
larger than the velocity of the same step 
adjacent to the ridge. This rather subtle dance 
of step advancements, choreographed by 
particle diffusion around the growing crystal, 
results in ridges flanked by parallel grooves. 

I suspect that chemical impurities in the air 
may further aid in the formation of these 
grooves, along with perhaps some of the small 
pits seen in Figure 4.45 and other snow 
crystals. Impurities are not readily incorporated 
into the ice lattice, and an advancing molecular 
step will tend to push impurity molecules ahead 
of it as it grows. Thus, although the average 
density of impurity molecules on the ice 
surface may not be high, step motion could 
redistribute and concentrate those impurities 
that are present. 

Looking at ridge and groove formation, as 
thousands of steps march along during the 
process, their collective motion will tend to 
push impurities into the grooves, where they 
will remain, stuck on the ice surface. The 
concentrated layer of chemical crud could then 
substantially impede further ice growth, and 
the grooves would remain etched into the ice. 
Additional laboratory experiments would be 
needed to investigate whether chemical 
impurities really have such effects on snow 
crystal surface features. 
 
 
 

Figure 4.45: This photo shows a partially 
sublimated sectored-plate snow crystal that 
exhibits a pair of “grooves” flanking the 
central ridge. Similar features can be found in 
many snow crystals, although usually they are 
not as distinctive as in this example.  

Figure 4.46: A sketch showing the 
development of a snow-crystal ridge flanked by 
two grooves on a convex basal surface. As the 
ridge structure develops, it depletes the water-
vapor supply in its proximity. This suppresses 
the advancements of steps near the ridge, 
thereby creating grooves. 
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Ridges on Cones and Cups  
The detailed structure of ridges in snow 
crystals depends a great deal on the “cone 
angle” of the plate on which they grow. The 
previous discussion assumed a small cone 
angle, by which I mean a nearly flat basal 
surface that is slightly convex in overall shape. 
(Of course, this is not a true cone in the strict 
geometrical sense, but a roughly cone-like 
shape made from six slightly tapered flat 
surfaces.) This morphology includes the trains 
of propagating steps shown in Figures 4.42 and 
4.46 that are necessary to produce ridge 
structures. 
 One can extend the discussion further to 
include steeper cone angles, progressing from 
nearly flat plates to cup-like structures such as 
those shown in Figure 4.47. The outer surfaces 
of a cup also include trains of molecular steps, 

similar to those described above except with 
much higher step densities. The same ridge-
formation instability applies, but now the 
ridges develop into the pronounced “fins” 
shown in Figure 4.47. Note that because the 
supersaturation is relatively low below the fast-
growing cup edge, the fins develop nearly 
faceted prism surfaces.  
 Figure 4.48 shows another ridge 
morphology that readily occurs on e-needles 
over a broad range of conditions when the 
cone angle is intermediate between plates and 
cups. Here the ridges grow out to form what 
are essentially stubby fins, but then plate-like 
extensions grow out from the base of the fins, 
yielding what I call an “I-beam” structure. This 
feature can be found in natural snow crystals as 

Figure 4.47: Cups with Fins. The 
photos on the left and right show 
two views of a cup-shaped snow 
crystal growing on the end of a 
slender ice column. The 3D 
drawing (center) illustrates the 
main structural features, 
including six plate-like “fins” 
that are related to snow crystal 
ridges. The laboratory crystals 
were grown on an e-needle (see 
Chapter 8) near -7 C. 
[SolidWorks drawings by Ryan 
Potter.] 
 
Figure 4.48: I-Beams. The photo 
on the left shows a snow crystal 
growing on an e-needle near 
(𝑻𝑻,𝝈𝝈) = (-9 C, 16%), and its 
overall structure is illustrated in 
the drawing on the right. Here 
the plate has an intermediate 
cone angle, yielding short fin-
ridges that subsequently 
developed plate-like extensions, 
giving an overall “I-beam” ridge 
structure. This morphology is 
remarkably robust on e-needles, 
occurring over a broad range of 
growth conditions (see Chapter 
8). [SolidWorks drawings by 
Ryan Potter.] 
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well, but it is especially clear on e-needles 
because the growth conditions can be kept 
constant for long periods of time. The lower 
plates on the I-beams are another example of 
how readily thin plates emerge in snow crystal 
growth. 
 All the ridge structures described above are 
easily created in the laboratory under constant 
growing conditions, especially on e-needles. 
Moreover, the ridge morphology is quite 
robust, with different variations appearing 
over a broad range of temperatures and 
supersaturations. It is difficult to explain their 
structure simply, owing to the complex balance 
of faceting, branching, and step motions that 
must be happening. For this reason, however, 
ridges should prove to be a good test of future 
3D numerical modeling techniques. Once 
models are able to reproduce these kinds of 
complex structures, especially with growth 
rates that match observations, we will finally be 
able to say that we have made serious progress 
toward providing realistic simulations of snow 
crystal structure formation. 
 
Step Bunching and 
Inwardly Propagating Rings 
Just as ridge-like structures are common on 
slightly convex basal plates growing under 
constant environmental conditions, inward-
propagating rings readily form on slightly 
concave basal plates, and one example is 
shown in Figure 4.49. Similar rings appear 
quite frequently on POP snow crystals (see 
Chapter 9), owing to their unique geometry of 
thin plates that are slightly conical in overall 
shape, as illustrated in Figure 4.50.  

The asymmetrical POP construction often 
produces outward-propagating terrace steps on 
the lower basal surface and inward-propagating 
steps on the upper basal surface. Ridges then 
develop on the lower convex surface, as 
described above, while rings appear on the 
upper concave surface. There is essentially no 
interaction between the ridges and rings, and 
indeed these structures appear to be 
independent of one another in Figure 4.49. 

Figure 4.49: The upper photo shows a large 
laboratory-grown POP snow crystal, while the 
lower photo shows a close-up of a single sectored-
plate branch.  Molecular steps on the top basal 
surface nucleate near the outer edge of the crystal 
and subsequently grow toward the center. The 
molecular steps bunch together to produce a series 
of inward-propagating ring-like features. Near-
constant growth conditions are required to 
produce such a uniform set of growth rings. 
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 Under uniform growth conditions, one 
might naively expect that a steady creation of 
new terraces on the top basal surface might 
yield a simple vicinal surface with roughly 
uniform spacing between steps. In fact, while 
such a surface is a valid solution to the 
diffusion equation, it is not a stable solution. 
The ubiquitous Mullins-Sekerka instability, 
along with possible additional effects from 
molecular surface diffusion, results in a 
phenomenon called step bunching. As the name 
implies, isolated steps soon bunch together to 
form macrosteps that are large enough that they 
can be seen using optical microscopy, as 
illustrated in Figure 4.49. 
 To my limited understanding, step 
bunching can be the result of several different 
physical effects, and disentangling these for the 
case of ice growth is not a trivial task. Bulk 
diffusion almost certainly plays a role via the 
Mullins-Sekerka instability, but surface 
diffusion effects might be important also. 
Because there is no clear model of step 
bunching in ice, it is not yet possible to 
calculate the average macrostep height or 
(equivalently) the spacing between macrosteps 
for a given vicinal angle. As with so many 
features in snow crystal growth, macrostep 
phenomena are easily observable, but not so 
easily understood in detail. 
 Note that diffusion effects on inward- and 
outward-propagating steps are markedly 
different. In Figure 4.50(b), for example, 
diffusion makes inward-propagating steps (on 
a slightly concave basal surface) evolve toward 
a circular shape. Because water vapor diffuses 
in from the supersaturated air surrounding the 
crystal, the step growth is faster for steps nearer 
the outer edges. Thus, any deviation from a 
circular shape is corrected by the growth 
dynamics. For inward-propagating steps, 
therefore, diffusion-limited growth brings 
about a stabilizing effect that maintains a 
simple circular shape. 
 In contrast, Figure 4.50(c) shows how 
diffusion-limited growth on outward-
propagating steps (on a slightly convex basal 
surface) yields a form of the branching 

instability. The water-vapor supersaturation is 
highest near the outer corners of the crystal, so 
terrace step branches soon form at each corner, 
and repeated branching on multiple steps leads 
to the formation of macroscopic ridges, as 
described previously. A small change in the 
basal surface geometry, from slightly concave 
to slightly convex, thus yields a large change in 
overall growth behavior. 

Figure 4.50: (a) The overall geometry of a POP 
crystal, as seen from the side. Steps represent 
molecular terraces on the basal surfaces. (b) 
Growth on the concave top surface yields 
nearly circular inward-propagating steps. Step 
bunching turns a series of one-molecule-high 
steps into a coarser series of macrosteps that 
can be seen using optical microscopy. (c) 
Faster step advancement near the hexagonal 
corners yields ridges on the lower convex 
surface. 
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Ribs on Plates 
While ridges and inward-propagating rings 
readily appear under constant 
environmental conditions, other common 
snow crystal structural features require 
changing conditions for their formation. 
One prominent example is the creation of 
hexagonal “ribs” like those shown in 
Figures 4.51 and 4.52. In Figure 4.51, the 
ribs form a set of hexagonal rings where the 
ice is a bit thicker than elsewhere in the 
plate. In Figure 4.52, the ribs are restricted 
to the crystal’s outer plate-like extensions, 
where they exhibit the same overall 
hexagonal structure.  

In both cases, the ribs are accompanied 
by ridges that divide the plates into sectors. 
Both ribs and ridges are frequently found in 
natural snow crystals as well, as described in 
Chapter 10. As with other growth 
phenomena in this section, ribs are especially 
nicely demonstrated using laboratory-grown 
POP snow crystals, where the growth 

conditions can be well controlled and quickly 
modified at will. 
 Figure 4.53 illustrates how a temporary 
drop in supersaturation surrounding a snow 
crystal can lead to the formation of a rib on a 
growing plate. The top sketch shows the outer 
edge of a POP crystal growing at a relatively 
high supersaturation near -15 C. These 
conditions result in the formation of thin 
plates, and the sketch shows a plate that is flat 
on the upper surface and slightly convex on the 
lower surface, which is typical of POP crystals 
(see Chapter 9). This thin-plate morphology 
continues as long as the supersaturation 
remains high. 
 Upon lowering the supersaturation 
(second sketch in Figure 4.53), the edge-
sharpening instability (ESI) is diminished, 
yielding subsequent growth as a thicker plate. 

Figure 4.51: While growing this POP snow 
crystal, I periodically reduced and then 
increased the supersaturation, yielding the inner 
“spider-web” structure of ribs and ridges. After 
that, I added an extra-thick rib and then let the 
thin plate grow out unencumbered. Hexagonal 
rib patterns like these are typically associated 
with changes in external growth conditions. 
 

Figure 4.52: This POP snow crystal exhibits 
broad, plate-like extensions growing on the 
ends of narrow branches. Here again, the two 
prominent sets of ribs in the plates did not 
appear spontaneously but were induced by 
twice lowering the supersaturation to form a 
rib, then increasing it back again to resume the 
thin-plate growth.  
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Note that the faceted basal and 
prism surfaces grow slowly at 
low 𝜎𝜎 because of the usual 
nucleation barriers on those 
surfaces. The underside of the 
plate begins as a vicinal surface, 
however, on which there is no 
nucleation barrier. Thus, the 
underside grows relatively 
quickly, especially near the edge 
of the plate, as illustrated in the 
figure. Soon a thick “rim” of ice 
emerges on the edge of the plate. 
 Increasing the 
supersaturation to its previous 
high level (third sketch in Figure 
4.53), the ESI again kicks in and 
a thin plate grows out from the 
upper edge of the thicker rim. As 
this thin plate grows outward, it 

shields further growth below it, leaving a 
thick rib structure behind. 
 The qualitative explanation in Figure 
4.53 was easily confirmed by observing 
the growth of POP crystals in real time 
while adjusting the supersaturation in the 
process. Both ribs and ridges were easily 
created, and it was straightforward to 
confirm that both these features were 
confined to the lower convex basal 
surfaces. The multitude of features seen 
in natural snow crystals are much more 
difficult to interpret, as illustrated in 
Figure 4.54. This crystal exhibits a 

cacophony of rib-like features that reflect the 
ever-changing and unknown conditions in 
which it grew.  
 

Figure 4.53: This series of sketches chronicles 
the formation of a snow-crystal rib on the 
underside of a POP snow crystal. When the 
supersaturation is high (top), thin-plate 
growth results. Upon lowering the 
supersaturation (middle), the crystal grows 
more slowly, and its edge develops a thick rim. 
Restoring high supersaturation (bottom), thin-
plate growth commences from the upper edge 
of the rim, leaving a rib structure behind on the 
underside of the plate. 

Figure 4.54: (Below) This natural snow crystal 
apparently experienced many variations in 
supersaturation that resulted in a complex set 
of rib-like surface features. Because the crystal 
tumbled through the atmosphere as it grew, 
the ribs likely formed on both basal surfaces, 
in contrast to the simpler ribs seen on POP 
crystals. 
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Induced Sidebranching 
And Complex Symmetry 
Changes in environmental conditions can also 
profoundly affect the growth of dendritic snow 
crystals, and one particularly important 
phenomenon is induced sidebranching, 
illustrated in Figure 4.55 for the case of a 
dendrite tip growing near -15 C. A key point in 
this discussion is that branches tend to sprout 
from the corners of faceted prism, as was 
discussed previously in conjunction with 
Figure 4.5. This results in orderly branching in 
that the primary branches sprout 
simultaneously on each corner of the prism. 

But if 𝛼𝛼𝑡𝑡𝑤𝑤𝑘𝑘𝑠𝑠𝑚𝑚 is high and the growth is 
sufficiently rapid, then there is no prism 
faceting, so sidebranches sprout somewhat 
chaotically, yielding fernlike stellar dendrites 
like that in Figure 4.8. There is little order in 
this process, with essentially no correlation 
between branches, or even between different 
sides of an individual branch. 

In induced sidebranching, a period of slow 
growth allows faceting at the branch tip, 
yielding three faceted corners on each branch. 
Increasing the supersaturation then causes 
sidebranches to sprout simultaneously from 
each of these three corners, and likewise from 
the three corners on each of the six branches. 
This results in a large-scale coordination of 
sidebranching over the entire snow crystal, as 
shown in the growth of the POP crystal in 
Figure 4.56. 

This example shows in detail that no 
communication between the different 
branches was needed to induce simultaneous 
sidebranching; instead the event was 
stimulated by an abrupt change in the 
externally applied environmental conditions. It 
is straightforward to introduce many abrupt 
changes as a POP snow crystal is growing, and 
one result is shown in Figure 4.57. Essentially 
all the large-scale symmetry seen in this 
example was created by induced-sidebranching 
events or other longer-time changes in the 
growth conditions. This kind of large-scale 
complex symmetry generally does not arise if 

the growth conditions are held constant in 
time. 

Having made numerous movies of growing 
POP snow crystals, they have an almost 
magical appearance because the viewer cannot 
discern the temperature or humidity from the 
images alone. Watching the video, 
sidebranches appear simultaneously on all the 
primary branches from no apparent cause. 
Making the movie is a different experience, 
however, as I consciously change the growth 
conditions to produce different effects at 
different times, with predictable outcomes. 
This experience makes it abundantly clear that 
the choreography and symmetry of a complex 
snow crystal is almost entirely determined by 
time-varying externally applied growth 
conditions. 

The photograph at the beginning of this 
chapter exhibits a great deal of chaotic dendrite 
growth that produced the helter-skelter 

Figure 4.55: Induced Sidebranching. When the 
supersaturation is sufficiently high near -15 C 
(left), 𝜶𝜶𝒕𝒕𝒘𝒘𝒅𝒅𝒔𝒔𝒑𝒑 will be near unity at the tip of a 
growing dendrite, yielding a rounded shape 
with little prism faceting. Upon lowering the 
supersaturation (middle), 𝜶𝜶𝒕𝒕𝒘𝒘𝒅𝒅𝒔𝒔𝒑𝒑 is reduced 
and the tip becomes faceted. Increasing the 
supersaturation once again (right), branches 
sprout from the three exposed corners of the 
faceted tip. One branch continues in the 
primary direction while the other two become 
sidebranches. Looking at the whole crystal, 
this mechanism creates a coordinated set of 
sidebranches on all six primary branches. 
Induced sidebranching is thus responsible for 
much of the complex symmetry seen in stellar 
dendrite snow crystals. 
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sidebranching typical of fernlike stellar 
dendrites. But the largest set of sidebranches, 
occurring at the same location on all six 
primary branches, were almost certainly the 
product of an induced-sidebranching event.  
 
Tridents and  
Triangular Snow Crystals 
While six-fold symmetry is a snow-crystal 
hallmark, small plates often exhibit a three-fold 
symmetry like that shown in Figure 4.58. Note 
that the angles of the prism facets are the same 
as with a normal hexagonal prism, but now 
there are alternating long and short facets, 
giving the overall appearance of a truncated 
equilateral triangle. Triangular plates like these 
can often be found together with hexagonal 
plates in natural snowfalls, although the latter 
are always much more common. 
 We did a brief study looking at the statistics 
of triangular plates by growing small plate-like 
snow crystals in a free-fall growth chamber in 

air near -10 C with 𝜎𝜎∞ ≈ 1.4 percent 
[2009Lib4]. Small hexagonal plates 
are the normal morphology under 
these conditions [2008Lib1, 
2009Lib], but about five percent of 
the crystals exhibited a truncated 
triangular morphology. Figure 4.59 
shows some examples of these and 
other non-hexagonal morphologies 
observed. Examples with nearly 
perfect equilateral-triangle 
morphologies were readily found in 
this sample. 

Figure 4.56: This composite photograph shows 
the phenomenon of induced sidebranching on 
a laboratory-grown POP snow crystal. The left 
image shows the crystal after long branch tips 
were first grown out at high supersaturation, 
and then the branch tips became faceted after 
a short period of low supersaturation. 
Increasing the supersaturation again then 
caused central branches and sidebranches to 
sprout simultaneously on the tips of all the 
primary branches. 

Figure 4.57: The high degree of 
complex symmetry seen in this POP 
snow crystal did not emerge 
spontaneously; I imposed it using a 
series of induced-sidebranching 
events. Induced sidebranching is 
the primary mechanism that 
coordinates the growth of 
sidebranching on stellar snow 
crystals, both in the lab and in 
nature. 
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 We first measured an unbiased sample of 
all simple plate-like crystals and defined a 
“hexagonality” parameter 𝐻𝐻 = 𝐿𝐿1/𝐿𝐿6 as the 
ratio of the length of the shortest side to that 
of the longest side. While 𝐻𝐻 = 1 for a perfect 
hexagonal prism, we found that any crystal 
with 𝐻𝐻 > 0.75  had a generally hexagonal 
appearance by eye, and Figure 4.60 shows our 
measured 𝐻𝐻 distribution. While many crystals 

in our sample exhibited a roughly hexagonal 
appearance, these data indicate that near-
perfect hexagons (𝐻𝐻 ≈ 1) were somewhat rare. 
 We then examined a larger sample from 
which we rejected crystals with 𝐻𝐻 > 0.33, and 
in this non-hexagonal sample we defined a 
“triangularity” parameter 𝑇𝑇 = 𝐿𝐿3/𝐿𝐿4 as the 
ratio of the lengths of the third and fourth 
longest sides. A truncated triangular 
morphology would have a small value of 𝑇𝑇, 
while 𝑇𝑇 → 0 for a near-perfect equilateral 
triangle. 
 Figure 4.61 shows the 𝑇𝑇 distribution we 
measured from our data, showing a sizable 
peak at low values, quantifying our visual 
impression that truncated triangular 

Figure 4.58: These natural snow crystals are 
shaped like small truncated triangular plates. 
They typically appear together with much 
larger numbers of normal hexagonal plates. 

Figure 4.59: A selection of non-hexagonal 
plates observed in a free-fall growth chamber 
at -10 C with 𝝈𝝈∞ ≈ 𝟏𝟏.𝟒𝟒 percent. The top six 
images show crystals with an overall triangular 
symmetry, while the lower six images show 
crystals that are neither hexagonal nor 
triangular in appearance. 
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morphologies were the most common among 
non-hexagonal shapes. We then devised a 
Monte Carlo model in which we generated 
crystals where the perpendicular growth 
velocity of each facet was chosen from the 
same random distribution. From these crystals 
we selected ones with 𝐻𝐻 < 0.33 and calculated 
the 𝑇𝑇 parameter for each. Comparing the 
model and data in Figure 4.61, we conclude 
that crystals with a triangular morphology 
(small 𝑇𝑇) are much more common than one 
would expect from random growth 
perturbations of normal hexagonal crystals.  
  The point of this exercise is to show, 
quantitatively, that there really is something 
special about the triangular morphology. Of all 
the other possible non-hexagonal shapes 
(some of which are shown in Figure 4.59), 
those with overall three-fold symmetry are by 
far the most numerous. Given that the 
underlying ice crystal symmetry is unchanged, 
so all six facets are essentially identical at the 
molecular level, the question then becomes 
what forces guide the development of 
triangular plates? 

 To address this question, it is useful to also 
look at the formation of dendritic crystals 
forming from hexagonal columns near -5 C, 
and two examples are illustrated in Figure 4.62. 
The high-𝜎𝜎 crystal developed into a six-
pronged “witch’s broom” shape as fishbone 
dendrites sprouted from each of the six corners 
of the initial hexagonal column. In contrast, 
only three branches developed in the low-𝜎𝜎 
crystal, giving it a three-pronged “trident” 
shape. Here again the crystal exhibits a three-
fold symmetry, and more than half of all 
crystals grown under these conditions 
exhibited the same trident morphology. 
 The formation of tridents can be nicely 
explained from the diffusion-driven 
competition between the different branches, as 
illustrated in Figure 4.63. Beginning with six 
identical branches, assume that one grows out 
a bit faster than the others, just by random 
chance. This branch then sticks out farther into 
the supersaturated air and shields the growth of 

Figure 4.60: The distribution of measured 
values of the hexagonality parameter 𝑯𝑯 for an 
unbiased sample of small plate-like crystals 
grown at -10 C. These data show that most 
plates are visually hexagonal in shape, but 
near-perfect hexagons are rare. 

Figure 4.61: The distribution of measured 
values of the triangularity parameter 𝑻𝑻 for a 
sample of plate-like crystals with 𝑯𝑯 < 𝟎𝟎.𝟑𝟑𝟑𝟑 
grown at -10 C. The line shows a Monte-Carlo 
model that assumes random growth 
perturbations of a hexagonal plate, again for 
crystals with 𝑯𝑯 < 𝟎𝟎.𝟑𝟑𝟑𝟑 [2009Lib4]. These data 
indicate that truncated triangular plates are far 
more common than other non-hexagonal 
simple plates. 



167 
 

its nearest neighbors slightly. The larger branch 
thus grows faster while its nearest neighbors 
are soon left behind, this process being yet 
another manifestation of the Mullins-Sekerka 
instability.  

Of the remaining three branches, the outer 
two receive slightly more water vapor as a 
result of their two stunted neighbors, so they 
too grow out faster, leaving their middle 
neighbor behind. Assuming this diffusion 
dance plays out quickly, then a trident crystal 
emerges. It is left as an exercise for the reader 
to show that a trident also results if initially one 
branch grew slightly slower than the others. 

Figure 4.62: (Left) A “trident” snow crystal forming 
on the end of an ice e-needle (see Chapter 8) in air 
with (𝑻𝑻,𝝈𝝈) = (-5 C, 32%). Starting from a hexagonal 
column, only three branches grew to a discernable 
length. (Right) A similar crystal growing with (𝑻𝑻,𝝈𝝈) 
= (-5 C, 64%). In this case the opening angle 
between the branches is larger and all six grew out 
from the initial columnar crystal. 

Figure 4.63: Trident Formation. (Top) If one of 
six primary branches (branch A) extending 
from a columnar crystal becomes a bit taller 
than the others, then the Mullins-Sekerka 
instability will enhance its growth, while its 
immediate neighbors (branches B and C) will 
be shielded. (Middle) As branch A grows taller 
and branches B and C are left behind, D and E 
will be more exposed to the supersaturated air 
and will thus grow faster, shielding branch F. 
(Bottom) In time, branches A, D, and E will 
dominate while B, C and F are strongly 
shielded, yielding a trident-shaped crystal. 
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 This mechanism also explains why the low-
𝜎𝜎 crystal in Figure 4.62 developed into a trident 
while the high-𝜎𝜎 crystal retained all six 
branches. In the low-𝜎𝜎 case, the opening angle 
of the branches was small, so the competition 
between branches was strong and persistent. In 
the high-𝜎𝜎 case, the opening angle was greater, 
and the growth rate was faster, so the branches 
quickly grew apart and the competition 
between them was weaker. 
 A key feature in this discussion is that 
three-fold symmetry is generally more stable 
than six-fold symmetry, at least regarding 
diffusion-limited growth. If a hexagonal plate 
is perturbed slightly toward a trigonal 
symmetry, then the Mullins-Sekerka instability 
will reinforce this perturbation, growing it to 
larger scales. But this process does not work in 
reverse; perturbing a triangular crystal slightly 
does not produce a hexagonal crystal via this 
mechanism. In the same vein, tridents are more 
stable than six-branched witch’s brooms. 
 Given this one-way stability feature, all that 
is needed to turn a hexagonal crystal into a 
trigonal one is the initial perturbation. In the 
case of tridents, the likely perturbation 
mechanism is illustrated in Figure 4.63. The 
case for triangular plates is not so clear, but we 
described a possible aerodynamic mechanism 
in [2009Lib4]. This may not be the correct 
mechanism, however, and I suspect that there 
may be additional physics to consider in this 
matter. Nevertheless, it appears that three-fold 
symmetry in snow-crystal formation generally 
arises from diffusion-limited growth. 
 
Negative Snow Crystals 
Figure 4.64 illustrates the growth of a 
“negative” snow crystal created by attaching a 
vacuum pump to a thin capillary tube inserted 
into a block of single-crystal ice. Water vapor 
is extracted through the capillary, leaving 
behind a void in the ice. Facets appear because 
it is especially difficult to remove water 
molecules from a perfectly faceted surface, as 
each is tightly bound by neighbors on all sides. 
It is comparatively much easier to remove 

molecules from a terrace step, as step-edge 
molecules have fewer nearest neighbors and 
are thus less tightly bound. Beginning with an 
arbitrarily shaped void, molecules are 
preferentially removed from terrace edges, 
eventually leaving behind a perfectly faceted 
void in the shape of a hexagonal prism. 
 Note that the faceted shape does not arise 
from surface energy effects, and the minimum 
energy shape is likely nearly spherical (see 
Chapter 2). As with snow crystal growth, the 
formation of a prismatic void is a dynamical 
effect resulting from sublimation kinetics 
(which are related to attachment kinetics). In 
this case, the sublimation kinetics includes a 
strong nucleation barrier preventing the 

Figure 4.64: A photograph of a “negative” snow 
crystal growing at -14 C [1965Kni]. The 
capillary tube (black) has a diameter of 0.45 
mm. The overall faceted shape arises from a 
strong nucleation barrier in the sublimation 
kinetics, while the protrusions result from 
thermal-diffusion-limited growth. As with 
normal snow crystal growth, faceting is a 
nonequilibrium process dominated by 
molecular kinetics, while surface energy effects 
(which define the equilibrium crystal shape) 
are likely negligible. 
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sublimation of molecules from internal 
faceted surfaces. 
 Note also that the time needed for 
this prismatic void to relax to its 
equilibrium shape might be exceedingly 
long. If the capillary were somehow 
extracted to leave behind a clean faceted 
void, then relaxation to a spherical shape 
would mean removing molecules from 
the facet surfaces and depositing them in 
the corners. This process is strongly 
suppressed by the nucleation barrier, 
greatly increasing the relaxation time. 
This slow equilibration also applies to 
bubbles in ice, as illustrated in Figure 4.40. 
 The formation of negative snow 
crystals is also affected by thermal 
diffusion, resulting in the peculiar 
protruding shapes seen within the void in 
Figure 4.64. Beginning with a perfectly 
faceted void, removing material via 
sublimation cools the ice, and the 
extracted heat must be replaced by 
thermal diffusion from the surrounding 
medium. The prism corners, sticking out 
farther into the ice, are more efficiently heated 
by diffusion, so the corners sublimate more 
quickly than the facet centers. As this process 
continues and the void grows larger, ice 
protrusions extend from the facet centers into 
the void.  
 Negative snow crystals have received 
relatively little study [1965Kni, 1993Fur], in 
part because they are somewhat difficult to 
grow under well-defined environmental 
conditions. Determining the undersaturation 
with useful accuracy is challenging, and 
negative crystals tend to be substantially larger 
than normal snow crystals. Quantitative 
growth measurements of negative crystals are 
subject the same kinds of systematic errors 
discussed in Chapter 7, and these are generally 
smaller with normal snow crystals. 
Nevertheless, a careful investigation of the 
growth and equilibration dynamics of negative 
ice crystals as a function of temperature could 
yield many useful insights. 
 

Sublimation 
If the water vapor pressure in air surrounding 
a snow crystal is lower than the equilibrium 
vapor pressure of ice, then 𝜎𝜎∞ < 0 and 
sublimation will begin removing molecules 
from the ice surface, as illustrated in Figure 
4.65. The term sublimation refers to the phase 
transition taking the solid directly into vapor, 
in this case when the temperature remains 
below 0 C (see Chapter 2). In sub-saturation 
conditions, the excess vapor near the surface 
must be carried away by diffusion, so the 
process of diffusion-limited sublimation is 
governed by the same physics described above, 
including both particle and heat diffusion.  
 One substantial difference between 
sublimation and deposition is that there are no 
nucleation barriers for the sublimation of 
convex surfaces, which means most of the 
surfaces seen in Figure 4.65. Thus, while 
faceting is a major player in snow crystal 
growth, it is largely absent in snow crystal 
sublimation as most surfaces exhibit 𝛼𝛼 ≈ 1. 
For this reason, the sublimating crystal in 

Figure 4.65: (Left) A photograph of a single branch of a 
growing POP snow crystal. (Right) The same POP 
crystal a few minutes later, after reducing the humidity 
to sub-saturation levels, at which point the ice stopped 
growing and began sublimating away.  
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Figure 4.65 exhibits mostly rounded surfaces, 
while the growing crystal has a generally 
sharper appearance. In diffusion-limited 
sublimation, crystal features that stick out 
farthest into the sub-saturated air sublimate 
fastest, so sharp corners and edges quickly 
become rounded. 
 Photographs of natural snow crystals often 
show rounded edges because they begin 
sublimating once they leave the supersaturated 
clouds for their final descent through sub-
saturated air. When snow clouds are quite high 
in the sky, falling crystals often have a “travel-
worn” appearance for this reason. Snow crystal 
photography can be especially rewarding when 
the clouds are close to ground level, revealing 

sharply faceted features. Laboratory-grown 
POP crystals exhibit generally sharper, more 
vibrant structural features because they are 
photographed as they are growing. 
 Occasionally people will capture multiple 
photographs of a natural snow crystal as it 
sublimates away under the camera lens, and 
then claim the time series running in reverse 
shows a growing snowflake. Of course, taking 
a set of photographs is much easier than 
actually growing a snow crystal in the lab, but a 
trained eye can quickly identify the telltale signs 
of sublimation. 
 
 
 

Figure 4.66: A composite image showing a POP crystal as it grows (left side) and sublimates (right side).  
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