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The chief forms of beauty  
are order  

and symmetry  
and definiteness.  

 – Aristotle 
Book XIII (350 B.C.) 

 
The lattice structure and physical properties of 
ice are foundational elements needed to 
understand the formation of snow crystals. 
Several books about the material science of ice 
have appeared over the years (e.g. [1970Fle], 
[1974Hob], [1999Pet]), so we will not delve 
into all of the multifarious mechanical, thermal, 
chemical, electrical, and optical properties of 
this fascinating material. Mostly our discussion 
will be restricted to those ice properties that 
factor directly or indirectly into snow crystal 
growth.  

 One principal focus will be on the 
molecular structure of the ice crystal lattice, as 
this underlies the well-known six-fold 
symmetry seen in snow crystals. The lattice 
construction also elucidates several varieties of 
crystal twinning that have been observed in 
natural snow crystals. Throughout this 
discussion, we will find that two-dimensional 
projections of the molecular lattice are 
remarkably useful for visualizing different 
aspects of the ice crystal structure. 

The molecular organization of the 
ice/vapor interface is another important theme 
in this chapter, because the surface is where 
growth takes place. The basal and prism facets 
are identified with specific lattice planes for 
which the ice/vapor interface is particularly 
“smooth” on a molecular scale. This 
characteristic not only gives each facet a lower-
than-average surface energy, it also hinders the 
attachment kinetics of impinging molecules to 
the surface. The latter property, more than the 
former, controls the formation of snow crystal 
facets. 
 Thermal equilibrium will be a shared 
feature of most of the topics discussed in this 

 
 
  Chapter 2 
  

Ice Crystal 
Structure 
 

 
 

Facing page: A synthetic snow crystal, 2.3 mm 
from tip to tip, grows while supported above a 
transparent substrate, surrounded by a field of 
small, supercooled water droplets. Chapter 10 
describes how snow crystals like this one can 
be created in the laboratory. 
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chapter, distinguishing it substantially from 
those that follow. Crystal growth is a non-
equilibrium, dynamically driven process, which 
is largely why it is so difficult to understand and 
quantify. Solving the many-body problem for a 
system in equilibrium involve statics, energy 
minimization, and equilibrium statistical 
mechanics, and these topics are generally 
tractable, at least in principle. Crystal growth, 
on the other hand, involves molecular 
dynamics, energy flow and non-equilibrium 

statistical mechanics, and in many instances 
even the basic physical theories are not well 
understood. For this reason, we begin our 
scientific discussion of snow-crystal formation 
by examining the most relevant properties of 
ice in equilibrium. 
 
2.1 The Phase Diagram  
The full phase diagram of water is a 
complicated beast, as shown in Figure 2.1, 
including some 15 known forms of ice, with 

Figure 2.1: The phase diagram of water as a function of temperature and pressure. Snow crystal growth 
occurs on the ice/vapor boundary below the triple point, mostly at temperatures between 0 C and -40 
C. Note that most of the known phases of ice exist only at extremely high pressures. Image from 
https://en.wikipedia.org/wiki/Ice.  
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perhaps more to come as ever-higher pressures 
are being explored. Although there is 
considerable scientific interest in the 
crystallography and stability of the various 
exotic states of ice, these lie beyond the scope 
of this book. Our concern will be the basic, no-
frills, ice/vapor transition, circled in red in 
Figure 2.1. Although just a small slice of the 
water phase diagram, its complex dynamical 
behavior is already more than enough to fill a 
book. 

The phase diagram in Figure 2.1 only 
delineates the boundaries between the different 
equilibrium phases of ice, water, and water 
vapor, depicting the lowest-energy state at each 
temperature and pressure. As such, the chart 
conceals the phenomenological richness 
inherent in transitions between the different 
states. Each line in Figure 2.1 tells us under 
what conditions water will change phase, but it 
says nothing about the nonequilibrium physical 
processes that define the character of that 
phase transition. It is likely that there are many 
fascinating stories to tell about the growth 
dynamics that must occur along every line 
segment in Figure 2.1. We restrict our attention 
to one particular phase transition because it has 
proven itself worthy of study, plus the others 
remain almost completely unexplored. 
 
2.2 Ice Crystallography 
The word “crystal” derives from the Greek 
krystallos, which means “ice” or “clear ice.”  
Despite its meaning, the word was not 
originally used to describe ice, but rather the 
mineral quartz.  Pliny the Elder, an early 

Roman naturalist, described clear quartz 
krystallos as a form of ice, frozen so hard that 
it could not melt.  He was of course mistaken 
on this point; quartz is not a form of ice, nor is 
it even made of water.  Nevertheless, Pliny’s 
misinterpretation is still felt in the language of 
the present day, after nearly 2000 years.  If you 
look in your dictionary, you may find that one 
of several definitions of the word crystal is 
simply “the mineral quartz.” 

The usual scientific definition of crystal is 
any material in which the atoms and molecules 
are arranged in an ordered lattice (although 
liquid crystals, quasi-crystals, and other uses of 
the word can be found in the scientific 
literature). Figure 2.2 shows a molecular model 
of ice Ih, the only form of ice commonly found 
on the Earth’s surface, including in snow 
crystals. Note how two hydrogen atoms closely 
flank each oxygen atom, so the trio forms an 
essentially intact H2O molecule. The ice crystal, 
therefore, can be considered as a collection of 
whole water molecules arranged in a lattice 
structure. 

Strong molecular bonds bind the individual 
H2O molecules, and these in turn are 
connected together by weaker O-H bonds to 
form the crystal. In the terminology of 

Figure 2.2: A molecular model of the ice Ih 
crystal rotated by 0, 18, 72, and 90 degrees 
about the [𝟎𝟎𝟎𝟎𝟎𝟎�𝟎𝟎] axis. The large blue spheres 
represent oxygen atoms, and the smaller 
spheres represent hydrogen atoms. The first 
image is looking down the c-axis, revealing the 
hexagonal lattice structure. 
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chemical bonding, covalent bonds tightly bind 
the two hydrogens in each water molecule, 
while weaker hydrogen bonds connect adjacent 
water molecules. This arrangement is described 
by the Bernal–Fowler rules [1933Ber], placing 
exactly one hydrogen atom between each 
adjacent pair of oxygen atoms, as shown in 
Figure 2.2. Of course, this is all better 
visualized using a full 3D bonding model, and 
one can purchase model kits specifically for 
water ice. 

While the arrangement of oxygen atoms is 
fully described by the hexagonal lattice 
structure in ice Ih, the placement of hydrogen 
atoms using the Bernal–Fowler rules allows a 
certain degree of ambiguity, as is demonstrated 
by example in Figure 2.3. It is possible to twist 
the individual H2O molecules around into a 
large number of possible arrangements while 
maintaining two strong and two weak O-H 

bonds on each oxygen atom. This ambiguity 
appears to play no important role in snow 
crystal growth, but it is a basic feature of the ice 
Ih lattice.  
 
Hexagonal and Cubic Ice 
The two O-H bonds in a free H2O molecule 
meet at an angle of 104.5 degrees, which is 
close to the tetrahedral angle of 109.5 degrees. 
Because of this near match, the four O-H 
bonds emanating from each oxygen atom in 
the ice crystal (two tight bonds, two weaker 
bonds) are essentially in a tetrahedral 
arrangement. Given this bond structure, there 
are two ways to form a crystal lattice: the 
hexagonal (ice-like) structure and a cubic 
(diamond-like) structure, as shown in Figure 
2.4. The difference between these two 
structures comes down to a twist in the 
bonding of adjacent tetrahedra separating the 
basal planes. 
 Adopting the ice Ih bonding shown in 
Figure 2.4 gives the normal ice lattice shown in 
Figure 2.2, which has hexagonal symmetry. 
Choosing the ice Ic bonding throughout the 
lattice yields a structure with a cubic symmetry 
called ice Ic. Both crystal structures can be 
found in the phase diagram in Figure 2.1, but 
only ice Ih is stable under ordinary 
environmental conditions.  Nevertheless, as we 
will see below, cubic ice bonding appears to 

Figure 2.3: A 2D toy-model example of the 
Bernal–Fowler rules in ice Ih (although the 
full 3D rules do not visualize especially well in 
2D). The basic idea sketched here is that there 
are many possible ways to orient the 
individual H2O molecules in the crystal while 
keeping exactly one hydrogen atom between 
each adjacent pair of oxygen atoms, with each 
hydrogen forming one strong and one weak 
bond. 

Figure 2.4: The essential lattice difference 
between hexagonal ice Ih (left) and cubic ice 
Ic (right) is a twist in some of the bonds, 
specifically those between the basal layers in 
ice Ih. Here the balls and sticks represent 
oxygen and hydrogen atoms, respectively.  
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play a small role in normal snow crystal 
structures. 
 Stacking spheres is another way to see the 
difference between the Ih and Ic lattice 
structures. Beginning with a flat surface, the 
first layer of spheres is optimally stacked in the 
usual hexagonal close-packed arrangement. 
The next layer goes on top of the first with no 
ambiguity; there is only one way to place a 
second layer of spheres on top of the first. 
With the third layer, however, there are two 
choices in its placement. If the first sphere is 
placed directly over a sphere in the first layer, 
the Ih lattice results (assuming this same choice 

is made for all subsequent layers). Shifting the 
third layer slightly, so the 3rd-layer spheres are 
not directly over spheres in the first layer 
results in the Ic structure (again, assuming this 
choice is made consistently). If some layers use 
the Ih placement and others use the Ic 
placement, this is called a “stacking 
disordered” structure. 
 Although cubic ice Ic has been created in 
the laboratory at low temperatures, no 
examples of faceted “cubic” snow crystals have 
been made, although this would certainly be an 
interesting sight. Moreover, to my 
understanding, pure cubic ice Ic has not even 

Figure 2.5: The Miller and Miller-Bravais indices displayed on an unfolded hexagonal prism of ice Ih. 
Image by Maurine Montagnat and Thomas Chauve, www.hidaskaroly.eu/insidestrain/ice/ice.html  
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been definitively observed in the laboratory or 
in nature; laboratory samples are generally 
stacking-disordered to a substantial degree and 
are thus essentially mixtures of ice Ic and Ih.  

It appears that ice Ic has a lower surface 
energy than ice Ih, causing it to nucleate more 
readily from liquid water under certain 
conditions [2005Joh]. There is even evidence 
that ice Ic can be found as minute ice grains in 
high-altitude clouds, although this is not 
known with certainty. The line between ice Ih 
and ice Ic in Figure 2.1 is dotted, not solid, 
representing that this “pseudo” phase 
boundary (not a real phase boundary in the 
usual thermodynamic sense of a first-order 
phase transition) is not so well understood. 
 
Lattice Projections 
When referring to the various planes and axes 
in crystal lattices, it is customary to use either 
the 3-axis Miller indices or (more usually) the 
4-axis Miller-Bravais indices, and both are 
shown in Figure 2.5 for ice Ih. Curly brackets 
refer to families of planes, including the {0001} 
basal facets and the {1�010} family of prism 
facets. Parentheses refer to specific planes, 
including the basal facet (0001) and the six 
prism facets (11�00), (101�0), (011�0), (1�100), 
(1�010), and (01�10). Square brackets denote 
directions, for example the c-axis [0001] that 
is perpendicular to the basal face, or the a-axis 
[112�0] that is perpendicular to the (112�0) face. 
All six a-axes point to corners of the hexagonal 
prism, as shown in Figure 2.5. The {112�0}  
planes are sometimes called the secondary 
prism faces, although growing ice crystals do 
not form facets on these planes. 

Although the {0001} basal facets and the 
{1�010} prism facets are by far the most 
common faceted surfaces seen in snow 
crystals, the {101�1} pyramidal facets have also 
been observed, as shown in Figure 2.6. Little is 
known about the growth of pyramidal facets, 
but the evidence suggests that they form only 
rarely, at quite low temperatures (below -20 C) 
and perhaps only in air (or, more to the point, 
not in a near-vacuum environment).  

Figure 2.6: South-pole snow crystals displaying 
pyramidal facets. Image from [2006Tap].  
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 To relate the Miller-Bravais indices to the 
ice crystal facets, it is useful to examine several 
2D projections of the 3D lattice structure of ice 
Ih. For example, Figure 2.7 shows the lattice 
structure of the {1�010} prism facets and the 
{112�0} surfaces, both looking down along the 
c-axis. Since the early days of X-ray 
crystallography, it had been thought that the 
{1�010} surfaces coincided with the well-known 

prism facets seen in snow crystals, as the 
{1�010} surfaces have a somewhat simpler 
lattice structure compared to the {112�0} 
surfaces. Although this early assessment was 
indeed correct, it was only definitively 
confirmed by direct observation rather recently 
[2017Bru]. Figure 2.8 shows another lattice 
projection that includes the basal, prism, and 
pyramidal facets. The ice lattice parameters 𝑎𝑎0 
and 𝑐𝑐0 are defined in Figures 2.7 and 2.8, and 
measurements near 0 C give 
 

𝑎𝑎0 = 0.452 nm (2.1) 
 
𝑐𝑐0 = 0.736 nm 

 
and the respective spacings between basal and 
prism layers are then 
 
 

Figure 2.7: Two projections of the ice Ih lattice 
looking down along the [𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎] direction 
(perpendicular to a basal facet). A prism 
{𝟎𝟎�𝟎𝟎𝟎𝟎𝟎𝟎} facet and a {𝟎𝟎𝟎𝟎𝟐𝟐�𝟎𝟎} surface are labeled. 
(The latter is sometimes called a secondary 
prism surface, although it does not exhibit any 
known faceting.) 

Figure 2.8: A projection of the ice Ih lattice 
looking along the [𝟎𝟎𝟎𝟎𝟐𝟐�𝟎𝟎] direction, showing 
the basal, prism, and pyramidal facets. The 
angle between the prism and pyramidal facets 
is 𝐭𝐭𝐭𝐭𝐭𝐭−𝟎𝟎(√𝟑𝟑𝒂𝒂𝟎𝟎/𝟐𝟐𝒄𝒄𝟎𝟎) = 𝟐𝟐𝟐𝟐.𝟎𝟎 degrees. (The 31.5-
degree angle seen in Figure 2.6 is from looking 
along the [𝟎𝟎�𝟎𝟎𝟎𝟎𝟎𝟎] direction, which is not 
parallel to a pyramidal facet.)  
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𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
𝑐𝑐0
2

= 0.37 nm (2.2)  
 

                      𝑥𝑥𝑝𝑝𝑝𝑝𝑝𝑝𝑏𝑏𝑝𝑝 = �
√3
2 �𝑎𝑎0 = 0.39 nm 

 
 
Terrace Steps 
As we will see in Chapter 3, the nucleation of 
new molecular terraces is a key factor in the 
formation of snow-crystal facets, and terrace 
nucleation is governed by terrace step energies. 
It is useful, therefore, to examine the molecular 
structure of terrace steps, and several lattice 
projections that do so are shown in Figures 2.9, 
2.10, and 2.11. While the surface energies of 
the facet planes are generally lower than non-
faceted surfaces, this anisotropy in the surface 
energy seems to play only a minor role in snow-
crystal faceting. The anisotropy in the 
attachment kinetics (see Chapter 3) is much 
stronger, and this is the more important factor 
governing snow-crystal growth rates and 
faceting.  

The fact that the terrace steps are relatively 
shallow on the {112�0} surfaces, as shown in 

Figure 2.9: A projection of the ice Ih lattice 
looking along the [𝟎𝟎𝟎𝟎𝟐𝟐�𝟎𝟎] direction, showing 
basal and prism facets and terrace steps. The 
spacing between basal layers is 𝒄𝒄𝟎𝟎/𝟐𝟐 = 𝟎𝟎.𝟑𝟑𝟑𝟑   
nm, while the spacing between prism layers 
is (√𝟑𝟑/𝟐𝟐)𝒂𝒂𝟎𝟎 = 𝟎𝟎.𝟑𝟑𝟑𝟑 nm. 

 
 
Figure 2.10 (left): Terrace 
steps on a prism {𝟎𝟎�𝟎𝟎𝟎𝟎𝟎𝟎} 
facet and a {𝟎𝟎𝟎𝟎𝟐𝟐�𝟎𝟎} surface, 
as seen looking along the 
[𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎] direction. Note that 
the prism step is more 
distinct, and admolecules 
would likely bind much 
more strongly at a terrace 
step than on the prism facet. 
In contrast, the {𝟎𝟎𝟎𝟎𝟐𝟐�𝟎𝟎} step 
is less distinct, and binding 
at the step edge is likely not 
much stronger than 
elsewhere on the surface. 
The larger terrace step in the 
top sketch suggests stronger 
faceting on the prism 
surface, as is observed. 
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Figure 2.10, likely explains the absence of 
faceting on these surfaces. In contrast, the 
larger terrace steps on the basal and prism 
surfaces creates a substantial nucleation barrier 
that promotes strong faceting on these 
surfaces. This line of reasoning further 

suggests that the pyramidal step energy likely 
becomes substantial at low temperatures, as 
pyramidal facets apparently only form in quite 
cold conditions. These are both speculative 
statements, however, as only the basal and 
prism step energies have been measured to 
date. Even then, as we will see in Chapter 3, 
there is some mystery surrounding their values 
in air versus in near-vacuum. 
 As a word of caution, it should be 
remembered that these sketches of lattice 
projections are oversimplified representations 
of the molecular surface structures of ice, valid 
only at extremely low temperatures. At typical 
temperatures associated with snow crystal 
growth, thermal fluctuations can easily distort, 
or even completely rearrange, the lattice 
structure at the surface, and the high vapor 
pressure of ice means that molecules are 
continuously leaving and reattaching to the 
lattice at a prodigious rate. Even a background 
gas like air may affect the ice surface 
characteristics, as we will see in Chapter 7. 
Although these lattice sketches can be quite 
useful for visualization purposes, real ice 
surfaces are neither rigid nor static.  
 
2.3 Surface Premelting 

Figure 2.12 shows a dramatic 
example of how real ice surfaces can 
deviate from rigid lattice structures, 
in this case via a phenomenon 
known as surface premelting 
[1999Pet, 2006Das, 2007Li, 

Figure 2.11: A projection of the ice Ih lattice 
looking along the [𝟎𝟎�𝟎𝟎𝟎𝟎𝟎𝟎] direction, showing 
basal and (𝟎𝟎𝟎𝟎𝟐𝟐�𝟎𝟎) surfaces and terrace steps. 
From this perspective, it is easy to see why the 
basal terraces are sometimes called molecular 
bilayers.  

Figure 2.12: A molecular-dynamics 
simulation from [2014Lim] 
demonstrating surface premelting. 
At temperatures far below the 
melting point (left), the bulk lattice 
structure persists all the way up to 
the surface (here showing an edge-
on view of a basal facet). Near the 
melting point, however, the top 
molecular layers lose their ordered 
structure, forming an amorphous 
premelted layer, also called a 
quasi-liquid layer (QLL). 
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2014Lim]. Because water molecules near an ice 
surface are less tightly bound compared to 
those in the bulk, a disordered quasi-liquid 
layer (QLL) appears on the surface near the 
melting point. First predicted by Michael 
Faraday in 1859 [1859Far], much recent 
research has been aimed at better 
understanding this enigmatic phenomenon. 
 One way of thinking about surface 
premelting is through the Lindemann criterion 
[1910Lin], which states that a solid will melt if 
thermal fluctuations of the intermolecular 
distance become larger than approximately 10-
15 percent of the average distance. This 
empirical rule applies (roughly) to a broad 
range of materials, and one expects that 
thermal fluctuations will be larger near the 
surface, owing to the reduced binding there. 
One can turn this into a useful toy model 
[2005Lib], but more-sophisticated theoretical 
treatments of the phenomenon have been 
developed [2006Das, 2014Lim]. At present, the 
structure and dynamics of surface premelting is 
quite poorly understood.  
 Surface premelting is an equilibrium 
phenomenon that demonstrates that the phase 
boundary between the liquid and solid phases 
of a material is only precisely defined when the 
sample has infinite extent (called “bulk” 
material). For nanometer-scale clusters, when 
the QLL thickness becomes comparable to the 
size of the system, the cluster melting point can 
be substantially lower than the bulk melting 
temperature. There is considerable current 
theoretical and experimental interest in the 
topic of cluster premelting, and finite-sample 
thermodynamics more generally, and this work 
is related to surface premelting in ice. 
 Based on the experimental and theoretical 
evidence to date, the thickness of the ice QLL 
(defined by some appropriate parameterization 
of the molecular disorder relative to a rigid 
lattice) becomes roughly equal to the 
monolayer thickness at around -10 C, diverging 
logarithmically as the temperature approaches 
the melting point. There is, unfortunately, a 
great deal of uncertainty regarding the detailed 
structure and general behavior of premelting in 

ice. Many experimental surface probes have 
found convincing evidence for premelting, but 
different experiments measure different 
surface properties, and it is not always clear 
how to compare different results. Molecular 
dynamics simulations provide many insights 
into the detailed structure of the QLL (as seen 
in Figure 2.13), but quantitative comparison 
with experiments remains a nontrivial 
challenge. 
 It has long been speculated that surface 
premelting in ice plays a major role in snow 
crystal growth, perhaps explaining much of the 
growth behavior seen in the snow-crystal 
morphology diagram [1987Kob, 1984Kur1]. 
While it seems quite likely that surface 
premelting is important, defining what its 
various effects actually are exactly has been 
problematic. For the present, there seems to be 
no concrete, well-established physical 
connection between surface melting and snow 
crystal growth, although this situation may 
change at any time. 
 Surface premelting becomes especially 
pronounced at temperatures above -1 C, when 
the QLL becomes quite thick and perhaps 
subject to instabilities that result in a 
nonuniform QLL thickness [2015Asa]. This 
topic relates to a long-debated question of 
whether water completely “wets” ice at 0 C. 
Put another way, does a water drop on ice 
remain confined with a non-zero contact angle, 
or does it spread until it covers the ice surface 
in a layer of uniform thickness? This question 
is difficult to answer because experimental 
observations are always potentially affected by 
surface impurities that could affect the wetting 
behavior. The evidence suggests that the 
ice/water contact angle at 0 C is small but 
nonzero, although the subject has not been 
fully settled yet. Snow crystal growth at 
temperatures between -1 C and 0 C could be 
phenomenologically quite interesting, and few 
observations have been made to date in this 
regime. 
 A particularly promising direction for 
understanding the ice surface is the use of 
molecular-dynamics simulations to measure 
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important properties directly from the known 
chemical interactions between constituent 
molecules. The same MD simulations that 
impressively demonstrate the structural 
behavior of surface premelting can also be used 
to calculate terrace step energies [2012Fro], at 
least in principle. This allows for a ready 
comparison with experiments, as step energies 
have recently been measured over a broad 
range of temperatures [2013Lib]. Moreover, 
because the step energy is a static, equilibrium 
quantity, the prospects for making accurate 
numerical estimates look excellent. Comparing 
the structure and energetics of terrace steps 
with the accompanying surface premelting may 
lead to many valuable insights about the 
molecular origins of the large-scale physical 
properties of ice surfaces. 
 
2.4 Ice Energetics 
Many ice properties factor into the physics of 
snow crystal growth, notably the bulk, surface, 
and step energies of the ice crystal. The terrace 
step energies are particularly important for 
determining growth rates, so these will receive 
special attention throughout this book. For 
completeness, however, we document here a 
list of particularly relevant ice energetics. 
 
Bulk Energies 
The bulk properties refer to sample sizes that 
are large enough that surface effects are all 
negligible. The bulk energies include the 
specific heats of the water/vapor transition (in 
this case often called evaporation, 
condensation, or vaporization, depending on 
conventions), the ice/vapor transition 
(typically called sublimation or deposition) and 
the ice/water transition (melting, freezing, or 
fusion). Each of these is the amount of energy 
needed to cross a line in the water phase 
diagram (Figure 2.1), as all of these are simple 
first-order phase transitions. Because water is 
an extremely well-studied material, all these 
quantities have been accurately measured over 
a broad range of temperatures and pressures. 

Near the triple point of water, we have (using 
the notation s/l/v = solid/liquid/vapor) 
 

𝐿𝐿𝑏𝑏𝑠𝑠 ≈ 2.8 × 106 J/kg (2.3) 
 

𝐿𝐿𝑏𝑏𝑠𝑠 ≈ 2.5 × 106 J/kg 
 

𝐿𝐿𝑏𝑏𝑏𝑏 ≈ 0.33 × 106 J/kg 
 
and we see 𝐿𝐿𝑏𝑏𝑠𝑠 ≈ 𝐿𝐿𝑏𝑏𝑏𝑏 + 𝐿𝐿𝑏𝑏𝑠𝑠, as we would expect 
at the triple point. The specific heats vary 
somewhat with position on the respective 
phase boundaries, but these differences are not 
very important for our focus on snow crystal 
growth. 
 Related useful quantities include heat 
capacities (here at constant pressure) of water 
vapor, liquid water, and ice: 
 

𝑐𝑐𝑝𝑝,𝑤𝑤𝑠𝑠 ≈ 2.0 kJ/kg ∙ K (2.4) 
   

𝑐𝑐𝑝𝑝,𝑤𝑤𝑏𝑏𝑤𝑤𝑤𝑤𝑝𝑝 ≈ 4.2 kJ/kg ∙ K 
 

𝑐𝑐𝑝𝑝,𝑝𝑝𝑖𝑖𝑤𝑤 ≈ 2.1 kJ/kg ∙ K 
 
thermal conductivities 
 

𝜅𝜅𝑤𝑤𝑠𝑠 ≈ 0.02 W/m ∙ K (2.5) 
   

𝜅𝜅𝑤𝑤𝑏𝑏𝑤𝑤𝑤𝑤𝑝𝑝 ≈ 0.6 W/m ∙ K 

 
𝜅𝜅𝑝𝑝𝑖𝑖𝑤𝑤 ≈ 2.3 W/m ∙ K 

 
and material densities 
 

𝜌𝜌𝑝𝑝𝑖𝑖𝑤𝑤 ≈ 917 kg/m3 (2.6) 
 

𝜌𝜌𝑤𝑤𝑏𝑏𝑤𝑤𝑤𝑤𝑝𝑝 ≈ 1000 kg/m3  
 
Both the ice and water densities can be 
assumed constant for our purposes (although 
both change somewhat with temperature). The 
equilibrium vapor density, on the other hand, 
depends strongly on temperature, so requires 
special treatment. 
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Table 2.1: Several handy physical quantities that commonly appear in the study of snow crystal 
growth, listed as a function of temperature. 
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Vapor Pressure and 
Related Quantities 
The equilibrium (saturated) vapor pressure of 
ice and water can be written in the Arrhenius 
form

𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤 ≈ 𝐶𝐶(𝑇𝑇) exp �− ℓ
𝑘𝑘𝑘𝑘
� (2.7) 

 
where ℓ ≈ 𝐿𝐿𝑚𝑚𝑝𝑝𝑚𝑚𝑏𝑏 is the latent heat per 
molecule and 𝐶𝐶(𝑇𝑇) is a weak function of 
temperature. Table 2.1 gives measurements of 
the vapor pressure of water and ice [1971Mas] 
along with other useful quantities, and Figure 
2.13 shows the vapor pressure data along with 
the following Arrhenius curves (slightly 
modified to better fit the data):  
 

𝑝𝑝𝑝𝑝𝑖𝑖𝑤𝑤 ≈ 3.7𝑒𝑒10 ∙ exp(−6150/𝑇𝑇𝐾𝐾 ) (2.8) 
 
𝑝𝑝𝑤𝑤𝑏𝑏𝑤𝑤𝑤𝑤𝑝𝑝 ≈ (2.8𝑒𝑒9 + 1700𝑇𝑇𝐶𝐶3) ∙ exp (−5450/𝑇𝑇𝐾𝐾) 
 
where 𝑇𝑇𝐾𝐾 is the temperature in Kelvin and 𝑇𝑇𝐶𝐶 
is the temperature in Celcius. Figure 2.14 
shows the supersaturation of supercooled 
liquid water relative to ice 

𝜎𝜎𝑤𝑤𝑏𝑏𝑤𝑤𝑤𝑤𝑝𝑝 =
𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤,𝑤𝑤𝑏𝑏𝑤𝑤𝑤𝑤𝑝𝑝 − 𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤,𝑝𝑝𝑖𝑖𝑤𝑤

𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤,𝑝𝑝𝑖𝑖𝑤𝑤
(2.9) 

 
along with the “excess” water vapor mass 
density plotted as a function of temperature 
 
�𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤,𝑤𝑤𝑏𝑏𝑤𝑤𝑤𝑤𝑝𝑝 (𝑇𝑇) − 𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤,𝑝𝑝𝑖𝑖𝑤𝑤(𝑇𝑇)�𝑚𝑚𝑤𝑤𝑏𝑏𝑤𝑤𝑤𝑤𝑝𝑝 (2.10) 

 
The data in the table and these two plots are 
often useful for understanding the physics 
underlying snow crystal growth, and for 
estimating experimental quantities. 
 
Surface Energies 
The surface energy, simply put, is the amount 
of energy needed to create an interface 
between two material phases. For example, 
breaking a piece of ice in two requires breaking 
the chemical bonds holding the ice together. 
The amount of energy needed to do this is 
proportional to the new surface area created 
during the break, and this defines the surface 
energy. If the material is intrinsically 
anisotropic, like a crystal lattice, then the 
surface energy could be anisotropic as well, 

Figure 2.13: The vapor pressure of ice and 
supercooled water as a function of 
temperature. The points are measured values, 
and lines show the approximate Arrhenius 
models described in the text. 

Figure 2.14: The supersaturation of 
supercooled water with respect to ice, given by 
𝝈𝝈𝒘𝒘𝒂𝒂𝒘𝒘𝒘𝒘𝒘𝒘(𝑻𝑻) = [𝒄𝒄𝒘𝒘𝒂𝒂𝒘𝒘𝒘𝒘𝒘𝒘 (𝑻𝑻) − 𝒄𝒄𝒔𝒔𝒂𝒂𝒘𝒘 (𝑻𝑻)]/𝒄𝒄𝒔𝒔𝒂𝒂𝒘𝒘 (𝑻𝑻). This 
is also plotted as the “excess” water vapor, 
equal to [𝒄𝒄𝒘𝒘𝒂𝒂𝒘𝒘𝒘𝒘𝒘𝒘 (𝑻𝑻) − 𝒄𝒄𝒔𝒔𝒂𝒂𝒘𝒘 (𝑻𝑻)]𝒎𝒎𝒘𝒘𝒂𝒂𝒘𝒘𝒘𝒘𝒘𝒘. 
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depending on the angle of the surface relative 
to the crystal axes. 
 Because liquid water is an amorphous 
material, the water/vapor surface energy (also 
known as the surface tension of water) is 
isotropic, equal to 
 

𝛾𝛾𝑏𝑏𝑠𝑠 ≈ 76  mJ/m2 (2.11)  
 
near the triple point. This decreases with 
increasing temperature, dropping to 𝛾𝛾𝑏𝑏𝑠𝑠 ≈ 72  
mJ/m2 at 25 C and 𝛾𝛾𝑏𝑏𝑠𝑠 ≈ 59  mJ/m2 at 100 C. 
The water/vapor surface energy is known to 
quite high accuracy, being determined from 
observations of the oscillation frequencies of 
liquid droplets. 
 The ice/water surface energy is best 
measured from the homogeneous nucleation 
of ice from supercooled water droplets as a 
function of temperature, yielding  
 

              𝛾𝛾𝑠𝑠𝑠𝑠 ≈ 30 ± 5  mJ/m2 (2.12)  
 
near the triple point. This number is somewhat 
model dependent, as it assumes a good 
understanding of nucleation theory together 
with extrapolations of measured properties of 
liquid water down to temperatures as low as -
40 C. The uncertainty in 𝛾𝛾𝑏𝑏𝑏𝑏   given above is a 
rough estimate based on the data presented in 
[2015Ick]. The value of 𝛾𝛾𝑏𝑏𝑏𝑏 decreases with 
decreasing temperature, down to roughly 𝛾𝛾𝑏𝑏𝑏𝑏 ≈
20 mJ/m2 at temperatures near -40 C, again 
with considerable uncertainty [2015Ick].  
 The ice/water surface energy 𝛾𝛾𝑏𝑏𝑏𝑏  is likely 
nearly isotropic, although, to my knowledge, 
the dependence of 𝛾𝛾𝑏𝑏𝑏𝑏 on orientation angle 
relative to the crystal axes has not been directly 
measured. The basal surface is expected to 
have the lowest surface energy, and there we 
know that the terrace step energy (see below) 
is 𝛽𝛽𝑏𝑏𝑏𝑏,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ≈ 5.6 × 10−13 J/m. Even if we pack 
steps as tightly as possible on the surface, with 
a spacing equal to the molecular size 𝑎𝑎 ≈ 0.3, 
this gives an additional surface energy  
 
 

∆𝛾𝛾𝑏𝑏𝑏𝑏 ≈ 𝛾𝛾𝑝𝑝𝑚𝑚𝑟𝑟𝑟𝑟ℎ − 𝛾𝛾𝑏𝑏𝑏𝑏,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  (2.13) 
 

    ≈
𝛽𝛽𝑏𝑏𝑏𝑏,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑎𝑎
≈  2  mJ/m2 

 
and this is likely an overestimate because it 
neglects step-step interactions that can lower 
the surface energy through surface relaxation. 
It appears likely, therefore, that the anisotropy 
in 𝛾𝛾𝑏𝑏𝑏𝑏 is no more than a few percent, which is 
comparable to the surface-energy-anisotropy 
of many metals and other simple crystalline 
materials.  
 The ice/vapor surface energy 𝛾𝛾𝑏𝑏𝑠𝑠  is more 
difficult to measure than either 𝛾𝛾𝑏𝑏𝑠𝑠 or 𝛾𝛾𝑏𝑏𝑏𝑏, plus 
it has not received as much experimental or 
theoretical attention. Surface wetting 
measurements have produced the best 
measurements of 𝛾𝛾𝑏𝑏𝑠𝑠 [1974Hob, 1999Pet], but 
these can be quite susceptible to surface 
contamination, so the measurements probably 
deserve a conservatively high uncertainty. 
Nevertheless, the measurements appear to be 
consistent with Antonow’s relation, which 
states that  
 

𝛾𝛾𝑏𝑏𝑠𝑠 ≈ 𝛾𝛾𝑏𝑏𝑏𝑏 + 𝛾𝛾𝑏𝑏𝑠𝑠         (2.14) 
 

                       ≈ 106 ± 15  mJ/m2        
 
near the triple point. This estimate for the 
measurement uncertainty is somewhat 
subjective, based on an examination of existing 
data from various sources. The ice/vapor 
surface energy 𝛾𝛾𝑏𝑏𝑠𝑠 is also likely nearly isotropic, 
as we discuss below. Surface-energy 
anisotropies are best determined from 
measurements of the equilibrium crystal shape, 
which have not yet been observed for ice in 
water or in vapor (discussed in Section 2.6 
below).  
 
Terrace Step Energies 
Terrace step energies factor into the rate of 
nucleation of new molecular terraces on 
faceted ice surfaces, which is one of the most 
important processes in snow crystal growth. In 
analogy to the surface energy, the step energy 
is the amount of energy needed to create the 
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edge, or step, of a molecular terrace on a crystal 
facet. For example, separating a single island 
terrace into two smaller islands requires energy 
to break the molecular bonds holding the 
terrace edges together. The amount of 
separation energy needed is proportional to the 
length of new terrace step created, and this 
defines the terrace step energy. As with the 
bulk energies and surface energies, the step 
energies are equilibrium properties of the 
material. 
 For ice surfaces in water, only the basal 
step energy has been accurately measured from 
ice-growth measurements [1958Hil, 1966Mic, 
2014Lib], yielding 𝛽𝛽𝑏𝑏𝑏𝑏,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ≈ 5.6 × 10−13 J/m 
near the triple point. This step energy provides 
a substantial nucleation barrier that results in 
basal faceting and the formation of thin, plate-
like ice crystals when liquid water freezes in an 
unconstrained fashion at low supercooling (see 
the pond crystals described in Chapter 10). The 
Hillig measurement [1958Hil] was especially 
well crafted, with a careful examination of 
possible systematic errors, and it has not been 
improved upon (in my opinion) by any 
subsequent measurement.  
 Prism faceting is not observed 
in ice grown from liquid water near 
the triple point, and 𝛽𝛽𝑏𝑏𝑏𝑏,𝑝𝑝𝑝𝑝𝑝𝑝𝑏𝑏𝑝𝑝 has 
not yet been measured, being 
much smaller than 𝛽𝛽𝑏𝑏𝑏𝑏,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏. 
However, prism faceting has been 
observed at very high pressures 
[2005Mar], when the ice/water 
phase transition occurs near -20 C 
(see Figure 2.1), suggesting that 
𝛽𝛽𝑏𝑏𝑏𝑏,𝑝𝑝𝑝𝑝𝑝𝑝𝑏𝑏𝑝𝑝 becomes non-negligible 
in that region of the phase diagram. 
 The ice/vapor step energies on 
both the basal and prism facets 
have been measured with good 
accuracy at temperatures ranging 
from -2 C to -40 C, yielding the 
results shown in Figure 2.15. 
Whether these data survive the test 
of time as well as the Hillig 
number remains to be seen, as the 

potential for systematic errors is significant 
[2013Lib]. Here again, these measurements 
were made using nucleation-limited ice-growth 
measurements, inferring the step energies 
using classical nucleation theory, as described 
in Chapter 3. The central importance of the 
step energies (and, more generally, attachment 
kinetics) in snow crystal growth cannot be 
overstated, and this topic is examined in much 
detail throughout this book. 

In snow crystal growth, prism faceting is 
greatly diminished above -2 C, and this has 
been interpreted as a roughening transition on 
the prism surface [1991Elb]. Given the step 
energy measurements shown in Figure 2.15, we 
see that this phenomenon is better interpreted 
as a gradual reduction, not an abrupt transition, 
in 𝛽𝛽𝑝𝑝𝑝𝑝𝑝𝑝𝑏𝑏𝑝𝑝 with increasing temperature. At what 
point the faceting disappears completely will 
likely depend on 𝛽𝛽𝑝𝑝𝑝𝑝𝑝𝑝𝑏𝑏𝑝𝑝 and other growth 
factors, such as the supersaturation at the 
growing surface.  

Figure 2.15: Measured ice/vapor terrace step energies (in 
near-vacuum conditions) for the basal and prism facets as a 
function of temperature [2013Lib].   
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 Although we have confined our discussion 
in this section to the basal and prism step 
energies, the appearance of pyramidal facets at 
low temperatures suggests that the step energy 
of a pyramidal terrace becomes significant in 
this regime. If this step energy increases with 
decreasing temperature like the basal and prism 
facets, as is shown in Figure 2.15, then this 
might explain why the pyramidal facets are not 
more prevalent at higher temperatures. 
 The data shown in Figure 2.15 refer to the 
step energies in near-vacuum conditions, when 
the ice/vapor interface is unfettered by 
possible interactions with any additional 
background gases. As we will see in Chapters 3 
and 7, the experimental evidence suggests that 
the attachment kinetics on faceted prism 
surfaces are significantly altered in the presence 
of air at normal atmospheric pressures. This 
may mean that the step energy on this facet is 
also changed in the presence of air, although 
there is no obvious mechanism that would 
bring about such a change. At present, our 
understanding of the ice surface structure is 
not sufficient to explain these observations, so 
the mystery remains for another day. 
 
A Correspondence near 0 C  
 It is no coincidence that 𝛽𝛽𝑏𝑏𝑏𝑏,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 on the 
ice/water interface (as shown in Figure 2.15) is 
quite similar to 𝛽𝛽𝑏𝑏𝑠𝑠,𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 on the ice/vapor 
interface as the temperature approaches 0 C 
[2014Lib]. In the presence of extensive surface 
premelting, the ice/vapor surface can be 
approximated as two nearly separate interfaces: 
an ice/QLL interface and a QLL/vapor 
interface, as sketched in Figure 2.16. The 
QLL/vapor interface is expected to behave 
like a water/vapor interface, with no 
nucleation barrier and no crystalline step 
energy. As a result, the location of the 
ice/vapor step energy must be at the ice/QLL 
interface. Because the properties of the QLL 
are expected to approach that of bulk liquid 
water as the QLL thickness diverges, we expect 
that the ice/vapor step energy should approach 
the ice/water step energy as the temperature 

approaches 0 C. This correspondence between 
the ice/water and ice/vapor step energies near 
the triple point also applies to the prism 
surface, where both values become very small 
(perhaps zero) as the temperature approaches 
the melting point.  
 
Surface Relaxation 
It is useful to examine the relationships that 
exist between bulk, surface, and step energies, 
and what the numbers suggest about surface 
relaxation processes. For example, in a naïve 
chemical bond picture, one would calculate an 
ice/vapor surface energy of approximately  
 

𝛾𝛾0,𝑏𝑏𝑠𝑠 ≈
1
6
𝑎𝑎𝜌𝜌𝑝𝑝𝑖𝑖𝑤𝑤𝐿𝐿𝑏𝑏𝑠𝑠   (2.15) 

 

          ≈ 130  mJ/m2 
 
which follows because (naïvely) vaporizing 
bulk ice creates a total surface area of 6𝑎𝑎2 per 

Figure 2.16: At temperatures just below the 
melting point, surface premelting turns the 
ice/vapor interface into an ice/QLL/vapor 
interface, where crystal terrace steps are 
localized essentially at the ice/QLL interface 
(top). Inasmuch as the QLL resembles bulk 
water in its properties, the ice/QLL step energy 
should nearly equal the ice/water step energy 
(bottom). As discussed in the text, step-energy 
measurements at the ice/water and ice vapor 
interfaces do seem to show a good 
correspondence as the temperature approaches 
0 C.  
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molecule. Although the reasoning is crude, it 
does yield a remarkably accurate estimate. 

Moreover, one expects that the actual value 
of 𝛾𝛾𝑏𝑏𝑠𝑠 would be lower than 𝛾𝛾0,𝑏𝑏𝑠𝑠 because of 
surface relaxation. Slicing a crystal in two 
without making any adjustments to the crystal 
lattice at the surface yields 𝛾𝛾0,𝑏𝑏𝑠𝑠. However, 
once such a cut has been made, the surface 
molecules can rearrange themselves, pointing 
their exposed bonds inward to some degree, 
relaxing the system to a lower total energy. The 
result is that 𝛾𝛾0,𝑏𝑏𝑠𝑠 provides an approximate 
upper bound on 𝛾𝛾𝑏𝑏𝑠𝑠. 
 Looking at this another way, creating a 
surface gives the surface molecules more 
freedom to move about, as they are no longer 
constrained as tightly as in the bulk lattice. 
With this additional freedom, the molecules 
can “spread out” into the space above the cut, 
resulting in a density profile that is not a step 
function, but rather exhibits a more gradual 
decline, and this behavior is seen in molecule-
dynamics simulations [2018Moh].  
 Turning to step energies, we see that 
creating an abrupt terrace edge of length ℓ with 
no surface relaxation (again in the naïve rigid-
lattice picture) creates an additional surface 
area equal to ℓ𝑎𝑎, yielding an “unrelaxed” step 
energy  

𝛽𝛽0 ≈ 𝑎𝑎𝛾𝛾𝑏𝑏𝑠𝑠     (2.16) 
 

                                ≈ 3 × 10−11  J/m           
 
 Once again, surface relaxation reduces 𝛽𝛽0 
to the observed 𝛽𝛽𝑏𝑏𝑠𝑠 shown in Figure 2.15. 
Unlike the surface energy 𝛾𝛾0,𝑏𝑏𝑠𝑠, however, here 
we see that surface relaxation results in a 
sizable reduction in the step energy, as 𝛽𝛽𝑏𝑏𝑠𝑠 is 
much smaller than 𝛽𝛽0, especially at higher 
temperatures.   

One way to think about surface relaxation 
of step energies is with the simple geometrical 
model shown in Figure 2.17. Replacing the 
abrupt step by a gradual step of width 𝑤𝑤, we 
see that the additional surface area depends on 
𝑤𝑤, reducing to zero as 𝑤𝑤 → ∞. In this picture, 
the surface relaxation that reduces the step-
energy from 𝛽𝛽0 to 𝛽𝛽𝑏𝑏𝑠𝑠 is equated with a 

“softening” (increased width) of the terrace 
step. Although this geometrical picture is likely 
of little use in a quantitative analysis of the 
surface structure, it might be helpful for 
guiding one’s thinking about terrace step 
energies. For example, this geometrical picture 
suggests that accurately calculating the step 
energy using a numerical crystal-lattice-
relaxation technique will likely require a 
physical model size of order (𝛽𝛽0/𝛽𝛽𝑏𝑏𝑠𝑠)𝑎𝑎, which 
is quite large for the smaller step energies seen 
in Figure 2.15. 
 It is likely that the observed change in 𝛽𝛽𝑏𝑏𝑠𝑠 
with temperature is related to structural 
changes associated with surface premelting. At 
the lowest temperatures in Figure 2.15, surface 
premelting is essentially absent, and the ice 
lattice becomes so rigid that there is little 
surface relaxation of the step energy. This 
would explain why 𝛽𝛽𝑏𝑏𝑠𝑠 tends toward 𝛽𝛽0 with 
decreasing temperature. At the other extreme, 
near the melting point, the ice/vapor interface 
becomes an ice/QLL/vapor interface, and the 
ice/QLL step energy tends toward the 
ice/water step energy as the temperature 
approaches 0 C.  

From this reasoning, we see that the high- 
and low-temperature limits seen in Figure 2.15 
form a reasonably self-consistent physical 
picture, at least qualitatively. Of course, 
understanding the full form of 𝛽𝛽𝑏𝑏𝑠𝑠(𝑇𝑇) on the 
basal and prism surfaces remains on ongoing 

Figure 2.17: A simple geometrical model 
describing how surface relaxation reduces the 
terrace step energy. In this picture, the 
additional surface area added by a terrace step 
depends on the step width, and this additional 
surface area is taken to be the step energy.  
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challenge, and there is certainly room for 
greater theoretical understanding of terrace 
step energies on faceted ice surfaces.  
 
2.5 Gibbs-Thomson Effect 
There are two ways to see that the vapor 
pressure of a convex ice surface is slightly 
higher than that of a flat surface. In terms of 
molecular attachments, a molecule on a convex 
surface is not adjacent to as many other 
molecules as one on a flat surface, simply from 
geometrical considerations. The convex-
surface molecule is thus less tightly bound, 
resulting in a higher vapor pressure compared 
to a flat surface. This picture helps in 
visualizing the Gibbs-Thomson phenomenon, 
but it is difficult to quantify without precisely 
adding up all the binding energies. 
 The second approach involves including 
the surface energy in a calculation of the vapor 
pressure. For an ice sphere of radius 𝑅𝑅, pulling 
one molecule off the sphere reduces its surface 
area by an amount 𝛿𝛿𝛿𝛿 = 2/𝑐𝑐𝑝𝑝𝑖𝑖𝑤𝑤𝑅𝑅, as the size of 
the sphere is reduced slightly with the loss of 
one molecule. This, in turn, results in a 
reduction in the surface energy by an amount 
𝛿𝛿𝛿𝛿 = 2𝛾𝛾𝑏𝑏𝑠𝑠/𝑐𝑐𝑝𝑝𝑖𝑖𝑤𝑤𝑅𝑅, where 𝛾𝛾𝑏𝑏𝑠𝑠 is the ice/vapor 
surface energy.  

Including this additional energy term in the 
Arrhenius equation (Equation 2.1, see also 
Appendix B) gives the modified equilibrium 
vapor pressure 

 

𝑐𝑐𝑤𝑤𝑒𝑒(𝑅𝑅) ≈ 𝐶𝐶(𝑇𝑇) exp �−
ℓ − 𝛿𝛿𝛿𝛿
𝑘𝑘𝑇𝑇

�  (2.17)

≈ 𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤(1 + 𝑑𝑑𝑏𝑏𝑠𝑠𝜅𝜅)
 

 
where 𝑑𝑑𝑏𝑏𝑠𝑠 = 𝛾𝛾𝑏𝑏𝑠𝑠 𝑐𝑐𝑝𝑝𝑖𝑖𝑤𝑤𝑘𝑘𝑇𝑇⁄ ≈ 1 𝑛𝑛𝑚𝑚 and 𝜅𝜅 = 2/𝑅𝑅 
is the curvature of the spherical surface. For a 
smooth but non-spherical surface, the 
curvature is defined as 𝜅𝜅 = 1 𝑅𝑅1⁄ + 1 𝑅𝑅2⁄ , 
where 𝑅𝑅1 and 𝑅𝑅2 are the two principal radii of 
curvature of the surface. Note that this 
expression reduces to the normal flat-surface 
vapor pressure 𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤 when 𝑅𝑅 → ∞, as it must. 
The analysis is more complicated when 𝛾𝛾𝑏𝑏𝑠𝑠 is 
anisotropic, but the functional for is generally 

similar to the above expression as long as the 
surface-energy anisotropy is small, as it is for 
ice. Replacing 𝜅𝜅 = 2/𝑅𝑅 with 𝜅𝜅 = 2𝐺𝐺/𝐿𝐿, where 
𝐿𝐿 is the size of the crystal and 𝐺𝐺 is a geometrical 
factor of order unity, gives a reasonable 
approximation for most simple shapes. 
 This additional vapor pressure can have a 
significant effect on snow crystal growth, 
especially when the supersaturation is low and 
the surface curvature is high. For example, 
taking 𝑅𝑅 = 1 𝜇𝜇𝑚𝑚 gives a change in the effective 

Figure 2.18: Three examples modeling the 
growth of a thin snow-crystal plate on the end 
of a columnar crystal (here shown in side view) 
[2013Lib1]. Setting 𝒅𝒅𝒔𝒔𝒔𝒔 = 𝟎𝟎  (top model) yields 
an unrealistic 0.1-micron-thick plate growing 
out from the column when the applied 
supersaturation is low. Using a realistic value 
of 𝒅𝒅𝒔𝒔𝒔𝒔 (bottom model), the plate-growth is 
suppressed. Without including the Gibbs-
Thomson effect, snow-crystal models would 
not give physically realistic results at 
exceedingly low supersaturations. In many 
environmental circumstances, however, the 
Gibbs-Thomson effect is so small that it is 
essentially negligible. 
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supersaturation of Δ𝜎𝜎 = 2𝑑𝑑𝑏𝑏𝑠𝑠 𝑅𝑅⁄ ≈ 0.1 %. 
Under many normal circumstances in snow 
crystal growth, this small perturbation of the 
supersaturation is negligible. However, 
modeling reveals that the Gibbs-Thomson 
effect plays a large role in preventing the 
growth of thin plates at especially low 
supersaturations, as demonstrated in Figure 
2.18. More about how the Gibbs-Thomson 
effect factors into snow-crystal modeling will 
be presented in Chapter 5. 
 
2.6 Equilibrium Shape 
The equilibrium crystal shape (ECS) of an 
isolated snow crystal is the shape that 
minimizes the total surface energy at constant 
volume. For a perfectly isotropic surface 
energy, the ECS is a perfect sphere, as this 
shape minimizes the surface area and thus 
minimizes the surface energy. If 𝛾𝛾𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤 <
𝛾𝛾𝑟𝑟𝑢𝑢𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤𝑤𝑤𝑢𝑢, however, then it becomes 
energetically favorable to increase the facet 
surface areas relative to the unfaceted areas. If 
𝛾𝛾𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤 is only slightly smaller than 𝛾𝛾𝑟𝑟𝑢𝑢𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤𝑤𝑤𝑢𝑢, 
then the ECS becomes essentially a spherical 
shape with small faceted “dimples”. The 
dimples become larger with increasing 
anisotropy, and, when the surface-energy 
anisotropy is sufficiently high, the ECS 
becomes a fully faceted prism.   

 To see how much surface-energy 
anisotropy is needed to produce a fully faceted 
ECS, it is useful to consider the simple 2D 
examples shown in Figure 2.19, assuming only 
two possible surface energies: 𝛾𝛾𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤 on the 
square facets and 𝛾𝛾𝑟𝑟𝑢𝑢𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤𝑤𝑤𝑢𝑢 on all other 
surfaces. (These are actually perimeter energies 
in 2D, but for clarity of notation we will 
continue to call them surface energies.) It is 
straightforward to show that the square has a 
lower total surface energy than its inscribed 
circle if we have 𝛾𝛾𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤 < (𝜋𝜋/4)𝛾𝛾𝑟𝑟𝑢𝑢𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤𝑤𝑤𝑢𝑢 =
0.79𝛾𝛾𝑟𝑟𝑢𝑢𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤𝑤𝑤𝑢𝑢. Similarly, the hexagonal shape 
in Figure 2.19 has a lower surface energy than 
its inscribed circle if 𝛾𝛾𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤 < (𝜋𝜋√3/
6)𝛾𝛾𝑟𝑟𝑢𝑢𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤𝑤𝑤𝑢𝑢 = 0.91𝛾𝛾𝑟𝑟𝑢𝑢𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤𝑤𝑤𝑢𝑢. Extending this 
calculation (see Appendix B), one can show 
that the corners of square or hexagonal 
equilibrium shapes will not exhibit any 
rounding if the same inequalities hold. 

Although this 2D exercise is far from 
adequate for describing 3D equilibrium shapes, 
it does tell us that we can expect an ECS that is 
fully faceted, or nearly so, if the facet surface 
energy is of order 10-20% lower than the 
(maximal) surface energy of unfaceted 
surfaces. If the surface-energy anisotropy is 
less than 10-20%, the ECS will be a faceted 
prism with rounded corners, and the degree of 
rounding will depend on the amount of the 
anisotropy. More precise ECS calculations can 

Figure 2.19: Basic limits on equilibrium shapes 
in 2D. The square shape has a lower surface 
energy than its inscribed circle if 𝜸𝜸𝒇𝒇𝒂𝒂𝒄𝒄𝒘𝒘𝒘𝒘 <
(𝝅𝝅/𝟒𝟒)𝜸𝜸𝒖𝒖𝒖𝒖𝒇𝒇𝒂𝒂𝒄𝒄𝒘𝒘𝒘𝒘𝒘𝒘𝒅𝒅 = 𝟎𝟎.𝟑𝟑𝟑𝟑𝜸𝜸𝒖𝒖𝒖𝒖𝒇𝒇𝒂𝒂𝒄𝒄𝒘𝒘𝒘𝒘𝒘𝒘𝒅𝒅, and the 
hexagon has a lower surface energy if 𝜸𝜸𝒇𝒇𝒂𝒂𝒄𝒄𝒘𝒘𝒘𝒘 <
(𝝅𝝅√𝟑𝟑/𝟔𝟔)𝜸𝜸𝒖𝒖𝒖𝒖𝒇𝒇𝒂𝒂𝒄𝒄𝒘𝒘𝒘𝒘𝒘𝒘𝒅𝒅 = 𝟎𝟎.𝟑𝟑𝟎𝟎𝜸𝜸𝒖𝒖𝒖𝒖𝒇𝒇𝒂𝒂𝒄𝒄𝒘𝒘𝒘𝒘𝒘𝒘𝒅𝒅.   

Figure 2.20: An example plot showing the ECS 
(left) together with a polar plot of the surface 
energy (right). These diagrams may not be 
representative of ice, as the ECS has not been 
definitively measured. The evidence suggests 
that the ice ECS is nearly spherical above -10 
C, but may become somewhat or even fully 
faceted at lower temperatures. 
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be done using the Wolff construction, and 
there is much discussion of this in the scientific 
literature and in textbooks on crystal growth 
[1996Sai, 2004Mar]. Figure 2.20 shows on 
example of a 2D Wolff construction, 
comparing the ECS with the corresponding 
surface-energy anisotropy. 

The ice/vapor ECS is sometimes reported 
to be fully faceted at temperature below -10 C, 
while exhibiting basal facets but no prism 
facets at higher temperatures [1997Pru], as this 
was the conclusion of the sole experimental 
investigation of the subject [1985Col]. 
However, the time needed to reach full 
equilibrium is so long (see below) that the true 
ice/vapor ECS has probably not been 
definitely observed.  Snow-crystal growth 
forms are often strongly faceted, as are 
“negative” ice crystals (ice bubbles formed by 
evacuation [1965Kni, 1993Fur]; see Chapter 6), 
but these are both far from equilibrium.  

One substantial, albeit circumstantial, piece 
of experimental evidence in favor of a non-
faceted ECS is the apparent absence of any 
observations of prismatic, or even slightly 
faceted, bubbles in ice [2010Dad, 2016Feg]. 
The ECS of a equilibrated bubble in ice would 
be the same as the snow-crystal ECS, and 
researchers have been examining ice bubbles 
for decades, especially in glaciers and ancient 
ice cores. If the bubble ECS was faceted, one 
expects that there would be at least some 
photographic evidence to support this. 
Unfortunately, bubbles in natural ice are 
usually not particularly spherical either, so the 
conclusions one can draw from bubble 
observations regarding the ice ECS are limited. 

A more quantitative piece of evidence can 
be gleaned from the measured step energies in 
Figure 2.15. Neglecting step-step interactions, 
the half-angle of a faceted ECS dimple is 
approximately [2001Bon]  
 

𝜃𝜃 ≈
𝛽𝛽

𝑎𝑎𝛾𝛾𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤
 (2.18) 

 

 

in the limit of small 𝜃𝜃. Taking 𝛽𝛽 ≈ 10−12  J/m 
from Figure 2.15 and 𝛾𝛾𝑓𝑓𝑏𝑏𝑖𝑖𝑤𝑤𝑤𝑤 ≈ 0.1  J/m2 gives 
𝜃𝜃 ≈ 0.03 radians, which is quite a tiny faceted 
dimple [2012Lib2]. The data in Figure 2.15 
suggest, however, that the ice/vapor ECS 
might become faceted at lower temperatures, 
at least to some degree. The question of the 
ice/vapor ECS will likely only be definitively 
answered with additional direct observations. 
 
Approach to Equilibrium 
It takes a substantial amount of time for an ice 
crystal in an initially arbitrary shape to reach its 
equilibrium shape, as this involves the 
transport of molecules between different 
regions on the crystal surface. Observations of 
bubble migration in ice [2010Dad] indicate that 
vapor transport (and not other mechanisms, 
such as surface migration) is the dominant path 
to equilibration, so the equilibration time can 
be estimated using the Gibbs-Thomson effect. 
Beginning with a slightly non-spherical shape 
of overall radius 𝑅𝑅, the equilibration time in air 
is approximately (see Appendix B) 
 

𝜏𝜏𝑤𝑤𝑒𝑒 ≈
𝑐𝑐𝑝𝑝𝑖𝑖𝑤𝑤𝑅𝑅3

2𝑐𝑐𝑏𝑏𝑏𝑏𝑤𝑤𝑑𝑑𝑏𝑏𝑠𝑠𝐷𝐷
 (2.19) 

 
which is equal to about eight days for 𝑅𝑅 =
50 𝜇𝜇𝑚𝑚.  

Lowering the pressure 𝑃𝑃 increases the 
diffusion constant as 𝐷𝐷 ∼ 𝑃𝑃−1, until the vapor 
transport becomes limited by attachment 
kinetics instead of diffusion (see Chapter 4). In 
the kinetics-limited case, the equilibration time 
becomes   

𝜏𝜏𝑤𝑤𝑒𝑒 ≈
𝑅𝑅2

2𝛼𝛼𝑣𝑣𝑘𝑘𝑝𝑝𝑢𝑢𝑑𝑑𝑏𝑏𝑠𝑠
 (2.20) 

 
which becomes a more-favorable 2 hours for 
𝑅𝑅 = 50 𝜇𝜇𝑚𝑚 and using representative 
parameters at -15 C. The result changes 
somewhat for faceted or other complex 
shapes, but replacing 𝑅𝑅 with the overall crystal 
size gives a good approximation to the 
equilibration time for most circumstances. In 
the kinetics-limited case, 𝛼𝛼 can become 
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extremely small on faceted surfaces, which may 
be problematic in some experimental 
circumstances. In nearly all snow-crystal 
growth scenarios, the equilibration times above 
are much longer than typical growth times 
𝜏𝜏𝑟𝑟𝑝𝑝𝑚𝑚𝑤𝑤𝑤𝑤ℎ ≈ 𝑅𝑅/𝑣𝑣. This fact suggests that surface-
energy effects are less important than effects 
from attachment kinetics in most snow crystal 
growth circumstances (except at extremely low 
supersaturations, as was mentioned above). 
 
2.7 Twinning 
When two single crystals grow together with a 
specific orientation between their respective 
lattices, this is called crystal twinning. Many 
mineral crystals exhibit twinning in various 
forms, and ice is no exception. Two questions 
immediately arise with crystal twinning: 1) what 
defines the orientation between the twin 
crystals? and 2) what circumstances bring 
about the different twinned states?  
 The first of these questions is usually the 
easier to answer, as it involves statics and 
energetics. A twinned state is typically a 
metastable state: a local energy minimum that 
the crystal structure fell into during the early 
phases of its early growth, from which it 
cannot reach the lowest-energy configuration. 
The second question is one of dynamics, and 
therefore more difficult to answer, involving 
how the crystal’s nucleation and growth history 
happened to produce a twinned state. 
Estimating the probability that a particular 
twinned state will form under different 
circumstances is an extremely challenging task. 
Our goal here will be relatively modest: simply 
to report on some examples of snow-crystal 
twins and try to explain their structures as best 
we can. Although certainly not a well-studied 
topic, snow-crystal twinning has been 
discussed in the scientific literature over many 
decades [1971Iwa, 1978Fur, 1987Kob, 
2011Kik, 2013Kik]. 
 
Columnar Twins 
Figure 2.21 shows a typical example of a 
columnar twin crystal. This is the most 

common form of twinning found in natural 
snow crystals, and the most easily explained 
from ice crystallography. If you look carefully 
when columnar crystals are falling near -5 C, 
you are likely to find some twin columns in the 
mix. As shown in Figure 2.22, the two columns 
fit perfectly together at the twin plane by 
simply replacing the usual hexagonal bonds 
with a plane of cubic bonds. This can be nicely 
demonstrated using a 3D molecular model as 
well.  
 A columnar twin plane likely originates 
when the initial crystal nucleation (typically 
from a liquid water droplet) produces some 
stacking disorder and at least one plane of 
cubic bonds. Nucleation can be a somewhat 
violent event, as the supercooling just prior to 
nucleation is often quite high. Thus, it is 
perhaps not surprising that some lattice 
disorder can arise during this phase. The initial 

Figure 2.21: Columnar Twins.  
A sketch (left) and photograph (right) of a 
columnar twin snow crystal. These are 
essentially two ordinary columnar crystals 
connected by a twin plane between them. The 
crystal structure is relatively weaker in the twin 
plane, so sublimation often produces an 
evaporation groove between the two columns. 
The presence of the evaporation groove 
identifies this as a twinned column, which 
otherwise looks just like a normal single-
crystal column. 
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ice growth soon warms the liquid, reducing its 
supercooling, so the subsequent growth 
quickly settles into the energetically favorable 
ice Ih configuration. By the time the initial 
droplet is all frozen and growth from water 
vapor commences, two normal columns are 
growing out from the nucleation site.  

Because ice Ih is energetically favorable 
over ice Ic, the cubic bond plane comes with 
an energy cost, and this slightly increases the 
vapor pressure at the twin plane. As a result, 
when the crystal begins slowly sublimating 
away (as usually happens after it falls from the 
clouds, or when it is being photographed), the 
twin plane sublimates faster than the 

surrounding prism facets, yielding an 
evaporation groove that appears like a belt 
around the columns at the twin plane, as shown 
in Figure 2.23. An evaporation groove is a 
characteristic marking that identifies a 
columnar twin; otherwise, the twinned column 
is essentially indistinguishable from a normal 
columnar snow crystal. 
 During the nucleation and growth of a 
columnar crystal, the most likely scenario is 
that no twin planes form. Thus, most columns 
are un-twinned single crystals. The next most 
likely scenario is that there is some stacking 
disorder during nucleation, resulting in a twin 
plane. Perhaps this plane containing a single, 
clean, cubic layer, as shown in Figure 2.22, but 
it may contain several randomly stacked layers. 
In any case, the situation eventually sorts itself 
out, yielding two normal columns on either 
side of the twin plane.  

Because both columns grow outward at 
about the same rate, the evaporation groove is 
usually near the midpoint of the twinned 
column. However, one column may grow a bit 
faster than the other, so the twin symmetry 
need not be perfect in every case. Creating 
more than one twin plane in a single structure 
would be quite unlikely, and I know of no 
photographic examples of a simple hexagonal 
column exhibiting multiple evaporation 
grooves. 
 

Figure 2.22: Columnar Twins.  
The crystal-lattice structure of a columnar twin 
crystal. Comparing this with Figure 2.4, it 
becomes apparent that the twin plane consists 
of a layer “cubic” bonds between water 
molecules, whereas the rest of the structure is 
made from the typical “hexagonal” bonds. 
Note also the small offset between the 
columns, necessary to accommodate the cubic 
bond structure. The twin plane could consist 
of multiple, randomly arranged layers of 
cubic/hexagonal bonds (i.e., a stacking-
disordered region), rather than the single cubic 
layer shown here. 

Figure 2.23: Columnar Twins.  
When a columnar twin is growing (left), the facet 
corners are sharp and the twin plane is not readily 
apparent. When it begins to sublimate (right), the 
corners become rounded and the evaporation 
groove deepens. Image from [1987Kob]. 
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Arrowhead Twins 
Figure 2.24 shows several photographs of 

one variant of arrowhead snow-crystal twins, 
and the sketch in Figure 2.25 describes their 
faceted structure. The crystal surface consists 
mainly of fast growing faceted basal edges, 
slow growing prism edges, and slow growing 
prism faces. With this geometry, the basal 
edges flanking the apex experience the fastest 
growth, extending the apex forward. By 
comparison, the prism surfaces accumulate 
water vapor very slowly. 

Figure 2.26 shows a crystal lattice model 
that explains the structure of this arrowhead 
twin variant, giving a theoretical apex angle of 
2 tan−1(𝑐𝑐0/2𝑎𝑎0) = 78.3 degrees, in good 
agreement with observations. Arrowhead 
twins tend to be one-sided, in that a single apex 
emerges from some messy polycrystalline 
nucleus. To my knowledge, there are no known 
photographic examples of a “clean” arrowhead 
twin arising from a simple initial state, in 
contrast to columnar twins.  

Arrowhead twins are generally quite small 
(seldom more than a millimeter in size), 
appearing in warm snowfalls alongside hollow 
columns. A good way to spot them is to let 
crystals fall onto some glass slides for a few 
minutes, and then scan the slides using a low-
power microscope. Arrowhead twins are 
uncommon, but they have an easily 
recognizable shape, so they can be found if you 
go searching for them. Of course, large, well-
formed specimens are exceedingly rare. To my 
knowledge, no one has ever published 
examples of any arrowhead twins that were 
grown in the laboratory. 
 

Figure 2.24: Arrowhead Twins Variant I.  
Left: These three photos show examples of 
arrowhead twin snow crystals with 78-degree 
apex angles, from [2003Lib2] (top two photos) 
and [2006Tap] (bottom photo). These 
examples were all found falling together will 
hollow columns, indicating that these twinned 
crystals grew at temperatures near -5 C. 
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Figure 2.25: Arrowhead Twins Variant I. 
Above: This sketch illustrates the peculiar faceted 
structure of a 78-degree arrowhead twins. It is a 
thin-plate crystal (seen face-on in the photos, and in 
this sketch), but the two faces of the plate are prism 
facets, not the usual basal facets seen in thin 
hexagonal plates. A pair of narrow prism facets 
make up each of the lower-facing edges, while the 
top-facing edges are narrow basal facets. Note that 
all the prism surfaces grow slowly near -5 C, while 
the basal edge grows rapidly. Once begun, the basal 
growth yields the observed plate-like structure. An 
arrowhead twin typically emerges from some 
unknown initial structure, here shown as an ill-
formed blob as the bottom of the sketch.  

Figure 2.26: Arrowhead Twins Variant I. 
Above: The crystal lattice projection in the lower 
sketch is looking down along the [𝟎𝟎�𝟎𝟎𝟎𝟎𝟎𝟎] axis, so 
looking down perpendicular to a prism facet. 
This is called a contact twin, with the two crystals 
meeting at a reflection plane. This model gives a 
theoretical apex angle of 𝟐𝟐 𝐭𝐭𝐭𝐭𝐭𝐭−𝟎𝟎(𝒄𝒄𝟎𝟎/𝟐𝟐𝒂𝒂𝟎𝟎) = 𝟑𝟑𝟐𝟐.𝟑𝟑 
degrees. A pair of black lines separated by 78-
degrees has been superimposed on the above 
photograph [2006Tap], showing good agreement 
with theory. 
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 Figure 2.28 shows a second variant of 
arrowhead twinning, similar to Variant I but 
with a different apex angle. Comparing Figures 
2.26 and 2.28, it becomes apparent that the 
twinning mechanisms are quite similar, and the 
geometry of Variant II gives it an apex angle of 
2 tan−1(𝑐𝑐0/3𝑎𝑎0) = 57.0 degrees. 

Figure 2.29 shows a third arrowhead 
variant, this time with an apex angle just slightly 
below 90 degrees. The model does not give as 
good a lattice match as the previous two 
arrowhead variants, but the theoretical apex 
angle of 2 tan−1(3𝑐𝑐0/5𝑎𝑎0) = 88.7 degrees 
agrees well with one of the best photographic 
specimens, as shown in Figure 2.30. 

 
  

Figure 2.27: Arrowhead Twins Variant I. 
This photo shows a weak evaporation groove 
along the twin plane in an arrowhead crystal. 
The straightness and sharpness of this feature 
suggests its crystalline origin, in contrast to the 
other growth features in the crystal. Image by 
Patricia Rasmussen [2003Lib2]. 

Figure 2.28 Arrowhead Twins Variant II. 
The top and middle photos above show two 
examples of this arrowhead-twin variant 
[2011Kik]. The lattice projection in the lower 
sketch is similar to that in Figure 2.26, giving a 
theoretical apex angle of 𝟐𝟐 𝐭𝐭𝐭𝐭𝐭𝐭−𝟎𝟎(𝒄𝒄𝟎𝟎/𝟑𝟑𝒂𝒂𝟎𝟎) =
𝟓𝟓𝟑𝟑.𝟎𝟎 degrees. The pairs of white lines in the 
photos subtend this angle, showing good 
agreement with theory. 
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Figure 2.29: (Left) Arrowhead Twins Variant 
III. This variant of an arrowhead twin displays 
an apex angle that is close to 90 degrees, and 
the model structure shown in the sketch has a 
theoretical value of  𝟐𝟐 𝐭𝐭𝐭𝐭𝐭𝐭−𝟎𝟎(𝟑𝟑𝒄𝒄𝟎𝟎/𝟓𝟓𝒂𝒂𝟎𝟎) = 𝟐𝟐𝟐𝟐.𝟑𝟑 
degrees. There are few quality photographic 
examples of this arrowhead variant, and no 
laboratory-grown specimens. Nevertheless, to 
the limits of what has been measured, this 
model is in good agreement with observations. 
Images by Patricia Rasmussen [2003Lib2]. 
 

Figure 2.30: Arrowhead Twins Variant III. 
Walter Tape photographed this sharply faceted 
example of an arrowhead twin near the South 
Pole [2006Tap]. A careful measurement of the 
crystal (by KGL) yielded an apex angle of 
88.5±0.5 degrees, in good agreement with the 
model shown in Figure 2.29. 
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Crossed Plates 
Figure 2.31 shows several examples of another 
class of snow crystal twinning, this time in the 
form of crossed plate-like crystals. These can 
be found in nature, although specimens are 
relatively uncommon, quite small, and most are 
rather poorly formed, as shown in the figure. 
They seem to form mostly at temperatures near 
-2 C. Crossed plates have been seen in the 
laboratory as well, but there are few good 
photographs to show here 

Figure 2.32 shows a proposed crystal 
structure for this first crossed-plate variant. 
The twin angle is 2 tan−1(𝑐𝑐0/√3𝑎𝑎0) = 86.5 
degrees, which is consistent with the 
observations showing plates crossing at 
roughly 90 degrees. Unfortunately, there do 
not appear to be any photographic examples 
that have allowed a precise measurement of the 
angle between the crossed plates. 

Figure 2.31: Crossed Plates Variant I. 
These photos show examples of natural twin-
plate crystals, along with a sketch of their 
overall structure. Note that one prism facet 
edge is parallel to the intersection axis of the 
twinned crystals. Top, bottom images by 
Patricia Rasmussen [2003Lib2]. 
 

Figure 2.32: Crossed Plates Variant I. 
A possible lattice model for Variant-I crossed-
plate twinning. This is a contact twin where 
the theoretical angle between basal facets is 
𝟐𝟐 𝐭𝐭𝐭𝐭𝐭𝐭−𝟎𝟎(𝒄𝒄𝟎𝟎/√𝟑𝟑𝒂𝒂𝟎𝟎) = 𝟐𝟐𝟔𝟔.𝟓𝟓 degrees. 
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Figure 2.33 shows another crossed-plate 

variant that is observed quite readily in free-
falling laboratory crystals grown in air near -10 
C, this time exhibiting a twin angle of about 70 
degrees. This form was first documented by 
Kunimoto Iwai [1971Iwa], who proposed the 
lattice model shown in Figure 2.34 with a 
theoretical angle between plates of 
tan−1(√3𝑐𝑐0/𝑎𝑎0) = 70.5  degrees. This is not a 
contact-twin model, however, so one crystal is 
not a mirror reflection of the other about the 
twin plane. As a result, the connection points 
(circled in Figure 2.34) have theoretical 
spacings of �3𝑎𝑎02 + 9𝑐𝑐02 in the top crystal and 
3√3𝑎𝑎0 in the bottom crystal. Although these 
values only differ by about 0.2 percent, this 
geometry does lead to an inevitable lattice 
mismatch as the twin plane propagates 
outward.  

Kobayashi and Kuroda [1987Kob] pointed 
out that this crossed-plate variant could 
originate from an ice Ic seed crystal, as shown 
in Figure 2.35. Presumably this seed appeared 
during the initial nucleation process, after 
which it stimulated the twin crystals shown in 
the figure. As the subsequent vapor growth 
produced two crossed plates, the minute seed 
was soon buried by the faster-growing ice Ih. 
This cubic-nucleation model nicely explains 
why such a high-order twinning should occur 
so readily, and it supports the hypothesis that 
stacking disordered crystals, containing a mix 
of Ih and Ic bonding, can play a significant role 
in snow-crystal nucleation.  

There are several additional observations 
of snow crystals with rather odd geometries 
that have been reported in the literature, and 
these might be explained as variants of 
twinning beyond those described here. To 
date, however, these observations are rather 
poor, so it is perhaps premature to extend our 
discussion of twinning much further. As with 
many other aspects of snow-crystal science, 
better observations may yield additional 
surprises in the future. 
 

Figure 2.33: Crossed Plates Variant II. 
These images show several snow crystal twins 
grown in air in a free-fall chamber near -10 C. 
Side-by-side pairs of images show the same 
crystal with a different microscope focus, one 
image focusing on the flat plate resting on the 
substrate and the other image focusing on the 
top edge of the twin plate. Photos by the 
author. 
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Figure 2.34: (Left) Crossed Plates 
Variant II. This diagram shows the 
likely crystal structure for variant-II 
crossed-plate twinning [1971Iwa, 
1978Fur]. 

Figure 2.35: Crossed Plates Variant 
II. (Right) This shows how a cubic 
seed crystal can give rise to a 
variant-II crossed plate. [1987Kob]. 
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