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 We are all working for a common and  
well defined aim: to get more insight into the 

workings of nature. It is a constructive 
endeavor, where we build upon the 

achievements of the past; we improve but 
never destroy the ideas of our predecessors. 

– Victor Weisskopf 
The Privilege of Being a Physicist, 1989 

     
Ice growth from liquid water is related to ice 
growing from water vapor in some ways but 
can be quite unrelated in many other ways. The 
two subjects exhibit a clear correspondence in 
the attachment kinetics near 0 C, as the 
ice/water interface behaves much like the 
ice/vapor interface in the presence of 
substantial surface premelting, as I discussed in 
Chapter 3. Given the profound importance of 

the ice/water freezing transition in 
meteorology, the environment more generally, 
and even in our everyday lives, it is somewhat 
surprising that many fundamental aspects of 
the physical dynamics of ice freezing from 
liquid water remain relatively unexplored and 
unexplained, often even less so than the 
ice/vapor freezing transition. 
 My main focus in this chapter will be on 
the growth of ice from pure liquid water. In 
this simplest physical system, the growth 
dynamics are governed by a combination of 
attachment kinetics at the ice/water interface, 
the diffusion of latent heat generated by the 
freezing transition, and surface energy effects. 
The physics and mathematics are both similar 
to what we encountered with ice/vapor 
growth, so here the discussion will connect 
nicely to the corresponding areas in Chapters 3 
and 4.  
 Chemical solutes add another dimension to 
the physics of ice/water solidification, along 
with considerable additional complexity. The 
heat-diffusion problem transforms to a 
combination of heat and particle diffusion, as 
solutes generally do not incorporate into the ice 
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Facing page: Rachel Wing holds a pond crystal 
lifted from the surface of Lake Superior after a 
cold night. The thin-plate structure arises from 
the small ice/water basal kinetic coefficient, 
while the dendritic branching is the result of 
heat-diffusion-limited growth. Photo by the 
author. 
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crystal lattice, and so will be pushed away by 
the advancing ice/water interface. In some 
especially interesting cases, however, solutes 
latch onto the ice surface and modify the 
attachment kinetics, dramatically changing the 
overall characteristics of the freezing process. 
Moving away from pure water quickly brings 
us into areas of cryobiology, lyophilization 
(freeze-drying), and food production that are 
both fascinating and rich with applications. I 
will only touch on these subjects here, 
however, as they are well covered in the 

scientific literature and clearly beyond the 
scope of this book. 
 
12.1 Basic 
Phenomenology 
The water phase diagram in Figure 12.1 shows 
that the ice/water phase transition occurs over 
a broad range of temperatures and pressures, 
as does the ice/vapor transition. However, 
while the ice/vapor coexistence line is easily 
accessed simply by observing snow-crystal 

Figure 12.1: The phase diagram of water as a function of temperature and pressure. Ice growth occurs 
near the liquid/solid phase boundary (blue oval) while snow crystal growth occurs near the 
vapor/solid boundary (red oval). The high-pressure portion of the liquid/solid boundary is difficult 
to access experimentally, so nearly all observations of ice growth from liquid water have taken place 
near one atmosphere. Image adapted from https://en.wikipedia.org/wiki/Ice. 
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growth as a function of temperature, probing 
the ice/water line in a significant way involves 
working in a high-pressure environment, 
which is both difficult and expensive in 
laboratory experiments. The ice/water freezing 
temperature changes only slowly with 
increasing pressure, and the overall crystal-
growth behavior shows little pressure-
dependence below 10 MPa. Things get more 
interesting above this pressure, but the high-
pressure regime has been only slightly explored 
to date, as I describe briefly below. 
 For this reason, much of our discussion 
will be restricted to ordinary pressures, where 
there are a good number of observations and 
quantitative measurements to guide the 
discussion. It is an unfortunate restriction, 
however; while snow-crystal growth presents 
us with a fascinating 2D morphology diagram 
showing growth as a function of both 
temperature and supersaturation (see Figure 
8.16), ice growth from liquid water gives us 
essentially a 1D morphology diagram 
describing growth only as a function of 
supercooling near 0 C. The upper reaches of 
the ice/water line in Figure 12.1 remain 
somewhat out of reach at present.  
 A key variable describing the solidification 
of ice from liquid water is the degree of 
supercooling at the ice/water surface, ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
𝑇𝑇𝑚𝑚 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, where 𝑇𝑇𝑚𝑚 ≈ 0 C is the temperature 
of the ice/water interface in equilibrium and 
𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the temperature of the interface during 
growth. Other important variables may include 
the surface orientation relative to the crystal 
axes, solute concentrations, overall crystal 
morphology, the presence of container walls or 
other foreign materials, or simply the initial 
conditions and/or boundary conditions 
describing a particular system. Except where 
noted, in what follows I focus mainly on free 
ice growth in a pure water bath, unconstrained 
by the presence of solutes or other materials.  

Another commonly used measure of 
supercooling is ∆𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ = 𝑇𝑇𝑚𝑚 − 𝑇𝑇∞, where 𝑇𝑇∞ is 
the temperature of the supercooled water far 
from the growing crystal. Latent heat created at 

the ice/water interface is usually removed via 
thermal diffusion, so generally 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 > 𝑇𝑇∞. 
Remarkably, ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and ∆𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ are sometimes 
used interchangeably in the older scientific 
literature, which can lead to some confusion. 
Because ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is often difficult to determine 
near a growing interface, ∆𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ is commonly 
used when describing experimental results, 
especially when describing growth 
morphologies. 

For a small supercooling with ∆𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ < 0.5 
C, a microscopic seed crystal tends to grow 
into the form of simple, circular disks. The 
slow-growing basal surfaces form the two 
faceted faces of the disk, indicating that the 
basal growth is limited primarily by attachment 
kinetics. Meanwhile the outward growth of the 
edge of the disk is limited primarily by the 
diffusion of latent heat in the system. Circular 
disks are especially likely when the plate forms 
close to a substrate surface, as illustrated in 
Figure 12.2.  

Figure 12.2: A 2-mm-diameter disk of ice grows 
outward on the surface of a thin film of slightly 
supercooled water covering a glass plate. (The 
dark regions are copper support arms glued to 
the glass.) The c-axis of the oriented ice crystal 
is aligned perpendicular to the glass surface. It 
appears that the close proximity of the cold 
support plate stabilizes the circular shape 
against dendritic branching. 
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As ∆𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ is increased, the disk growth 
becomes unstable via the Mullins-Sekerka 
instability (see Chapter 4), resulting in dendritic 
branching, still mainly restricted to two 
dimensions by basal faceting. In an open body 
of supercooled water, such as a quiet pond or 
lake, buoyancy forces often push the ice disk to 
the water’s surface, aligning the c-axis of the 
crystal along the vertical direction. The disk 
then grows outward along the water’s surface 
to form large, often single-crystal, dendritic 
structures, such as the pond crystal shown in 
Figure 12.3. The process can easily be 
reproduced in the laboratory, yielding ice plates 
with thicknesses of 1 cm or more, with the c-
axis conveniently oriented perpendicular to the 
faces of the plate. As described in Chapter 6, 
this provides an especially simple method for 
preparing large, single-crystal ice specimens for 
use in laboratory experiments [1996Kni]. 
 Figure 12.4 shows several observations of 
different dendrite tip morphologies that 

formed when ice crystals grew inside a uniform 
bath of supercooled water [2004Shi]. Again the 
basal growth is inhibited to a large degree by 
slow attachment kinetics, while prism growth 
is limited mainly by the diffusion of latent heat 
released during solidification. The combination 
of attachment kinetics and diffusion-limited 
growth makes the ice/water growth problem 
somewhat more difficult to solve when 
compared to unfaceted solid/liquid systems, 
such as succinonitrile (see Chapter 4). To date, 
researchers have not been able to incorporate 
the necessary combination of heat diffusion, 
attachment kinetics, and surface energy terms 
into computational models of the solidification 

Figure 12.3: This large pond crystal grew on the 
surface of an open body of water when the 
overnight temperature dipped slightly below 0 
C. Attachment kinetics limited the basal 
growth, resulting in a thin plate of ice, while 
thermal diffusion brought about dendritic 
branching. The underlying six-fold symmetry 
of the ice crystal lattice guided the orientations 
of the branches and sidebranches, as it does 
with snow-crystal growth [Photo by Bathsheba 
Grossman.] 

Figure 12.4: Several photographs showing ice free-
dendrite growth in a water bath at different bath 
temperatures [2004Shi]. Near the freezing point 
(∆𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = −𝟎𝟎.𝟑𝟑 C), the growth is relatively slow, the 
tip radius is large, and tip splitting can occur. As 
the bath temperature decreases, the growth rate 
increases, the tip radius decreases, and the overall 
morphology changes. 
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of liquid systems. Thus, much like snow-crystal 
growth, the structure formation that arises 
when ice grows in supercooled liquid water 
remains something of an unsolved problem. 
 Note that ice-growth morphologies can 
depend on external boundary conditions to 
some extent. In Figure 12.2, the circular disk 
shape appears to be stabilized by the nearby 
cold plate, while the plate morphology in 
Figure 12.3 is affected by the fact that it floats 
on the surface of a large body of water. These 
both represent different boundary conditions 
compared to the less-constrained growth 
presented in Figure 12.4. Understanding the 
different morphologies and morphological 
transitions, and how they depend on 
supercooling, would require 3D analyses that 
included all the proper boundary conditions.  

 As the supercooling increases, the 
complexity of the resulting solidification 
structures increases as well. This is also true for 
snow-crystal growth (see Figure 8.16), and it is 
a general property of diffusion-limited growth. 
For example, Figure 12.5 shows a highly 
dendritic structure growing in a water bath 
cooled to -2.3 C. There is a clear resemblance 
with stellar-dendrite snow-crystal structures 
near -15 C, as basal faceting yields plate-like 
structures in both cases, while the underlying 
symmetry of the ice crystal lattice plays a role 
in defining the overall symmetry of the 
dendritic branches. From another experiment, 
Figure 12.6 shows a peculiar “bi-pyramidal” 
structure that consists of fused sheets of 

Figure 12.5: Several ice dendrites growing in a 
bath of water at -2.3 C [1980Lan]. While the 
growth behavior at the dendrite tips is mainly 
determined by local conditions, the overall 
structure is likely influenced by the initial 
conditions near the capillary-tube support point. 
 

Figure 12.6: This unusual ice structure, formed 
at -5.2 C supercooling, consists of plate-like 
dendrites where the sidebranches have fused 
together into nearly solid plates [1965Mac]. 
The dual-plate structure is somewhat 
analogous to the double-plate snow crystals 
described in Chapter 10. In both cases, the 
overall double-plate morphology reflects the 
full history of the growth and boundary 
conditions, particularly at early times. 
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dendritic plate-like components. It appears that 
this structure is less fundamental than the 
planar dendrites shown in Figure 12.5, as the 
multiple sheets seem to arise from a specific 
history of growth and/or boundary conditions, 
much like double-plate snow crystals. An 
important take-away message from these 
experiments is that the growth and boundary 
conditions must be rather carefully specified if 
one wants to understand the detailed 
morphological structures that arise during 
crystal growth.  
 As mentioned above, ice/water growth 
morphologies change substantially when 
experiments are done at high pressures, but 
there is are few laboratory observations 
describing this difficult-to-reach region of the 
water phase diagram. In a series of 
groundbreaking experiments, Minoru 
Maruyama and collaborators [1997Mar, 
2005Mar] found that circular-disk 
morphologies evolve into faceted prism 

morphologies at high pressures and low 
temperatures, as illustrated in Figure 12.7. As 
with snow-crystal attachment kinetics (see 
Chapter 3), these experiments suggest the 
possibility of comparing measurements of 
terrace step energies on faceted ice surfaces 
with calculated values from molecular 
dynamics simulations over the entire ice/water 
coexistence line. 
 
12.2 Attachment Kinetics 
The attachment kinetics at the ice/water 
interface has received relatively little attention 
in the scientific literature, even though the 
appearance of basal faceting over a broad range 
of environmental conditions indicates that 
basal attachment kinetics clearly has a strong 
influence on growth morphologies. It is 
customary to write the growth velocity 𝑣𝑣𝑛𝑛 
(normal to the surface) in the Wilson-Frenkel 
form, 
 

𝑣𝑣𝑛𝑛�𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠� = 𝐾𝐾𝑇𝑇∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (12.1) 
 
where 𝐾𝐾𝑇𝑇 is the kinetic coefficient. This form 
automatically gives the equilibrium condition 
𝑣𝑣𝑛𝑛 = 0 when ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 0, although in general 
𝐾𝐾𝑇𝑇 will also be temperature dependent.  

Measurements of basal growth rates 
[1958Hil, 1966Mic] indicate a functional form 
that agrees with a terrace-nucleation model, 
and one data set is reproduced in Figure 12.8. 
After correcting for small heating effects, the 
basal kinetic coefficient is given by 𝐾𝐾𝑇𝑇 =
𝐾𝐾0exp (−∆𝑇𝑇0/∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠), where ∆𝑇𝑇0 = 0.23 C and 
𝐾𝐾0 = 7.3 × 10−4 m/sec [2014Lib]. As 
described in Chapter 3, these data give a basal 
step energy of 𝛽𝛽𝑠𝑠𝑠𝑠,𝑏𝑏𝑏𝑏𝑠𝑠𝑏𝑏𝑠𝑠 ≈ 5.6 ± 0.7 × 10−13 
J/m, assuming classical nucleation theory 
[1958Hil, 2014Lib, 2017Lib]. (See also Chapter 
3.) Once again, this measurement opens up the 
possibility of comparing measurements with 
step energies calculated directly using 
molecular dynamics simulations, which is a 
subject of current research [2012Fro, 
2019Ben]. 

Figure 12.7: The growth form of ice in water at 
low supercooling changes from thin disks 
(open circles) to faceted hexagonal plates 
(solid squares) with position on the ice/water 
coexistence line. The transition likely arises 
from a change in the prism attachment 
kinetics with temperature/pressure, 
specifically the terrace step energy on prism 
facets. 
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 The lack of any faceting on prism surfaces 
(at normal pressures) provides an indication 
that 𝛽𝛽𝑠𝑠𝑠𝑠,𝑝𝑝𝑠𝑠𝑝𝑝𝑠𝑠𝑚𝑚 ≪ 𝛽𝛽𝑠𝑠𝑠𝑠,𝑏𝑏𝑏𝑏𝑠𝑠𝑏𝑏𝑠𝑠, and 𝛽𝛽𝑠𝑠𝑠𝑠,𝑝𝑝𝑠𝑠𝑝𝑝𝑠𝑠𝑚𝑚 is so 
small that it remains unmeasured. In fact, the 
kinetic coefficient 𝐾𝐾𝑇𝑇 for the prism facet is 
difficult to measure at all, because ice crystal 
growth is so strongly limited by thermal 
diffusion under most experimental conditions. 
 In the absence of a terrace nucleation 
barrier (∆𝑇𝑇0 = 0), one can produce a 
theoretical estimate of the kinetic coefficient 
from the Einstein-Stokes relation [1996Sai, 
2017Lib] (see also Appendix B), which gives 
 

𝐾𝐾𝑇𝑇 ≈
𝐿𝐿𝑠𝑠𝑠𝑠𝜌𝜌𝑝𝑝𝑖𝑖𝑖𝑖𝑎𝑎

6𝜋𝜋𝜂𝜂𝑖𝑖𝑠𝑠𝑠𝑠𝑇𝑇𝑚𝑚
(12.2) 

 
where 𝐿𝐿𝑠𝑠𝑠𝑠 is the latent heat of melting per unit 
mass, 𝜌𝜌𝑝𝑝𝑖𝑖𝑖𝑖 is the ice density, 𝑎𝑎 is the size of a 
water molecule, and 𝜂𝜂𝑖𝑖𝑠𝑠𝑠𝑠 is the effective 
dynamical viscosity for liquid water near the ice 
surface. The kinetics of liquid water near an ice 
surface is nontrivial, and it is possible that 𝜂𝜂𝑖𝑖𝑠𝑠𝑠𝑠 
may differ substantially from the normal bulk 

viscosity. Nevertheless, using the bulk 
viscosity value gives the short-dotted 
line in Figure 12.9, which can be taken 
as a crude theoretical estimate for the 
kinetic coefficient of non-faceted ice 
surfaces. 
 The basal kinetic coefficient in 
Figure 12.9 is probably reasonably 
accurate for ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 < 0.1 C, as 
accurate measurements are most 
feasible in this regime. The fast kinetics 
curve lies far above the basal kinetic 
curve at these low supercoolings, 
which is consistent with the 
observation of thin-plate crystals, both 
simple circular disks as well as plate-
like dendritic structures. The curves in 
Figure 12.9 are progressively less 
accurate at higher supercoolings, 
where they should be considered only 
rough estimates. In this regime, the 
growth is strongly limited by heat 
diffusion, making it quite difficult to 

extract useful information regarding the 
attachment kinetics from experiments. 
 The ice/water attachment kinetics presents 
a relatively simple picture near 0 C, including 
2D-nucleation-limited kinetics on basal facets 
and quite rapid kinetics for other surface 
orientations. It appears that a substantial 
nucleation barrier appears on prism facets only 
at higher pressures (and lower temperatures), 
but the data are insufficient to give a clear 
picture of how either 𝛽𝛽𝑠𝑠𝑠𝑠,𝑏𝑏𝑏𝑏𝑠𝑠𝑏𝑏𝑠𝑠 or 𝛽𝛽𝑠𝑠𝑠𝑠,𝑝𝑝𝑠𝑠𝑝𝑝𝑠𝑠𝑚𝑚 
change with pressure+temperature along the 
ice/water coexistence line. This is in contrast 
to the ice/vapor case, where we have accurate 
data over a broad swath of the coexistence line, 
indicating a rich variety of physical processes 
underlying the attachment kinetics on both 
principal facets, as described in detail in 
Chapters 3 and 7. 
 
The Gibbs-Thomson Effect 
If the ice/water surface is not flat, then 
Equation 12.1 is replaced by 
 

Figure 12.8: Measurements of the basil growth velocity for 
ice in liquid water as a function of the dimensionless 
undercooling 𝒃𝒃 = (𝑻𝑻𝒎𝒎 − 𝑻𝑻𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔)/𝑻𝑻𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔. The line through the 
data shows a terrace-nucleation model with an ice/water 
basal step energy of 𝜷𝜷𝒔𝒔𝒔𝒔,𝒃𝒃𝒃𝒃𝒔𝒔𝒃𝒃𝒔𝒔 ≈ 𝟓𝟓.𝟔𝟔 × 𝟏𝟏𝟎𝟎−𝟏𝟏𝟑𝟑 J/m [1958Hil, 
2014Lib, 2017Lib].  
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𝑣𝑣𝑛𝑛 = 𝐾𝐾𝑇𝑇𝑇𝑇∆�𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑑𝑑𝑠𝑠𝑠𝑠𝜅𝜅� (12.3) 

 
where here ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 has been replaced with a 
dimensionless supercooling at the surface 
equal to  
 

𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
𝑇𝑇𝑚𝑚 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑇𝑇∆
(12.4) 

 
with 
 

          𝑇𝑇∆ =
𝐿𝐿𝑠𝑠𝑠𝑠

𝑐𝑐𝑝𝑝,𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
≈ 78 𝐾𝐾 (12.5) 

 

and 𝑐𝑐𝑝𝑝,𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠 is the specific heat of water per 
unit mass (see Appendix A and Appendix B). 
The second term in Equation 12.3 incorporates 
the ice/water surface energy via the Gibbs-
Thomson effect [1980Lan, 1989Lan, 1996Sai, 
2017Lib], where 𝜅𝜅 is the surface curvature 
(equal to 2/𝑅𝑅 for a spherical surface) and 
 

𝑑𝑑𝑠𝑠𝑠𝑠 =
𝛾𝛾𝑠𝑠𝑠𝑠𝑇𝑇𝑚𝑚𝑐𝑐𝑝𝑝,𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠

𝜌𝜌𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠𝐿𝐿𝑠𝑠𝑠𝑠2
≈ 0.4 nm (12.6) 

 
is called the capillary length and 𝛾𝛾𝑠𝑠𝑠𝑠 is the 
ice/water surface energy. The analogous 
Gibbs-Thomson term for ice/vapor growth is 
given in Chapter 2. 

Figure 12.9: The blue curves in this plot show the kinetic coefficient 𝑲𝑲𝑻𝑻(∆𝑻𝑻𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔) for ice growth from 
liquid water for the basal facet (labeled basal kinetics) [2014Lib] and for fast-growing unfaceted 
surfaces (fast kinetics) [2017Lib]. The thick portion of the basal line derives from ice growth data, 
while the dotted portion is extrapolated to larger ∆𝑻𝑻𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔. The remaining blue short-dotted curve shows 
𝑲𝑲𝑻𝑻 from Einstein-Stokes theory [1996Sai, 2017Lib]. For comparison, the red dashed curve shows 
𝑲𝑲𝑻𝑻(∆𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃)  for the tips of growing dendrites [2005Shi]. Note that the abscissa in this graph does 
double duty, equal to either ∆𝑻𝑻𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 (blue curves) or ∆𝑻𝑻𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 (red curve). 
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12.3 Diffusion-Limited 
Growth 
As an ice crystal grows from supercooled liquid 
water, the release of latent heat raises the 
temperature at the ice/water interface, thus 
lowering ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and slowing the growth rate 
via Equation 12.1. The growth is thus limited 
by the rate at which heat diffuses away from 
the growing crystal. The mathematics of this 
process is quite similar to that presented in 
Chapter 4, although with several differences 
arising from the validity of various physical 
approximations. 

Heat diffusion is described by the thermal 
diffusion equation  
 

𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠∇2𝑇𝑇 (12.7) 

 
where 𝑇𝑇(�⃗�𝑥) is the temperature field 
surrounding the crystal and  
 

𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠 =
𝜅𝜅𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠

𝜌𝜌𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠𝑐𝑐𝑝𝑝,𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
(12.8)

                       
                       ≈ 1.4 × 10−7 m2/sec

 

 
where 𝜅𝜅𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠 is the thermal conductivity of 
water. In this form, I have ignored thermal 
diffusion through the ice compared to 
diffusion into the water bath, which is a 
reasonable assumption for a small ice crystal 
growing into a large bath. Using the 
dimensionless supercooling, the diffusion 
equation is  
 

𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠∇2𝑢𝑢 (12.9) 

 
The Laplace Approximation 
As was described in Chapter 4 for the 
ice/vapor case, it is useful to compare the 
diffusion time 𝜏𝜏𝑑𝑑𝑝𝑝𝑠𝑠𝑠𝑠 ≈ 𝑅𝑅2/𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠 with the 
crystal growth time 𝜏𝜏𝑔𝑔𝑠𝑠𝑔𝑔𝑤𝑤 ≈ 𝑅𝑅/𝑣𝑣𝑛𝑛, where 𝑅𝑅 is 
the approximate size of the growing crystal in 
question. The time 𝜏𝜏𝑑𝑑𝑝𝑝𝑠𝑠𝑠𝑠 is roughly how long it 
takes for the temperature field to relax to a 

quasi-steady state, while 𝜏𝜏𝑔𝑔𝑠𝑠𝑔𝑔𝑤𝑤 is the time it 
takes for the crystal size to change appreciably. 
The ratio of these two times is called the Peclet 
number 
 

𝑝𝑝 ≈
𝑣𝑣𝑛𝑛𝑅𝑅

2𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
(12.10) 

 
For the case of purely diffusion-limited growth 
of an ice sphere (see below), the diffusion 
equation gives 𝑣𝑣𝑛𝑛𝑅𝑅 ≈ (∆𝑇𝑇∞/𝑇𝑇∆)𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠, and in 
this case the Peclet number becomes 
 

𝑝𝑝 ≈
∆𝑇𝑇∞
2𝑇𝑇∆

(12.11) 

 
For all experiments done to date, 𝑝𝑝 has been 
less than unity, and 𝑝𝑝 ≪ 1 is a fairly accurate 
assumption overall. In this limit, the thermal 
diffusion equation simplifies to Laplace’s 
equation 
 

∇2𝑢𝑢 = 0 (12.12) 
 
substantially simplifying the subsequent 
mathematics. The Laplace approximation is 
not as accurate for ice/water as it is for the 
ice/vapor system, where the Peclet number is 
exceedingly small. Nevertheless, the 
approximation is sufficiently accurate for 
drawing general conclusions regarding the 
importance of various physical effects that 
govern ice growth from liquid water. 
 
Surface  
Boundary Conditions 
For solving the diffusion equation using the 
Laplace approximation (Equation 12.12), 
assume the fixed boundary condition 𝑢𝑢 = 𝑢𝑢∞ 
far from the growing crystal. At a growing 
surface we have the Wilson-Frenkel relation 
(Equation 12.3) along with the fact that the 
heat generated at the surface is equal to that 
carried away from the surface via conduction, 
which gives  
 

𝐿𝐿𝑠𝑠𝑠𝑠𝜌𝜌𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠𝑣𝑣𝑛𝑛 = 𝜅𝜅𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠(∇𝑛𝑛T)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (12.13) 
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where (∇𝑛𝑛T)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the temperature gradient 
normal to the surface, evaluated at the surface. 
Combining these two relations gives the 
surface boundary condition 
 

            𝐾𝐾𝑇𝑇𝑇𝑇∆�𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑑𝑑𝑠𝑠𝑠𝑠𝜅𝜅� =
                                𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠(∇𝑛𝑛𝑢𝑢)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠     (12.14) 

 
which relates 𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 to (∇𝑛𝑛𝑢𝑢)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 
 
The Spherical Solution 
As I described with the ice/vapor system in 
Chapter 4, examining the growth of a simple 
ice sphere provides many useful insights 
regarding more complex growth geometries, as 
the spherical case can be solved exactly and 
analytically (after applying several reasonable 
approximations). Fast-forwarding through the 
math (see Appendix B), the diffusion equation 
alone gives the general solution 𝑢𝑢(𝑟𝑟) = 𝑢𝑢∞ −
𝐴𝐴1/𝑟𝑟, where 𝑢𝑢(𝑟𝑟) = (𝑇𝑇𝑚𝑚 − 𝑇𝑇(𝑟𝑟))/𝑇𝑇∆ is the 
dimensionless supercooling field, 𝑢𝑢∞ is the 
supercooling at infinity, and 𝐴𝐴1 is a constant. 
Applying the surface boundary condition to 
determine 𝐴𝐴1 in the Laplace approximation 
gives the growth velocity 
 

𝑣𝑣𝑛𝑛 =
𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛 + 𝑅𝑅

�𝑢𝑢∞ −
2𝑑𝑑𝑠𝑠𝑠𝑠
𝑅𝑅

� (12.15) 

 
where 𝑅𝑅 is the radius of the ice sphere and 
 

𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛 =
𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
𝐾𝐾𝑇𝑇𝑇𝑇∆

(12.16) 

 
When the growth is largely diffusion limited 
(𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛,𝑑𝑑𝑠𝑠𝑠𝑠 ≪ 𝑅𝑅), the surface supersaturation is 
given by 
 

              𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈
𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
𝑅𝑅𝐾𝐾𝑇𝑇𝑇𝑇∆

𝑢𝑢∞ (12.17) 

 
which goes to zero for large 𝑅𝑅 or 𝐾𝐾𝑇𝑇, as one 
would expect. 

Assuming 𝐾𝐾𝑇𝑇 ≈ 4 × 10−4 m/sec-K as a 
reasonable estimate for fast kinetics on prism 
surfaces (see Figure 12.9), gives 𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛 ≈ 5 µm, 

which is smaller than the tip radii for all but the 
fastest-growing tip structures (see Figure 12.4). 
This suggests that the tip growth will be largely 
diffusion-limited (and not kinetics limited), 
which is consistent with observations. 
However, 𝐾𝐾𝑇𝑇 is much smaller on basal surfaces, 
so there the growth will often be kinetics 
limited, which is also consistent with 
observations of basal facets. As with snow 
crystals, ice growth from liquid water is largely 
diffusion-limited, but with attachment kinetics 
factoring in substantially. 
 In most experiments examining ice growth 
from supercooled water, for example in Figure 
12.4, the growth is mainly diffusion limited 
(𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛,𝑑𝑑𝑠𝑠𝑠𝑠 ≪ 𝑅𝑅), so it makes sense to expand 
Equation 12.15 in the large-R limit to obtain 
 

𝑣𝑣𝑛𝑛 ≈
𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
𝑅𝑅

�𝑢𝑢∞ −
𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛𝑢𝑢∞
𝑅𝑅

−
2𝑑𝑑𝑠𝑠𝑠𝑠
𝑅𝑅

� (12.18) 

 
Because 𝑑𝑑𝑠𝑠𝑠𝑠 is so small, the third term in the 
parentheses is much smaller than the second 
term in essentially all experimental 
circumstances. This reinforces the notion that 
thermal diffusion and attachment kinetics are 
both important in determining growth 
behavior, while surface-energy effects are small 
and possibly negligible in most experimental 
circumstances. 
 
Dendrite Growth 
In considering the growth of dendritic 
structures like those in Figure 12.4, it is 
customary to assume that the dendrite tip can 
be approximately described by a paraboloid of 
revolution with a constant 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝 and 𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝, as 
illustrated in Figure 12.10. Although this 
approximation is perhaps overly simplistic in 
the case of ice growth, the model is a useful 
tool for better understanding the underlying 
physical processes.  
 As described in Chapter 4 for the 
ice/vapor system, solving the diffusion 
equation for a growing paraboloid yields what 
is known as the Ivantsov solution [1947Iva], 
which is well described in the crystal-growth 
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literature, including for arbitrary Peclet 
numbers [1980Lan, 1989Lan, 1996Sai]. 
Because the Peclet number is fairly small in the 
ice/water system, this simplifies the problem at 
hand, allowing us to write the Ivantsov 
solution in a form that looks quite similar to 
the spherical solution in Equation 12.18, giving 
 

𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝 ≈
𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
𝐵𝐵0𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝

�𝑢𝑢∞ −
𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛𝑢𝑢∞
𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝

−
2𝑑𝑑𝑠𝑠𝑠𝑠
𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝

� (12.19) 

 
where 𝐵𝐵0 is a dimensionless parameter that 
depends only weakly on 𝑢𝑢∞ and other factors. 
To a reasonable approximation, we can take 𝐵𝐵0 
to be roughly constant for the present 
discussion. 
 The Ivantsov solution does not specify 
either 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝 or 𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝, but rather provides a 
relationship between these quantities. For 
mainly diffusion-limited growth like ice/water 
dendrites, 𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝~1/𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝, which is consistent 
with observations to the extent that the 
dendrite tip approximates the Ivantsov form. 
As 𝑢𝑢∞ increases, 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝 generally decreases while 
𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝 then increases as 𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝~1/𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝. However, 

the diffusion equation alone does not provide 
a physical solution for 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞). 
 The parabolic growth problem turned out 
to be remarkably subtle, both mathematically 
and physically, playing out in the 1980s with 
the development of what has become known 
as solvability theory. A full discussion of the 
theory is beyond the scope of this book (see 
[1996Sai, 1996Kas, 1999Pim]), but the essential 
physics can be seen in Equation 12.19.  
 Given that any value 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝 will yield a 
suitable parabolic solution to the diffusion 
equation (the Ivantsov solution), the Mullins-
Sekerka instability (see Chapter 4) tends to 
drive the parabolic form to smaller values of 
𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝, as these grow faster. The drive to ever 
smaller 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝 is eventually balanced, however, by 
the second and third terms in the parentheses 
in Equation 12.19. For both these factors, 
decreasing 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝 reduces the effective 𝑢𝑢∞, and 
this negative feedback eventually stabilizes 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝 
and 𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝. The devil is very much in the details 
of this subtle problem, and that is the subject 
of full-blown solvability theory. 
 One important result from solvability 
theory is that some amount of anisotropy is 
needed to stabilize the parabolic needle 
solution shown in Figure 12.10. For purely 
isotropic surface tension and/or attachment 
kinetics, the parabolic solution is unstable to 
tip splitting. The example in Figure 12.4 with a 
supercooling of 0.3 C shows one instance of tip 
splitting, and additional examples can be found 
in Chapter 4. 
 Another result from solvability theory is 
that either an anisotropic surface energy or an 
anisotropic attachment kinetics can provide 
the necessary stabilization needed to produce 
stable, needle-like dendritic growth. Given that 
such structures are clearly seen in Figures 12.4 
and 12.5, we know that one of these effects is 
in play. But it is not immediately obvious which 
is more important for ice/water dendrites. 
 It has become something of a standard 
practice in the scientific literature pertaining to 

Figure 12.10: The Ivantsov solution to the 
diffusion equation describes a crystalline 
paraboloid of revolution with an unchanging 
parabolic shape and a constant tip radius 𝑹𝑹𝒃𝒃𝒕𝒕𝒕𝒕, 
the entire structure growing forward with a 
constant tip velocity 𝒗𝒗𝒃𝒃𝒕𝒕𝒕𝒕. If viewed from a 
frame of reference that moves in the growth 
direction with velocity 𝒗𝒗𝒃𝒃𝒕𝒕𝒕𝒕, the system would 
appear completely static. 
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dendritic solidification to ignore attachment 
kinetics and focus on surface energy, 
effectively setting 𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛 = 0 in Equation 12.19 
[1978Lan, 2005Shi]. Making this assumption, 
solvability theory then yields the relation 
 

𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝2 ≈
2𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠𝑑𝑑𝑠𝑠𝑠𝑠

𝑠𝑠1
(12.20) 

 
which can be used along with the Ivantsov 
relation to determine 𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞) and 𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞), 
giving 
 

𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞) ≈
𝐵𝐵0
𝑠𝑠1𝑢𝑢∞

𝑑𝑑𝑠𝑠𝑠𝑠

𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞) ≈
2𝑠𝑠1
𝐵𝐵02

𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
𝑑𝑑𝑠𝑠𝑠𝑠

𝑢𝑢∞2 (12.21)
 

 
which can be compared with the experimental 
data shown in Figure 12.11. The unknown 
solvability parameter 𝑠𝑠1 was adjusted to fit the 
data, and overall the agreement is quite good 
over a broad range of supercoolings. 
 While the fit to the data looks good, the 
underlying assumption of ignoring attachment 
kinetics seems terrible. The fact that 𝑑𝑑𝑠𝑠𝑠𝑠 ≪
𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛 suggests that attachment kinetics is far 
more important physically than surface energy, 
and this suggestion is reinforced by the 
appearance of strongly faceted basal surfaces at 
lower supercoolings. Moreover, prism faceted 
growth appears at lower temperatures (higher 
pressures), as shown in Figure 12.7, so again it 
seems like a poor assumption to ignore the 
anisotropy in even the prism attachment 
kinetics. Faceted prism growth is not observed 
at normal pressures, but that does not mean 
that the prism attachment kinetics is entirely 
negligible, especially given the small size of 𝑑𝑑𝑠𝑠𝑠𝑠. 
 Given that 𝑑𝑑𝑠𝑠𝑠𝑠 ≪ 𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛, as described above, 
I am inclined to ignore the 𝑑𝑑𝑠𝑠𝑠𝑠 term entirely in 
Equation 12.19, instead keeping only the 𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛 
term for dendrite stability. Solvability theory 
then yields the relation 
 

𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝2 ≈
𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛𝑢𝑢∞

𝑠𝑠2
(12.22) 

 
which, along with the Ivantsov relation, gives 
 

𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞) ≈
𝐵𝐵0
2𝑠𝑠2

𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛

𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞) ≈
2𝑠𝑠2
𝐵𝐵02

𝐷𝐷𝑤𝑤𝑏𝑏𝑏𝑏𝑖𝑖𝑠𝑠
𝑅𝑅𝑘𝑘𝑝𝑝𝑛𝑛

𝑢𝑢∞ (12.23)
 

 
Unfortunately, this attachment-kinetics-
dominated version of solvability theory gives 
𝑅𝑅𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞) ~ constant with 𝑣𝑣𝑏𝑏𝑝𝑝𝑝𝑝(𝑢𝑢∞)~𝑢𝑢∞, and a 
comparison with Figure 12.11 reveals that 
these functional forms provide a poor fit to the 
experimental data. 

Figure 12.11: Measurements of the free 
dendrite tip velocity 𝒗𝒗𝒃𝒃𝒕𝒕𝒕𝒕 for ice growing from 
liquid water as a function of the bath 
supercooling. The line shows a calculation 
using a surface-energy-dominated version 
(neglecting attachment kinetics) of solvability 
theory. Figure adapted from [2005Shi]. 
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 Thus we see a significant dilemma. On one 
hand, a surface-tension-dominated theory 
provides a nice fit to the data, but physical 
considerations suggest that surface-tension 
effects should be dwarfed by much larger 
attachment kinetics effects. On the other hand, 
an attachment-kinetics-dominated theory does 
not fit the data very well.  

One way to resolve this dilemma is to note 
that the solvability parameters are known to 
depend strongly on the underlying anisotropies 
in their respective physical effects. If the 
anisotropy in the attachment kinetics is 
temperature dependent (in the right way), this 
could make the attachment-kinetics-dominated 
model fit the data. The ice/water attachment 
kinetics is quite poorly understood at present, 
so it is at least possible that a suitable 
parameterization of the attachment kinetics as 
a function of temperature could reproduce the 
observations.  

Personally, my feeling is that the surface-
energy effects are extremely small in the 
ice/water system, while attachment-kinetics 
effects are clearly large (as evidenced by strong 
basal faceting and weaker prism faceting away 
from the triple point). Ignoring attachment 
kinetics seems like it must be the wrong 
approach, so I prefer an attachment-kinetics-
dominated model, even if the simplest possible 
form of that model does not immediately fit 
the observations. 

Unfortunately, the solvability parameters 
are not only unknown at present, but are 
almost unknowable, and will remain so for the 
indefinite future. There is no straightforward 
way to measure anisotropies in either the 
attachment kinetics or the surface energy, and 
there is not a great deal of motivation to 
expend substantial resources into this topic. I 
predict that attachment kinetics will win out in 
the long run, but I also predict that it will be 
many decades before we know the full answer. 
 One possible path to progress is similar to 
the snow-crystal case – make precise 
measurements of growth rates and 
morphologies over a broad range of 
conditions, in well-controlled experiments, and 

compare the results with full 3D numerical 
models that include both surface-energy and 
attachment-kinetics effects. At present, the 
numerical models are having difficulties 
incorporating attachment kinetics in 
solidification from liquid systems (see Chapter 
5), but this situation will not last indefinitely. 
So there is some promise for gaining an 
improved understanding of the basic physics 
underlying ice/water growth, much like there 
is for ice/vapor growth.  
 
12.4 Chemically-Mediated 
Growth 
Expanding our horizon briefly from the pure-
water case, the freezing of ice from water 
solutions has received considerable attention in 
the scientific literature. For dilute solutions, the 
presence of an ordinary solute typically yields a 
freezing point depression proportional to 
concentration (Blagden’s law), and the growth 
behavior is also affected by the fact that 
solvated molecules are not readily incorporated 
into the ice lattice. Freezing thus results in 
segregation effects as solute molecules are 
pushed away from the solution/ice interface. 
In these systems, both heat and solute 
diffusion need to be included in a solidification 
model, which significantly complicates the 
problem.  

At higher solute concentrations, 
segregation can result in the formation of 
complex 3D patterns in the processes of freeze 
casting [2007Dev, 2009Mun] and 
lyophilization (also known as freeze drying) 
[2000Wan]. In many of these systems, there is 
little chemical interaction between solute 
molecules and the growing ice interface, so the 
overall pattern-forming behavior is dominated 
by segregation effects. 

In some cases, solute molecules can also 
affect the ice/water attachment kinetics, 
although the changes are usually small, and the 
phenomenon of chemically mediated 
attachment kinetics in ice/water has not been 
well studied over a broad range of solutes 
[1968Rya, 1969Rya, 2002Sei, 2018Shi]. A 
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notable, and quite dramatic, exception is the 
case of antifreeze proteins (AFPs), which bind 
strongly to certain ice surfaces and can halt 
growth altogether at low supercoolings 
[1991Kni, 2001Kni].  Over a broad spectrum 
of phenomena, many commercial applications 
have arisen from these chemically more 
complex systems. 
 
Segregation Phenomena 
Perhaps the most familiar example of chemical 
segregation during the freezing of liquid water 
can be found in the production of ice cubes in 
one’s freezer. As shown in Figure 12.12, 
dissolved gases and chemical impurities are 
pushed toward the center via chemical 
segregation, yielding a characteristic cloudy 
interior region. Ice cubes that are clear 
throughout can be made by freezing the water 
slowly from one side only, while providing an 
escape route for excluded solute molecules. 
Some expensive ice-making machines can 

make clear pure ice cubes this way, and simple 
silicone molds are available for making clear ice 
in household freezers. Segregation methods are 
also used for making especially pure ice 
samples for scientific investigations [1996Kni, 
2016Bis]. 
 Frost heave is another phenomenon that 
results from segregation effects during 
freezing, as illustrated in Figure 12.13. 
Beginning with water-logged, porous soil, a 
growing “lens” of ice will exclude the 
surrounding soil as it grows via a macroscopic 
form of segregation. The underlying physics is 
similar to chemical segregation, as the small soil 
particles are not readily incorporated into the 
ice crystal lattice. As capillary action moves 
water through the porous soil to attach to the 
ice lenses, the ice grows larger while the soil 
loses water without losing volume 
substantially. As a result, the ice lenses along 
with the surrounding soil+air fills a higher total 

Figure 12.12: When an ice cube freezes from 
the surface inward, dissolved gases and other 
chemical impurities are pushed toward the 
center by segregation at the moving ice/water 
interface. Thus, the outer/upper parts of this 
cube are made from relatively pure, clear ice, 
as these regions froze first. As the solute 
concentration increased, eventually the 
dissolved gases created small bubbles in the 
ice, giving the center a cloudy appearance. 
When ice like this melts in a beverage, 
chemical impurities from the center region 
release a harsh taste. 
 

Figure 12.13: The phenomenon of frost heave is 
often responsible for pushing up road surfaces 
in cold weather, producing potholes in the 
process. Contrary to popular belief, the well-
known expansion of water upon freezing does 
not produce frost heave. Segregation provides 
the dominant mechanism, as ice “lenses” push 
out porous soil particles, increasing the overall 
volume of the frozen layer relative to its 
previously unfrozen state. Image adapted from 
https://www.dmr.nd.gov/ndgs/documents/n
ewsletter/2011Summer/FrostHeave.pdf 
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volume than the initial, unfrozen soil+water 
mixture. In other words, the soil expands as it 
freezes, producing frost heave. Note that this 
phenomenon is mainly a segregation effect, 
while the well-known expansion of water as it 
freezes is negligible in comparison. The 
maximum pressure generated during frost 
heave, as calculated from basic thermodynamic 
principles [2001Rem, 2008Lib5], can be high 
enough to damage heavy roads and bridges.  
 The production of ice wine is another 
amusing application of ice segregation that has 
been practiced for many centuries. In a 
nutshell, freezing a grape at relatively high 
temperatures can result in a collection of many 
small, nearly pure ice crystallites inside the 
grape, surrounded by unfrozen material with a 
lower water concentration, as a result of 
segregation. If one crushes the grapes while 
they are still frozen, discarding the ice, the 
resulting liquid will have a higher sugar content 
than would have been obtained crushing 
unfrozen grapes. Fermenting the concentrated 
mixture yields exceptionally sweet wines 
known as ice wines. The process is far less 
efficient compared to other concentration 
methods, notably distillation, but ice wines are 
still being produced for a niche market. 
 The field of lyophilization (freeze-drying) 
makes use of extensive segregation during 
solution freezing. Depending on the particular 
materials involved, freezing a dense solution 
often results in a fine matrix of nearly pure ice 
structures intertwined with the inverse matrix 
of what had been dissolved in the water. 
Pulling a vacuum on the frozen block then 
removes the ice via sublimation and leaves 
behind the solid solute matrix. In many 
instances, this process is less harmful to the 
chemical structure of the solute material than 
separation via evaporation or other means. 
Thus lyophilization has found many 
commercial applications in the food and 
pharmaceutical industries, and the overall 
process is much studied in the scientific 
literature.  
 As should be apparent from this 
discussion, the list of phenomena involving ice 

segregation is long and varied, and proceeding 
much further in this direction would take us far 
outside the scope of this book. As a final and 
quite important example, segregation effects 
influence many biological systems during 
freezing. The usual result is to cause damage at 
the cellular level, as the formation of ice 
crystallites can easily rupture cell membranes 
and organelles at many levels. The fact that 
some cells (for example, frozen embryos of 
various species) can survive freezing better 
than others, and whether freezing damage can 
be ameliorated via chemical or biological 
methods, brings us well into the field of 
cryobiology, where segregation effects in 
freezing solutions are of central importance. 
  
Ice Nucleation  
Pure water must be cooled to quite low 
temperatures below it spontaneously turns to 
ice via the process of homogeneous nucleation. 
The nucleation rate turns on very rapidly as the 
temperature is reduced, and pure water 
droplets must be supercooled to nearly -40 C 
before the nucleation timescale drops to near 
zero. Foreign materials will facilitate 
heterogeneous nucleation that can greatly 
increase the typical nucleation temperature. 
For example, the dust particles included in 
cloud droplets (see Chapter 1) typically induce 
ice nucleation at temperatures between -6 C 
and -10 C, depending on the type of dust.  
 Crystalline materials that exhibit a good 
lattice match to ice can induce higher 
nucleation temperatures, and silver iodide is 
well known in this regard. The crystalline 
structure of silver iodide is a hexagonal lattice 
that provides a close physical match with ice, 
providing a template that encourages ice 
nucleation at its surface. Silver iodide thus 
induces a nucleation temperature of about -4 
C, which is the highest of any known inorganic 
crystalline material. 
 The bacterium Pseudomonas syringae is 
another well-known ice nucleator, as it 
produces proteins that nucleate freezing at 
temperatures up to -2 C, which is higher than 
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any other known material. Although the 
mechanism is not well understood, it appears 
that the protein’s helical structure has been 
bioengineered (via natural evolution) to attract 
and hold water molecules in such a way as to 
promote high-temperature nucleation. 
 The biological motivation for developing 
this ice-nucleation ability appears to be related 
to an evolutionary desire to inflict frost damage 
in plants. Pseudomonas syringae is a plant 
pathogen, and damaging its hosts makes them 
more susceptible to bacterial infection. To 
improve its lot in life, Pseudomonas syringae 
therefore adapted and honed its ice-nucleation 
abilities.  
 Scientists were studying the bacterium in 
part to better understand and hopefully 
mitigate frost damage in commercial crops. 
During this process, however, it was soon 
realized that this microbe’s unique talents 
could be harnessed to improve methods for 
making artificial snow at ski resorts. As a result 
of these studies, Pseudomonas syringae is 
sometimes mixed with water being using in 
snow-making equipment, so the liquid droplets 
can be coaxed into freezing at higher 
temperatures, thus allowing snow-making at 
higher temperatures and at lower costs.  
 
Growth Inhibition 
While ice nucleators promote freezing, several 
naturally-occurring proteins have also been 
found that strongly inhibit the growth of ice 
crystals, stopping ice growth entirely in some 
cases down to temperatures as low as about -2 
C. These are called anti-freeze proteins, 
(AFPs), and they are found in some fish and 
insects that have adapted to life in cold 
temperatures [2017Voe, 2014Dav, 2015Dum]. 
For example, if a fish ingests small ice 
crystallites in sub-freezing ocean waters, then 
there is a danger that the ice will grow within 
the fish and inflict damage to it internal organs. 
But a suitable density of AFPs will halt the ice 
growth, thereby allowing the fish to expel the 
still-small crystallites before they becomes 
harmful. 

 The mechanism responsible for growth 
inhibition appears to be that the protein 
structure has again been bioengineered via 
natural evolution to latch onto the crystalline 
structure of the ice surface, as illustrated in the 
top part of Figure 12.14. Even an incomplete 
layer of anchor points like this on the ice 
surface can stop further growth via the Gibbs-
Thomson effect, as illustrated in the lower part 
of Figure 12.14. For example, with a 
supercooling of ∆𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ, growth would be 
halted if the anchor spacing was roughly 
 

Figure 12.14: Top: An illustration of how an 
antifreeze protein might bind to an ice crystal 
surface. Bottom: Even a sparse density of 
growth inhibitors on an ice surface (red dots) 
can halt growth over the whole surface via the 
Gibbs-Thomson effect, as the induced surface 
curvature lowers the temperature needed for 
additional growth. Image adapted from 
[2015Kui]. 
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which is of order 15 nm for ∆𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏ℎ = 1 C. 
Antifreeze proteins seem to prefer pyramidal 
facets for latching, and Figure 12.15 shows an 
example of a small ice crystallite that has had 
its growth halted in a supercooled solution of 
AFPs in water. 
 While the phenomenon of ice growth 
inhibition via AFPs clearly has potential 
applications in many areas of cryobiology, 
perhaps the most familiar commercial 
application at present is in the production of 
ice cream. When normal ice cream partially 
melts and then refreezes, segregation and 
recrystallization effects tend to produce fairly 
large ice crystals from what had been a 
homogeneous ice-cream suspension. This 
undesirable outcome can be reduced by using 
a small concentration of AFP additives in the 
recipe, as these suppress large ice crystals in 
favor of a much greater number of tiny 
crystallites during refreezing.  

Bioengineered yeast has been developed to 
produce AFPs at an industrial scale, and these 
are now being added to many ice creams. Being 
naturally occurring biomolecules, the body 
digests AFPs as easily and harmlessly as other 
proteins, and the concentration is too low to 
significantly affect the taste. This allows 
manufactures to use a somewhat lower fat 
content in their recipes while yielding a product 
with an overall “creamier” texture – in other 
words, better ice cream at a lower cost.   
 
12.5 Constrained Growth 
I will end this chapter with a brief discussion 
of ice growth within a water bath constrained 
by closely spaced vessel walls, as this may have 
application in future experimental 
investigations. I have not found much work on 
this topic in the scientific literature (perhaps 
simply because it is difficult to find every 
paper), but my interest was piqued by an 
investigation in which Hillig (see Figure 12.8) 
commented that he was able to promote 

oriented ice growth perpendicular to the basal 
plane in a small-diameter sapphire capillary 
tube. In other words, the ice somehow oriented 
itself so that the c-axis of the growing crystal 
was aligned along the central axis of the tube. 
He did not provide an explanation for this self-
orientation, but it was quite useful in his 
measurement of the basal attachment kinetics. 
 To this experimental observation I add the 
additional images shown in Figure 12.16, 
illustrating ice growing between two closely 
spaced plastic plates during a directional 
solidification experiment in my lab 
(unpublished). The ice nucleation was 
randomly initiated, but the crystal orientation 
soon aligned itself so the ice c-axis was nearly 
perpendicular to the image plane in all cases.  
 I believe this phenomenon results from a 
form of dislocation-mediated crystal-growth 
reorientation, but I have not yet been able to 
develop a detailed physical model of such a 
process. I conjecture that random dislocations 
facilitate a continuous reorientation of the ice 
crystal axes, in such a way that the surface 
normal vector on the fastest-growing ice 
surface aligns itself to point along the highest 
available temperature gradient. 
 For example, in the first sketch in Figure 
12.17, ice grows in a thin capillary tube made 
from a material with a thermal conductivity 
higher than that of either water or ice (such as 
sapphire). The tube is cooled from the outside, 
thus reproducing the overall physical 
conditions in Hillig’s experiment. As the ice 
grows upward into the supercooled water, 
latent heat is generated at the interface, which 

Figure 12.15: A photograph of a small ice 
crystallite for which further growth has been 
halted by the attachment of antifreeze proteins. 
Image adapted from [2004Str]. 
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is then conducted way to the walls of the tube. 
The relatively low heat conductivity of water 
and ice results in a higher concentration of heat 
along the tube axis, as shown in the sketch. The 
highest temperature gradients at the ice/water 
interface, therefore, are along the radial 
direction (indicated by arrows). 
 Assuming the stated conjecture, the 
random occurrence of dislocations during the 
growth process tends to align the fastest ice-
growth vectors with the highest temperature-
gradient vectors. Because the prism surfaces 
grow much faster than the basal surfaces, this 
process ends up aligning the basal growth 
direction with the central axis of the tube, in 
agreement with Hillig’s observations. 
 In the second sketch in Figure 12.17, the 
thermal conductivity of the tube walls is now 
lower than that of either water or ice. The 

generated latent heat now conducts 
preferentially into the cold water, so the 
steepest temperature gradient is aligned along 
the tube axis. Once again, assuming the stated 
conjecture, this aligns the fastest growing 
crystalline a-axis with the central axis of the 
tube. The planar geometry in Figure 12.17 is 
not quite the same as the tubes in Figure 12.18, 
but the conjecture explains the observed 
growth behavior nevertheless.  
 A potential use of this phenomenon could 
be in future experiments investigating growth 
rates and growth morphologies of ice crystals 
in well controlled conditions, for comparison 
with detailed numerical models. Achieving 
high precision in such experiments will require 
creating well-defined initial conditions, and the 
easily implemented dislocation-mediated 
reorientation phenomenon described here may 
be a useful tool, as it clearly was in Hillig’s 
measurements of the basal attachment kinetics.  
  

Figure 12.16: Several photographs of ice 
growing in water held between two closely 
spaced (~200 µm) plastic plates. The plates 
were pulled at constant velocities (shown) 
between hot and cold regions, creating a 
temperature gradient from top (warm) to cold 
(bottom) within each panel. 
 

Figure 12.17: A possible model to explain the 
orientation of ice growth in constrained 
channels, here a small-diameter capillary tube. 
In the left sketch, the tube conducts heat well 
and is cold. In the right sketch, the tube walls 
are insulating. Red shows areas of concentrated 
heating from latent heat deposition for the two 
cases. The arrows show the maximum 
temperature gradients at the growing ice 
surfaces. 
 


