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 To see a World in a Grain of Sand, 
And a Heaven in a Wild Flower. 

Hold Infinity in the palm of your hand, 
And Eternity in an hour. 

 – William Blake 
Auguries of Innocence, ~1803  

     
As I have stressed throughout this book, the 
morphology of a growing snow crystal is 
greatly influenced by the molecular attachment 
kinetics that takes place on its basal and prism 
facets. The formation of faceted surfaces is 
itself a direct result of anisotropies in the 
attachment kinetics (see Chapter 3), and the 
well-known morphological transitions between 
plate-like and columnar growth reflect 
corresponding changes in anisotropy with 
temperature (see Chapter 4). If we wish to 
create computational snow crystals (Chapter 5) 
that faithfully reproduce laboratory and natural 
specimens, it is essential that we begin with an 
accurate model of the anisotropic molecular 
attachment kinetics. 

As we saw in Chapter 3, however, our 
present understanding of the attachment 
kinetics is remarkably primitive. Experimental 
measurements indicate that the attachment 
coefficient depends strongly on many factors, 
including temperature, supersaturation, 
background gas pressure, facet width, and 
possibly surface chemistry. The prevailing 
theories of crystal growth cannot explain all 
these observations, suggesting that there are 
numerous shortcomings in our basic molecular 
picture of how water vapor molecules attach to 
ice surfaces.   

Past experience suggests that the best way 
to make progress in this area is with ever-
improving experimental investigations, 
especially those involving precise 
measurements of the growth of tiny ice prisms 
under carefully controlled conditions. 
Essentially everything we currently know about 
the attachment kinetics has been obtained 
from observations of these simplest snow 
crystals, as studying small prisms reduces the 
complicating effects from particle diffusion 
and complex growth morphologies.  

 

 
 
  Chapter 7 
  

Simple  
Ice Prisms 
 

 

Facing page: Laboratory snow crystals grown 
at -2 C (top), -5 C (middle), and -15 C (bottom). 
The scale bar in the lower left is 50 µm long.  
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This chapter focuses on how one goes 
about measuring the growth of simple ice 
prisms as a means to better understand the 
attachment kinetics on faceted surfaces. I will 
examine some experimental strategies that 
have worked in the past, analyze techniques for 
extracting attachment coefficients from 
growth data, and take a careful look at several 
systematic errors that can easily lead to 
erroneous conclusions if one is not careful. My 
overarching goal is to describe the current 
state-of-the-art for making direct 
measurements of the ice attachment kinetics, 
and to examine how one might create 
improved experiments for future 
investigations. 

The principal methodology in precision 
ice-growth measurements is straightforward 
enough – measure the growth velocity 𝑣𝑣𝑛𝑛 
(normal to the surface) of a faceted surface, 
determine the water-vapor supersaturation 
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 just above the growing surface, and use 
that information to extract the attachment 
coefficient using the usual growth equation 
𝑣𝑣𝑛𝑛 = 𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. Repeat this procedure to map 
out the attachment coefficient 𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇,𝑃𝑃) 
for both the basal and prism facets as a 
function of growth temperature 𝑇𝑇, near-
surface supersaturation 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, gas pressure 𝑃𝑃, 
and perhaps other factors.   

With a sufficient quantity of accurate 
empirical data, hopefully one can develop a 
sensible theoretical picture of the underlying 
physical processes that determine the 
attachment kinetics. Progress has been made 
toward this final theoretical goal, but molecular 
dynamics is a nontrivial subject, and only the 
first steps have been made in what might be 
quite a long journey. 

The reason for measuring small crystals can 
be seen from the spherical-growth analysis 
presented in Chapter 4. If the crystal is so large 
that 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 ≪ 𝛼𝛼, then the growth rate will be 
limited primarily by particle diffusion, making 
it difficult to extract useful information about 
𝛼𝛼 from growth measurements. In this case, 
when the growth velocity is strongly diffusion-

limited, the attachment kinetics may still play 
an important role in guiding the overall crystal 
aspect ratio and morphology; but disentangling 
kinetics from diffusion becomes extremely 
tricky in practice, with many opportunities for 
an erroneous analysis. Working with smaller 
crystals increases 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 and thus reduces the 
relative importance of diffusion effects. For 
this reason, the highest-quality 𝛼𝛼 
measurements are usually obtained from 
observations of small, simple, faceted ice 
prisms. 
 Measuring ice growth rates in near-vacuum 
conditions also greatly reduces the effects of 
particle diffusion, again making it easier to 
extract the attachment kinetics from the data. 
As described in Chapter 4, 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 is inversely 
proportional to the background air pressure, so 
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 will be closer to the experimentally 
determined 𝜎𝜎∞ far from a growing crystal at 
low background pressures. Low-pressure data 
have been instrumental in creating the 
comprehensive model of the attachment 
kinetics presented in Chapter 3, but 
observations also suggest that 𝛼𝛼 depends on air 
pressure, at least at temperatures near -5 C. So 
making additional progress requires that we 
obtain quantitative data as a function of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 
𝑇𝑇, and 𝑃𝑃, which is a challenging experimental 
problem. 
 Prior experience tells us that obtaining 
accurate ice-growth measurements, and 
inferring the attachment kinetics from the data, 
can be influenced by a host of sometimes-
subtle systematic errors. Particle-diffusion, 
substrate interactions, crystal dislocations, and 
possible chemical effects must all be carefully 
considered. Much of this chapter, therefore, 
focuses on identifying and reducing systematic 
measurement and analysis errors, so future 
experiments will be better able to make 
progress in this important aspect of snow-
crystal formation. 
 
 
 
 



248 
 

7.1 Analysis of a Basic 
Ice-Growth Experiment 
When researchers began exploring the ice 
attachment kinetics in earnest [1972Lam, 
1982Kur, 1982Bec2, 1983Bec, 1984Kur1, 
1989Sei], it soon became apparent that growth 
measurements at low background gas pressure 
were the best way to isolate surface kinetics 
from bulk diffusion processes. Unfortunately, 
the results presented in these papers showed a 
great deal of variation, and there was no easy 
way to make sense of the discrepancies 
between different experiments. It was later 
found that there were a number of important 
systematic errors that could affect ice-growth 
data, and essentially all the early experimental 
papers suffered from these errors to some 
degree. I surveyed many of the early results in 
[2004Lib], so I will not repeat that discussion 
here, in part because the data are not 
sufficiently reliable to inform our discussion of 
the attachment kinetics. 
 Instead, I will begin by performing a 
careful analysis of a simple ice growth 
experiment. Doing so allows us to identify 
most of the important systematic errors in 
detail, and hopefully this discussion can serve 
to guide the design of future experiments. The 
basic layout of the experiment is shown in 
Figure 7.1, showing a single test crystal on a 
substrate at temperature 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, with a 
nearby ice reservoir at temperature 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑘𝑘𝑠𝑠 . 
The crystal will grow as long as 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑘𝑘𝑠𝑠 >
𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, and the goal of the experiment is to 
determine the attachment coefficient 𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠). 
 
Crystal Crowding Effects 
If we remove the test crystal for a moment, 
then it is straightforward to determine the 
temperature 𝑇𝑇(�⃗�𝑥) and water-vapor number 
density 𝑐𝑐(�⃗�𝑥) as a function of position �⃗�𝑥 
throughout the chamber. Solving the heat-
diffusion equation yields a simple linear 
temperature gradient profile 
 

𝑇𝑇(�⃗�𝑥) = 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + ∆𝑇𝑇 ∙ (𝑧𝑧/𝐿𝐿) (7.1) 
 

where 𝑧𝑧 is vertical distance above the substrate, 
𝐿𝐿 is the chamber inner height, and ∆𝑇𝑇 =
𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑘𝑘𝑠𝑠 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. This simple solution is 
valid in the presence of nearby walls, provided 
their heat conductivity is relatively low. 
 Likewise, solving the particle diffusion 
equation (see Chapter 4) yields the simple 
solution 𝑐𝑐(�⃗�𝑥) = 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑘𝑘𝑠𝑠) throughout 
the chamber. Putting these two solutions 
together yields the supersaturation  
 

𝜎𝜎1 =
𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑘𝑘𝑠𝑠) − 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)

𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)
(7.2) 

 
at the surface of the substrate, and 𝜎𝜎 = 0 at the 
surface of the reservoir. Note that this solution 
only applies when there are no ice crystals 
present on the substrate or the walls of the 
chamber. 
 If we now place a single test crystal on the 
substrate, as illustrated in Figure 7.1, and the 
size of the crystal is much smaller than 𝐿𝐿, then 
it will begin growing as if surrounded by a far-
away boundary condition 𝜎𝜎∞ = 𝜎𝜎1. 
Unfortunately, it is not always easy to drop a 
single, isolated test crystal at the bottom of a 

Figure 7.1: A schematic layout of a basic ice-
growth experiment. The single test crystal 
being measured rests on a isothermal substrate 
at temperature 𝑻𝑻𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔, and no other ice 
crystals are present on the substrate. Water 
vapor is supplied by a large collection of frost 
crystals on the top of the chamber at 
temperature 𝑻𝑻𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒓𝒓𝒓𝒓𝒓𝒓𝒔𝒔. The walls are free of ice 
crystals and have a relatively low thermal 
conductivity.  
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growth chamber. More often, several crystals 
may end up on the substrate, as illustrated in 
Figure 7.2. In this case, we need to consider 
how the entire set of crystals affects our 
calculation of the supersaturation. 
 To aid with the analysis, I have drawn 
Figure 7.2 with a simple square array of ice 
crystals on the substrate, all hemispherical in 
shape with a uniform radius 𝑅𝑅, each spaced a 
distance ℓ from its nearest neighbors. The 
presence of these crystals will not affect the 
temperature solution in Equation 7.1, but they 
will alter the water-vapor field 𝑐𝑐(�⃗�𝑥), so our first 
task is to calculate the supersaturation 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 
at the bottom of the chamber. We will assume 
𝑅𝑅 ≪ ℓ ≪ 𝐿𝐿. 
 Using the spherical solution for diffusion-
limited growth (see Chapter 4 or Appendix B), 
the substrate crystals will all grow at a rate 
 

𝑣𝑣 = 𝜀𝜀𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 (7.3) 
 
where 

𝜀𝜀 =
𝛼𝛼

𝛼𝛼 + 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠
(7.4) 

 

and 𝛼𝛼 is the usual attachment coefficient. This 
implies an overall downward flux of water 
molecules equal to 
 

𝐹𝐹 =
2𝜋𝜋𝑅𝑅𝜋𝜋𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝜀𝜀𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏

ℓ2
(7.5) 

 
where 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠). Equating this to 
the downward diffusion flux 𝐹𝐹 = 𝜋𝜋∇𝑐𝑐 then 
gives our result 
 

𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 ≈ �1 +
2𝜀𝜀𝜀𝜀𝐿𝐿
𝑅𝑅

�
−1

𝜎𝜎1

                   ≈ �1 +
2𝜋𝜋𝜀𝜀𝑅𝑅𝐿𝐿
ℓ2

�
−1
𝜎𝜎1 (7.6)

 

 
where 

𝜀𝜀 =
𝜋𝜋𝑅𝑅2

ℓ2
(7.7) 

 
is the filling factor, equal to the fraction of the 
substrate surface area that is covered with ice 
crystals. Note that Equation 7.6 does not 
depend on 𝜋𝜋, so is independent of the 
background gas pressure in the chamber. This 
result will hold as long as the background gas 
pressure is greater than the water vapor 
pressure, and the mean free path of gas 
molecules is substantially less than 𝐿𝐿.  
 If we put in some typical numbers, with a 
filling factor of 𝜀𝜀 = 0.01, a chamber height 𝐿𝐿 =
1 cm, a crystal radius 𝑅𝑅 = 10 µm (giving ℓ ≈
180 µm), and simple diffusion-limited growth 
𝜀𝜀 = 1, we find 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 ≈ 0.05𝜎𝜎1. Looking 
down at such a collection of small, widely 
spaced ice crystals, covering just a small 
fraction of the substrate area, one might naively 
think that 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 ≈ 𝜎𝜎1 would be reasonably 
accurate. But this naïve assumption would 
overestimate 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 by a factor of twenty! 
 Many ice-growth measurements described 
in the literature [for example: 1972Lam, 
1982Bec1, 1989Sei, 2014Asa] have used 
growth chambers with geometries roughly like 
the one illustrated in Figure 7.3, which turns 
out to be a somewhat poor choice. This is 
topologically similar to the geometry shown in 

Figure 7.2: If several test crystals are present at 
the bottom of the growth chamber, they 
collectively reduce the supersaturation 𝝈𝝈𝒔𝒔𝒓𝒓𝒔𝒔𝒔𝒔𝒓𝒓𝒃𝒃 
near the bottom of the chamber. As described 
in the text, even a small number of ice crystals, 
covering just a tiny fraction of the substrate 
area, can have a sizable effect on 𝝈𝝈𝒔𝒔𝒓𝒓𝒔𝒔𝒔𝒔𝒓𝒓𝒃𝒃.   
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Figure 7.1, but the effective 𝐿𝐿 is quite large 
because the ice reservoir is located far from the 
growing crystals. The authors in these papers 
generally assume 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 ≈ 𝜎𝜎1 without 
presenting a rigorous diffusion analysis to 
verify this assumption. As I described in 
[2004Lib], the neglect of this chamber-
diffusion effect might easily explain many of 
the discrepancies between reported growth 
data. It is possible to overestimate 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 by 
even a factor of 100 if one is not careful 
[2015Lib], and it has become my impression 
that people have not always been careful. For 
this reason, I have found that most of the 
earlier growth measurements are generally 
unreliable for determining attachment 
coefficients [2004Lib]. 
 Going back to Figure 7.2, a related analysis 
shows that one can use the substrate growth 
observations directly to estimate the systematic 
error in determining 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏, provided one can 
view the extraneous crystals. The basic idea is 
to watch the crystals growing on the substrate 
and use the measured crystal sizes over time to 
estimate �̇�𝑉, equal to the change in ice volume 
per unit time and per unit area on the substrate. 
Because this ice is supplied by a downward flux 
of water vapor from the reservoir, one can 
show  

𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 ≈ 𝜎𝜎1 −
𝑐𝑐𝑘𝑘𝑖𝑖𝑠𝑠
𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠

𝐻𝐻
𝜋𝜋
�̇�𝑉 (7.8) 

 
Importantly, one can estimate an uncertainty in 
�̇�𝑉 from the observations, and Equation 7.8 
then turns this into an uncertainty in 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏. 
 The moral of this story is that it is difficult 
to produce precision measurements of 𝛼𝛼 
without limiting the number of crystals on the 
substrate to exceedingly low values, preferably 
just a single, isolated test crystal. Achieving 
𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 ≈ 𝜎𝜎1 requires 

𝜀𝜀 ≪
𝑅𝑅

2𝜀𝜀𝐿𝐿
(7.9) 

 
or, equivalently, a spacing between test crystals 
of 

ℓ ≫ √2𝜋𝜋𝜀𝜀𝑅𝑅𝐿𝐿 (7.10) 

 
and that turns out to be a pretty high bar to 
clear. Reducing the background gas pressure to 
the point that the chamber contains essentially 
only water vapor is one way to get around this 
diffusion issue. But achieving a pure water-
vapor environment is itself a nontrivial task, as 
pulling a hard vacuum tends to sublimate away 
much of the ice in the chamber. In my studies 
to date, I have found that the best way to avoid 
these crowding problems is to produce what 
amounts to a single, isolated test crystal on the 
substrate. 
 
The Monopole Approximation 
Proceeding with our analysis, let us now 
assume that we have managed to place a single, 
isolated test crystal on the substrate, thus 
achieving the ideal experimental geometry 
illustrated in Figure 7.1. Assuming that the test-
crystal size is much less than 𝐿𝐿, this means that 
the crystal is surrounded by a supersaturation 
given by in Equation 7.2. Put another way, the 
test crystal will grow as if it were immersed in 
a uniform supersaturation environment with 
𝜎𝜎∞ ≈ 𝜎𝜎1. Starting with this far-away boundary 
condition, we must then determine 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, the 
supersaturation at the crystal surface, in order 

Figure 7.3: An example of a poor chamber 
design for making precision ice-growth 
measurements. The presence of extraneous ice 
crystals on the substrate, coupled with the ice 
reservoir being far from the test crystal 
(making L large in Equation 7.6), make it 
nearly impossible to determine the 
supersaturation near the test crystal with 
reasonable accuracy.  
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to extract 𝛼𝛼 using the growth equation 𝑣𝑣𝑛𝑛 =
𝛼𝛼𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 
 For a faceted test crystal, the near-surface 
supersaturation will vary with position on the 
surface, so numerical modeling of the diffusion 
equation is likely the only way to determine 
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(�⃗�𝑥) over the crystal surface with high 
accuracy. But we can obtain a useful first 
approximation by using the analytic solution 
for the growth of a spherical ice crystal (see 
Chapter 4 or Appendix B).  
 For the spherical case, the analytic solution 
gives us both the crystal growth rate and the 
supersaturation field 𝜎𝜎(𝑟𝑟) at all radii, and we 
can write the latter as 
 

𝜎𝜎(𝑟𝑟) = 𝜎𝜎∞ −
𝑑𝑑𝑉𝑉/𝑑𝑑𝑑𝑑

4𝜋𝜋𝑟𝑟𝑋𝑋0𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛
(7.11) 

 
where 𝑑𝑑𝑉𝑉/𝑑𝑑𝑑𝑑 is the rate of change of the 
volume of the growing crystal. For a 
hemispherical crystal on a substrate, this 
changes by a factor of two, giving  
 

𝜎𝜎(𝑟𝑟) = 𝜎𝜎∞ −
�̇�𝑉𝑠𝑠

2𝜋𝜋𝑟𝑟𝑋𝑋0𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛

         = 𝜎𝜎∞ −
�̇�𝑉𝑠𝑠𝑐𝑐𝑘𝑘𝑖𝑖𝑠𝑠

2𝜋𝜋𝑟𝑟𝜋𝜋𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠
(7.12)

 

 
where �̇�𝑉𝑠𝑠 is the time derivative of the volume of 
the substrate test crystal.  
 When 𝑟𝑟 is much larger than the size of the 
crystal, the true solution will look much like 
this spherical solution, as Equation 7.12 is 
essentially a monopole approximation to the 
real solution. For a nearly isometric test crystal, 
the monopole solution is likely a good 
representation of the real solution nearly all the 
way in to the crystal surface. Thus, Equation 
7.12 provides a useful estimate of the surface 
supersaturation [2012Lib] 
 

𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 𝜎𝜎∞ −
�̇�𝑉𝑠𝑠𝑐𝑐𝑘𝑘𝑖𝑖𝑠𝑠

2𝜋𝜋𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝜋𝜋𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠
(7.13) 

 

where 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 an effective radius derived from 
the size and morphology of the test crystal. 
This expression also indicates to what degree 
the growth is limited by diffusion. Of course, 
Equation 7.13 is less accurate for highly 
anisometric crystals, but it can be used as a 
reasonable first approximation. 
 
7.2 Ice Growth at Low 
Background Gas Pressure 
The most precise set of ice-growth 
measurements to date were made by Libbrecht 
and Rickerby [2013Lib], and these data played 
a central role in developing the comprehensive 
model of the attachment kinetics I described in 
Chapter 3. In this section I examine these 
measurements in detail, focusing on the 
experimental apparatus, ice-crystal handling, 
measurement methods, and data analysis. 
Special attention is given to the identification 
and minimization of potential systematic 
errors. My motivation for this section in two-
fold: 1) I feel that this experiment 
demonstrated a substantial improvement over 
previous efforts, and so deserves some 
attention and scrutiny, and 2) I believe that this 
discussion presents a valuable case study when 
considering future precision ice-growth 
experiments.  
 
The VIG Experiment 
Figure 7.4 illustrates the Vacuum Ice Growth 
(VIG) apparatus used in [2013Lib], which was 
designed to approximate the ideal growth-
chamber geometry shown in Figure 7.1, at least 
to the degree that this is possible in an actual 
laboratory experiment. The easiest way to 
describe this device is simply to walk through 
the steps used during its operation. This serves 
to explain the apparatus details seen in the 
diagram, and it stimulates a discussion of 
various design choices and their consequences. 
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Vacuum Chamber. The large outer box in 
Figure 7.4 depicts a short cylindrical vacuum 
chamber with a diameter of 7.5 cm, machined 
out of aluminum. The chamber is black 
anodized to seal the aluminum surfaces, and it 
includes a lid that bolts to the lower box, sealed 
using a silicone O-ring. The high thermal 
conductivity of aluminum keeps the chamber 
walls at a uniform temperature, and the silicone 
O-ring retains its pliability (and vacuum seal) at 
low temperatures. A digital temperature 
controller maintains a constant chamber 
temperature using a thermistor sensor 
embedded into the aluminum using thermally 
conducting epoxy together with thermoelectric 
modules on the bottom of the box. The 
chamber is opened, cleaned, and baked 
between each run to minimize chemical vapor 
contaminants. The substrate is also removed 
and thoroughly cleaned between runs to 
remove dirt and chemical residues. The 

substrate is given a final rinse with deionized 
water before being installed in the chamber, 
again to reduce remaining solvent residues. 
 
The Sub-Chamber. Figure 7.5 shows a close-
up of the sub-chamber where the test crystal 
grows. A key feature in this region is the 
spacing 𝐿𝐿 = 1 mm between the ice reservoir 
and the test crystal. This spacing is as small as 
practical to minimize the difference between 
𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 and 𝜎𝜎1, as given in Equation 7.6. The 
0.25-mm gap between the substrate and inner 
walls (see Figure 7.5) is large enough to allow 
free movement of the substrate, but small 
enough to isolate the sub-chamber somewhat 
from the main vacuum chamber, reducing 
perturbations to the supersaturation in the sub-
chamber. The geometry of the sub-chamber, 
together with the procedure for placing a single 
test crystal within it (described below), are quite 
important for creating a well-known 

supersaturation in the vicinity 
of the test crystal, as quantified 
in the chamber analysis above.  

Figure 7.4: (Left) A 
schematic diagram of 
the dual-temperature 
chamber used in 
[2013Lib] to measure 
the growth of small ice 
crystal in near vacuum. 
Figure 7.5 shows a 
closer view of the ice-
growth region.  
 

Figure 7.5: (Left) A close-up 
view of the ice-growth region 
of the apparatus in Figure 7.4, 
showing the ice reservoir and 
test crystal. Note the 
similarities to the ideal 
growth-chamber geometry 
shown in Figure 7.1.  
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Temperature Control. The aluminum 
chamber, substrate base, and ice reservoir are 
all independently temperature regulated using 
thermistor sensors and thermoelectric 
heating/cooling. The sapphire window that 
defines the ice reservoir is bonded using 
thermal epoxy to a small copper plate that 
contains a small thermistor for temperature 
sensing. The high thermal conductivity of 
copper, sapphire, and thermal epoxy makes for 
a well-defined ice-reservoir temperature. The 
sapphire substrate can slide freely over the 
anodized aluminum substrate base, and only 
the latter is temperature regulated. However, 
the large-area flat-on-flat contact between the 
substrate and base, along with little heat load 
on the substrate, keeps the substrate and base 
at essentially the same temperature. 

The ice reservoir servo uses a home-built 
controller that does not regulate 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑘𝑘𝑠𝑠 
directly, but instead regulates ∆𝑇𝑇 =
𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑘𝑘𝑠𝑠 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. This allows one to 
control ∆𝑇𝑇 with high accuracy, minimizing 
effects from any substrate temperature drifts. 
In normal operation, 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and 𝑇𝑇𝑖𝑖ℎ𝑠𝑠𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠 
are essentially equal, while ∆𝑇𝑇 is quite close to 
zero, yielding a nearly isothermal environment 
within the vacuum chamber. 
 
Temperature Calibration. The thermistor 
response is known from the manufacturer’s 
specifications, and the chamber and substrate 
temperatures are set using calibrated 
temperature controllers. The value of ∆𝑇𝑇 is 
especially critical, so the 𝜎𝜎 = 0 point is 
measured for each test crystal by adjusting ∆𝑇𝑇 
(by adjusting 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑘𝑘𝑠𝑠) until the crystal is 
between growing and sublimating. This can be 
accomplished with especially high accuracy at 
low pressures, when the response to 
temperature changes is swift, allowing one to 
locate the 𝜎𝜎 = 0 point with an absolute 
uncertainty of about 𝛿𝛿𝜎𝜎 ≈ 0.001. This is 
significantly better than one can do with 
normal temperature controller calibration, as it 
is equivalent a temperature accuracy for ∆𝑇𝑇 of 
about 0.01 C. 

 
Supersaturation Verification. Observing the 
condensation of water droplets on the 
substrate provides an excellent method to 
verify that the supersaturation is equal to that 
given by Equation 7.2. With the chamber 
evacuated and no test crystals present, one can 
increase ∆𝑇𝑇 until water droplets appear on the 
substrate, and then slowly adjust ∆𝑇𝑇 until the 
droplets are neither growing nor shrinking. 
This value, ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, at which the droplets are 
just stable, must be producing a 
supersaturation equal to 𝜎𝜎𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 at the substrate 
surface. Calculating 𝜎𝜎𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 from the measured 
∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 yields the measurements shown in 
Figure 7.6, along with the theoretical 
expectation. The excellent agreement between 
theory and measurements, which includes no 
adjustable parameters for fits to the data, 
confirms the validity of Equation 7.2. 

Note that the error bars in Figure 7.6 
reflect the accuracy with which it is possible to 
measure ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. This measurement becomes 
more difficult at higher temperatures, as the 
value of ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 goes to zero as one 
approaches the melting point. The larger error 

Figure 7.6: Measurements of 𝝈𝝈𝒘𝒘𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 at the 
substrate, as determined by the temperature 
difference ∆𝑻𝑻𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 at which water droplets are 
stable. The line is not a fit to the data, but 
shows the theoretical expectation with no 
adjustable parameters. 
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bars at higher temperatures are indicative of 
the fact that it becomes generally more 
challenging to determine supersaturation 
accurately in a dual-temperature chamber at 
higher temperatures. 
 
Seed Crystal Generator. The vacuum 
chamber shown in Figure 7.4 rests on the 
bottom of a much larger refrigerated chamber 
filled with ordinary air, about one meter in 
height. The larger chamber serves as a 
continuous seed-crystal generator (see Chapter 
6), producing a constantly replenished cloud of 
small ice crystals that slowly drift down all 
around the aluminum vacuum chamber. These 
crystals grow in free fall, and any particular 
crystal grows for just a few minutes before 
settling out. New crystals are nucleated every 
ten seconds using an expansion nucleator, thus 
yielding a steady supply of pristine seed 
crystals. As described in Chapter 6, the seed-
crystal chamber is somewhat self-cleaning in 
that the cloud of fresh ice crystals tends to 
continuously remove residual chemical 
impurities from the air in the chamber. 
 
Preparing the Ice Reservoir. At the 
beginning of a run, after the system has reached 
its operating temperature and the vacuum 
chamber is stably temperature controlled, a 
butterfly vacuum valve on top of the aluminum 
vacuum chamber (not shown in Figure 7.4) is 
opened, allowing some seed crystals to fall 
onto the large sapphire substrate. A small 
electric motor rotates the substrate about a 
central pivot point so seed crystals land at all 
points around the circumference of the 
substrate. The vacuum pump, controlled by a 
variable needle valve, slowly draws air and seed 
crystals from the seed-crystal chamber into the 
vacuum chamber during this process. 

With an ample supply of ice crystals on the 
substrate (still a low filling factor), the ice-
reservoir temperature is set lower than the 
substrate temperature. The butterfly valve is 
closed and a vacuum is drawn inside the 
chamber while the substrate slowly rotates. 
Some ice on the substrate then sublimates and 

deposits on the sapphire ice-reservoir window. 
The microscope is focused on the latter surface 
to verify that a thick coating of frost appears 
on the window, forming the ice reservoir. After 
this loading process is complete, the substrate 
is further warmed to drive off any remaining 
ice, and air is let back into the chamber. 

With the ice reservoir prepared, 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
and 𝑇𝑇𝑖𝑖ℎ𝑠𝑠𝑏𝑏𝑠𝑠𝑠𝑠𝑠𝑠 are set to the desired operating 
temperature while ∆𝑇𝑇 is set to zero. The 
chamber is then ready for the main 
experimental session to commence. Additional 
ice can be added to the ice reservoir during the 
run as needed. 
 
Positioning an Isolated Test Crystal. When 
the substrate is ice-free and a test crystal is 
desired, the butterfly vacuum valve is opened 
once again, allowing some seed crystals to fall 
onto the rotating sapphire substrate. A needle 
valve to the vacuum pump is opened slightly to 
draw air down from the seed crystal chamber, 
facilitating the transfer of seed crystals to the 
substrate. This process is continued for some 
tens of seconds to yield a low density of seed 
crystals on the substrate.  
 With the butterfly valve closed, a live video 
view through the microscope objective (see 
Figure 7.4) is scrutinized while the substrate 
slowly rotates to search for a suitable seed 
crystal. The substrate’s central pivot can also be 
translated using the manipulator arm shown in 
Figure 7.4, allowing a 2D sweep of the 
substrate surface for test crystals. The crystal 
density is low, and not every seed crystal has an 
ideal prism morphology, so it often takes some 
searching to locate a suitable test crystal.  

Typically, one looks for a well-formed ice 
prism with either a basal or prism facet lying 
flat on the substrate. Polycrystalline forms, 
malformed crystals, or poorly oriented crystals 
are all rejected. Crystals with nearby neighbors 
are also rejected. If need be, the substrate can 
be heated to remove all the crystals, so it can 
be reloaded with new seed crystals for another 
attempt. Finding high-quality, isolated seed 
crystals is actually a fairly laborious process, 



255 
 

sometimes taking 10-20 minutes to locate a 
suitable specimen. 
  
Pumping Out the Chamber. Once a high-
quality test crystal has been positioned at the 
center of the microscope field of view, the 
variable needle valve is opened slowly to begin 
the pump-down. This is a somewhat tricky step 
when the pressure gets low, as it is relatively 
easy to sublimate away the test crystal with 
overzealous pumping. The operator carefully 
watches the test crystal and adjusts ∆𝑇𝑇 and the 
pump-out speed appropriately to make sure 
that the test crystal neither grows nor 
sublimates appreciably during the pump-down. 
Once the pressure has been reduced to about 
20 mbar, the test crystal is ready for a growth 
measurement. 
 
The Optical System. Figure 7.7 shows the 
optical layout for measuring the growth of a 
test crystal. The main illumination is from 
above, with light passing through the ice 
reservoir as shown in Figure 7.4. Calculations 
show that this light is far too weak to affect the 
temperature of crystals on the ice reservoir. 
The low-resolution camera is used for finding 
and positioning a suitable test crystal, and to 
verify that the test crystal has no nearby 
neighbors. A second image is projected onto 
the high-resolution camera for direct imaging 
of the test crystal.  

White-light interferometry is used to 
measure the crystal thickness (see Chapter 6), 
and an image of the fringe pattern is also 
projected onto the high-resolution camera. A 
septum (see Figure 7.7) prevents these two 
images from overlapping on the camera sensor. 
A small prism located next to the high-
resolution camera sensor (not shown in Figure 
7.7) projects a third small image of a voltmeter 
onto the same image plane. Figure 7.8 shows 
two typical images from the high-resolution 
sensor. A shutter blocks the slit light 
periodically, allowing a better direct view of the 
crystal than is shown in Figure 7.8. 
 Projecting these three images onto a single 
camera sensor provides a convenient, low-
budget method for data acquisition. The lateral 
size of the test crystal can be measured from 
the direct image, the crystal thickness can be 
extracted from the interferometer fringe 
pattern, and the voltmeter reading can be used 
to determine ∆𝑇𝑇. With this optically generated 
split-screen image, a single video recording 
simultaneously provides all of these 
measurements as a function of time, avoiding 
the need for synchronizing separate imaging 
data streams. The audio channel of the video is 
used to record verbal notes from the operator 
as the crystal is being grown. The relevant 
information is all transcribed from the video 
during data analysis. Figure 7.9 shows the VIG 
experiment in the lab. 

Figure 7.7: The optical layout 
for observing the growth of a 
test crystal. The substrate 
and microscope objective are 
the same as in Figure 7.4. As 
described in the text, the low-
resolution camera is used for 
finding and positioning a test 
crystal, while the high-
resolution camera records a 
direct image of the test 
crystal along with a broad-
band interferometer signal 
used to measure the crystal 
thickness. 
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Figure 7.8: (Left) Two still images from a 
video showing the growth of a test crystal. 
The top parts of both images show 
interferometer fringes in true colors, while 
the bottom parts of the images show a 
direct image of the crystal including 
illumination from the slit. The numerical 
section in the images show a voltage from 
which ∆𝑻𝑻 can be determined. The upper 
image was taken near the beginning of 
the growth cycle. The lower image shows 
the same crystal after it had grown larger 
and thicker. The bright slit light is 
periodically blocked to provide a better 
direct image of the crystal. 
 

Figure 7.9: (Below) The Vacuum Ice 
Growth experiment in the lab. The 
aluminum vacuum chamber is a small 
black package at the bottom of the much 
larger copper-walled seed-crystal 
chamber. A heat lamp is baking the 
system in this photo. The optics are 
covered in black panels below the large 
chamber, and the high-resolution camera 
is contained in the white styrofoam box at 
the lower left. 
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Basal and Prism Growth. As implemented in 
this experiment, the white-light interferometric 
measurement of the crystal thickness works 
only for thin, plate-like crystals, as 
demonstrated in Figure 7.8. As the crystal 
thickness increases, the fringes become closely 
spaced and the fringe contrast diminishes. 
Thus the technique is well-suited for measuring 
growth of basal facet surfaces using thin plates, 
but it cannot be used when measuring the 
growth of prism facet surfaces using columnar 
crystals.  
 When performing a run measuring 
columnar test crystals, the lamp and slit in 
Figure 7.7 are replaced by a Helium-Neon 
laser, giving direct images like those shown in 
Figure 7.10. As with light from the slit, the He-
Ne beam reflects off both the substrate/ice 
and ice/vacuum interfaces, and these two 
reflections interfere with one another. The 
brightness of the reflected spot then depends 
on crystal thickness, oscillating between bright 
and dark as the crystal grows. This method is 

not as precise as white-light interferometry, nor 
does it yield an absolute measurement of the 
crystal thickness. With care, however, it can 
yield acceptable growth measurements of 
columnar crystals. 
 
A Growth Sequence. Once a suitable test 
crystal has been found and positioned, and the 
chamber pumped down to about 20 mbar, the 
𝜎𝜎 = 0 point is then determined by adjusting the 
ice reservoir temperature until the test crystal is 
neither growing nor sublimating. This 
procedure also gives the chamber a few 
minutes to equilibrate with 𝜎𝜎 = 0. A growth 
sequence then commences by slowly increasing 
𝜎𝜎 by increasing the ice-reservoir temperature 
while monitoring ∆𝑇𝑇. The substrate and 
chamber temperatures remain constant as ∆𝑇𝑇 
increases. The top panel in Figure 7.11 shows 
typical data during a growth sequence, where 𝜎𝜎 
here is defined from ∆𝑇𝑇 using Equation 7.2. 
 The small size of the ice reservoir, and the 
high thermal conductivity of copper and 
sapphire, give the reservoir a fast temperature 
response while keeping the overall temperature 
equal to that indicated by its thermistor sensor. 
Thus the voltage number shown in Figure 7.8 
gives an accurate indication of ∆𝑇𝑇 and thus 𝜎𝜎 
during the sequence. The temperatures of the 
substrate and vacuum chamber are kept fixed 
during this time, as they have a longer thermal 
response time. 

Figure 7.10: (a) Several images of a columnar 
ice crystal showing the interference of two 
reflections from an incident Helium-Neon 
laser beam, one from the substrate/ice 
interface and one from the ice/vacuum 
interface. As the crystal grew (left to right) the 
spot brightness oscillates from dim (first 
image) to bright (middle image) and back to 
dim (last image). (b) Snapshots from several 
other example crystals.  
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 At the end of the growth sequence, the test 
crystal is discarded by heating the substrate, 
which removes all the seed crystals. We have 
found that “recycling” a test crystal – 
sublimating it back down to a smaller size and 
growing it out again – generally leads to 
unreliable results. Surface impurities become 
concentrated during large-scale sublimation, 
and this often seems to corrupt the subsequent 
regrowth of the crystal. Sometimes a recycled 
crystal behaves normally, but this is not always 
the case. To avoid any potential problems from 

crystal recycling, we typically use a test crystal 
only once. 
 
Chemical Contamination Tests. Surface 
contamination from unwanted chemical 
vapors is always a concern in any ice-growth 
experiment, as one is never sure how clean is 
clean enough. Opening the entire system and 
baking it between runs is a first line of defense 
again chemical contaminants, as they tend to 
bake out after numerous thermal cycles. 
Another plus is using a continuous seed crystal 
generator (see Chapter 6), as fresh seed crystals 
are produced every few minutes, and the 
crystals themselves absorb contaminants from 
the surrounding air and pull them to the 
bottom of the chamber as they fall. This self-
cleaning feature keeps the air in the seed crystal 
generator chamber quite clean during a run. 
 As a test crystal is being grown (like that 
shown in Figure 7.11), the growing ice surface 
is also somewhat self-cleaning in regard to 
chemical contaminants. As a crystal grows, 
each expanding ice terrace edge tends to push 
surface chemicals ahead of it, as few chemicals 
are readily incorporated into the ice lattice. 
Surface contaminants are thus swept aside as a 
crystal grows, cleaning the faceted surface in 
the process.  

One can test this process in a single growth 
sequence by first increasing ∆𝑇𝑇 with time and 
then decreasing it back to zero. After a short 
period of rapid growth, when ∆𝑇𝑇 is high, the 
fresh ice surface should be especially free of 
contaminants. Quickly bringing ∆𝑇𝑇 back down 
then allows a growth measurement of this 
pristine surface. If the growth velocity 𝑣𝑣(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) 
looks the same whether ∆𝑇𝑇 is increasing or 
decreasing, then this suggests that the initial ice 
surface was reasonably clean. 
 
Data Analysis 
To analyze a growth sequence, the video is first 
transcribed to produce time-dependent 
measurements of 𝐻𝐻, 𝑅𝑅, and Δ𝑇𝑇 as a function of 
time, as shown in Figure 7.11. Then the 𝐻𝐻 and 
𝑅𝑅 data are used to extract growth velocities, 

Figure 7.11: (Top) A typical growth sequence 
for a single thin-plate crystal at -12 C, like the 
one shown in Figure 7.8. As the 
supersaturation is slowly increased by 
increasing ∆𝑻𝑻, the plate thickness H is 
measured using white-light interferometry 
while the plate “radius” R (here defined as half 
the distance between opposing prism facets) is 
measured from direct imaging. Note R>H, 
indicating a thin, plate-like crystal. (Bottom) 
Growth velocities of the basal and prism facets 
derived from the size data above. The higher 
accuracy of the interferometric measurements 
yields a lower noise in the basal radius and 
velocity data. 
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also seen in the figure, while 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 as a 
function of time derives from the Δ𝑇𝑇 data. 
Because the chamber design keeps the 
correction in Equation 7.6 quite small, the Δ𝑇𝑇 
data give 𝜎𝜎 ≈ 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 ≈ 𝜎𝜎1 directly, where the 
latter is given by Equation 7.2. Plotting the 
velocities 𝑉𝑉𝐻𝐻 and 𝑉𝑉𝑅𝑅 versus 𝜎𝜎 then yields the 
data shown in Figure 7.12. Note that the 
growth sequence of a single test crystal yields 
growth velocities as a function of 
supersaturation. Thus every test-crystal growth 
sequence can be used to extract 𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) for 
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ranging from zero to some maximum 
value. 
 
Substrate Interactions. As I described in 
Chapter 6, substrate interactions can have 
serious detrimental effects on ice crystal 
growth measurements [2012Lib]. Especially 
important is that a low ice/substrate contact 
angle may cause spurious nucleation of new 
terraces, thereby increasing growth rates 
compared to surfaces that do not contact the 
substrate. This effect can be seen directly in 
Figures 7.11 and 7.12, as the prism growth 
velocity 𝑉𝑉𝑅𝑅 is much larger than the basal growth 

𝑉𝑉𝐻𝐻 at early times, when the supersaturation is 
low. In these data, the basal growth is 
suppressed by a large nucleation barrier, while 
the prism growth is not.  

Measurements of prism facets that are not 
contacting the substrate, however, reveal a 
similarly large nucleation barrier for prism 
growth [2013Lib]. This behavior suggests that 
the 𝑉𝑉𝑅𝑅 data in Figures 7.11 and 7.12 are 
distorted by substrate interactions, especially at 
low supersaturations. The hypothesized model 
of substrate interactions described in Chapter 
6 [2012Lib] provides a sensible explanation for 
this overall growth behavior. 

In general, we have found that substrate 
interactions can be both significant and 
somewhat unpredictable. For example, the 
ice/substrate contact angle is sensitive to 
surface chemical residues, so may vary with 
position on the substrate. In addition to terrace 
nucleation, surface chemical effects may either 
increase or decrease growth rates if the 
substrate is not sufficiently clean. We have 
found that the best solution to this problem is 
simply to discard growth velocity data for all 
surfaces that contact the substrate directly. 
Interestingly, Beckmann et al. [1983Bec] 
observed similar substrate interactions to those 
just described, but chose to discard data from 
the facets that were not contacting the 
substrate, keeping data from the those that did, 
rather than the other way around. 

In Figure 7.12, for example, we discard the 
𝑉𝑉𝑅𝑅 data for this plate-like crystal, but retain the 
𝑉𝑉𝐻𝐻 data, as the latter came from measurements 
of the top basal surface, which was parallel to 
the underlying substrate. For columnar crystals 
like those in Figure 7.10, we retain only growth 
data from the upper prism surface for the same 
reason. 
 
Diffusion Correction. The next step in the 
data analysis is to recognize that while the Δ𝑇𝑇 
data give 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 with good accuracy (for a 
suitably isolated test crystal), this is not 
generally equal to 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 at the surface of the 

Figure 7.12: The growth sequence in Figure 
7.11 after being converted to velocities versus 
supersaturation 𝝈𝝈𝒔𝒔𝒓𝒓𝒔𝒔𝒔𝒔𝒓𝒓𝒃𝒃 just above the 
substrate surface. Note that 𝝈𝝈𝒔𝒔𝒓𝒓𝒔𝒔𝒔𝒔𝒓𝒓𝒃𝒃 is not 
generally equal to the supersaturation 𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 at 
the crystal surface. 
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growing crystal. Even at a pressure of 20 mbar, 
the diffusion correction is significant and must 
be addressed. Ideally, one could use a 
computational growth model (see Chapter 5) 
to analyze the velocity data, but this approach 
is time-consuming and more rigorous than is 
needed, given other measurement 
uncertainties.  

A substantially faster, simpler analysis 
method is to use the monopole approximation 
described in Equation 7.13 to convert 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 
to 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. (In this notation, 𝜎𝜎𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 = 𝜎𝜎∞) The 
volume derivative �̇�𝑉𝑠𝑠 can be calculated from the 
crystal size and velocity data [2012Lib], using 
both the 𝑉𝑉𝐻𝐻 and 𝑉𝑉𝑅𝑅 data, so the 𝛿𝛿𝜎𝜎 correction 
contains no adjustable parameters. The 
correction is only as good as the data used to 
derive it, but the underlying physics is well 
understood. 
 Figure 7.13 shows this diffusion correction 
being applied to the data in Figure 7.12. The 
correction changes 𝜎𝜎∞ to 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, which moves 
a given point to the left. The same point moves 
vertically upward as 𝛼𝛼𝑠𝑠𝑛𝑛𝑖𝑖𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖𝑠𝑠𝑠𝑠𝑑𝑑 = 𝑣𝑣/𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎∞  
changes to 𝛼𝛼 = 𝑣𝑣/𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. The filled points 
in Figure 7.13 then give the desired function 
𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) for this test crystal. 

Clearly the correction is quite large for the 
highest-velocity points, as 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is only about 
half as large as 𝜎𝜎∞ for the final point in Figure 
7.13. Because the diffusion correction is not 
extremely precise, one must expect that the 
resulting high-velocity data will be noisy and 
may exhibit some systematic errors. For the 
lower-velocity points, however, the correction 
is substantially smaller, giving one greater trust 
in the final corrected data. 
 
Heating Correction. As described in Chapter 
4, the generation of latent heat at the growing 
ice crystal produces another small correction 
factor. For growth on a substrate, this heat is 
readily conducted through the ice to the large 
substrate below, which can be considered an 
infinite heat reservoir at fixed temperature. 
From a calculation of heat flow through the ice, 

the perpendicular growth velocity 𝑉𝑉𝐻𝐻 can be 
written (see Appendix B) 
 

      𝑉𝑉𝐻𝐻 ≈
𝛼𝛼𝛼𝛼ℎ𝑠𝑠𝑠𝑠𝑠𝑠
𝛼𝛼 + 𝛼𝛼ℎ𝑠𝑠𝑠𝑠𝑠𝑠

𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (7.14) 

 
with 

  𝛼𝛼ℎ𝑠𝑠𝑠𝑠𝑠𝑠 ≈
𝐺𝐺𝜅𝜅𝑘𝑘𝑖𝑖𝑠𝑠

𝜌𝜌𝑘𝑘𝑖𝑖𝑠𝑠𝐿𝐿𝑠𝑠𝑟𝑟𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜂𝜂𝐻𝐻
(7.15) 

 
where 𝐻𝐻 is the crystal thickness and 𝐺𝐺 is a 
dimensionless geometrical factor of order 
unity. For a broad, thin-plate crystal, 𝐺𝐺 = 1. At 
a temperature of -5 C, this becomes 

Figure 7.13: The basal growth data from Figure 
7.12 converted to the basal attachment 
coefficient 𝜶𝜶 as a function of supersaturation. 
The open points show the uncorrected 
𝜶𝜶𝒔𝒔𝒖𝒖𝒖𝒖𝒓𝒓𝒔𝒔𝒔𝒔𝒔𝒔𝒖𝒖𝒔𝒔𝒔𝒔𝒄𝒄 = 𝒓𝒓/𝒓𝒓𝒌𝒌𝒓𝒓𝒖𝒖𝝈𝝈∞ plotted as a function of 
𝝈𝝈∞, while the filled points show the corrected 
𝜶𝜶 = 𝒓𝒓/𝒓𝒓𝒌𝒌𝒓𝒓𝒖𝒖𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 plotted as a function of 𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔. 
The red lines show how two individual points 
transformed from uncorrected to corrected. 
     A nucleation-limited growth model 𝜶𝜶 =
𝑨𝑨𝐞𝐞𝐞𝐞𝐞𝐞(−𝝈𝝈𝟎𝟎/𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔) (solid line) provides a good 
fit to the corrected data using 𝑨𝑨 = 𝟏𝟏 and 𝝈𝝈𝟎𝟎 = 𝟐𝟐 
percent. Including diffusion gives the dashed 
curve, equal to 𝜶𝜶𝜶𝜶𝒄𝒄𝒓𝒓𝒔𝒔𝒔𝒔/(𝜶𝜶 + 𝜶𝜶𝒄𝒄𝒓𝒓𝒔𝒔𝒔𝒔) with 𝜶𝜶𝒄𝒄𝒓𝒓𝒔𝒔𝒔𝒔 =
𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎 (see Chapter 4). At low 𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔, the basal 
growth is strongly limited by a nucleation 
barrier, so 𝜶𝜶 ≪ 𝜶𝜶𝒄𝒄𝒓𝒓𝒔𝒔𝒔𝒔 and the diffusion 
correction is small. At higher 𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔, 𝜶𝜶 ≫ 𝜶𝜶𝒄𝒄𝒓𝒓𝒔𝒔𝒔𝒔 
and the diffusion correction is large.  
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𝛼𝛼ℎ𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 22 �1 𝜇𝜇𝑏𝑏

𝐻𝐻
�𝐺𝐺 (7.16) 

 
When measuring basal growth with thin, plate-
like crystals (e.g., in Figure 7.8) the thickness 𝐻𝐻 
is typically just a few microns, so 𝛼𝛼 ≪ 𝛼𝛼ℎ𝑠𝑠𝑠𝑠𝑠𝑠 
and the heating correction is always quite small. 
The correction becomes larger at higher 
growth temperatures, however, when 𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛 
becomes larger, and when using columnar 
crystals, because then 𝐻𝐻 is also larger. For most 
of the VIG data, the heating correction is 
negligible. But, as I describe below, heating 
effects may be distorting the measurements of 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏 at high temperatures when 𝛼𝛼 is also 
high. 
 
 

Nucleation-Limited Growth. Once 
corrected for diffusion effects, the VIG data 
strongly suggest that the attachment kinetics 
are primarily limited by terrace nucleation. 
Figure 7.14, for example, shows that the data 
are well fit by a nucleation model, while a 
spiral-dislocation model does not fit the data 
(see Chapter 3). This conclusion applies to 
both basal and prism growth data, and Figure 
7.15 shows one example for prism facet growth 
at a temperature of -15 C.  
 Displaying 𝛼𝛼 versus 1/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 in a semi-log 
plot provides a good view of the nucleation-
limited growth behavior seen in the data, as the 
functional form 𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) = 𝐴𝐴𝐴𝐴−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  
appears as a straight line in such a graph. Figure 
7.16 shows measurements of 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 from 12 
separate crystals, both before and after the 
diffusion correction. The uncorrected data 

Figure 7.14: Sample corrected measurements 
showing the growth velocity of the basal 
surface of a single ice crystal as a function of 
𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 at −12 C, where data points were taken as 
the supersaturation was slowly increased. The 
line through the points gives the model 
𝒓𝒓𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 = 𝜶𝜶𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒓𝒓𝒌𝒌𝒓𝒓𝒖𝒖𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 with 𝜶𝜶𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔(𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔) =
𝐞𝐞𝐞𝐞𝐞𝐞(−𝝈𝝈𝟎𝟎/𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔) and 𝝈𝝈𝟎𝟎 = 𝟐𝟐.𝟑𝟑 ± 𝟎𝟎.𝟐𝟐%. The 
dashed line shows a spiral-dislocation model 
with 𝒓𝒓~𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 , which gives a poor fit to the data. 
The inset graph shows an unweighted 
histogram of measured 𝝈𝝈𝟎𝟎 values for 23 
crystals. A weighted fit to these data gives an 
estimated mean 〈𝝈𝝈𝟎𝟎〉 = 𝟏𝟏.𝟗𝟗𝟎𝟎 ± 𝟎𝟎.𝟏𝟏𝟎𝟎%. 
 
 

Figure 7.15: Sample measurements of the 
prism growth velocity as a function of 
supersaturation at the facet surface. Data 
points were taken at -15 C with a background 
air pressure of 20 mbar, using oscillations in 
the brightness of the laser spot to 
interferometrically measure the growth 
velocity [2013Lib]. The line shows 𝒓𝒓𝒖𝒖 =
𝜶𝜶𝒓𝒓𝒌𝒌𝒓𝒓𝒖𝒖𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 with 𝜶𝜶(𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔) = 𝐞𝐞𝐞𝐞𝐞𝐞(−𝝈𝝈𝟎𝟎/𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔) and 
𝝈𝝈𝟎𝟎 = 𝟑𝟑 percent. Note that the data fit this 
model well at growth velocities up to nearly 1 
micron/second. The inset photo shows a test 
crystal being measured. 



262 
 

clearly show a behavior indicative of diffusion-
limited growth, rolling off to an effective 
𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 equal to 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 at high supersaturations. 
The corrected data, however, indicate 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 →
1 as 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 → ∞, which is the asymptotic 
behavior one would expect for nucleation-
limited attachment kinetics. Figure 7.15 shows 
additional measurements of 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 plotted as a 
function of 1/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 for a variety of 
temperatures. 

Note that the growth data were not 
constrained in any way to produce 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 → 1 
at high supersaturations; the analysis could 
have equally well yielded either higher or lower 
values of 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 as 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 → ∞. The fact that the 
data naturally yielded the theoretical 
expectation for fast growth suggests that the 
experiment is working well and that the 
corrections are quite accurate. I find that the 
convergence to 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 → 1 at high 
supersaturations, over a broad range of 
temperatures, is an especially satisfying result 
from this experiment, as no previous ice-
growth experiment had achieved the overall 
level of measurement precision to observe this 
theoretically pleasing result. 
 
 
   
 

Figure 7.16: A set of basal-facet growth 
measurements taken using 23 ice crystals at 
𝑻𝑻 = −𝟏𝟏𝟐𝟐𝟏𝟏, both before (a) and after (b) 
correction for residual diffusion effects. The 
straight line shows 𝜶𝜶(𝝈𝝈) = 𝐞𝐞𝐞𝐞𝐞𝐞(−𝝈𝝈𝟎𝟎/𝝈𝝈) 
with  𝝈𝝈𝟎𝟎 = 𝟎𝟎. 𝟎𝟎𝟐𝟐, while the curved line shows 
the same 𝜶𝜶(𝝈𝝈) combined with a diffusion-
limited growth model. As with Figure 7.13, the 
uncorrected data show 𝜶𝜶𝒔𝒔𝒖𝒖𝒖𝒖𝒓𝒓𝒔𝒔𝒔𝒔𝒔𝒔𝒖𝒖𝒔𝒔𝒔𝒔𝒄𝒄 plotted 
versus 𝟏𝟏/𝝈𝝈∞, while the corrected data show 
𝜶𝜶𝒖𝒖𝒓𝒓𝒔𝒔𝒔𝒔𝒔𝒔𝒖𝒖𝒔𝒔𝒔𝒔𝒄𝒄 plotted versus 𝟏𝟏/𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔. Each data 
point was shifted horizontally using a diffusion 
model that calculated 𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 from 𝝈𝝈∞ using 
Equation 7.13 [2013Lib]. 

Figure 7.17: Experimental data showing the 
attachment coefficient 𝜶𝜶𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 plotted as a 
function of 𝟏𝟏/𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔, including measurements 
taken at four different temperatures. Plotted 
this way, data exhibiting a nucleation-limited 
growth behavior with 𝜶𝜶𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔(𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔) =
𝑨𝑨𝒔𝒔−𝝈𝝈𝟎𝟎/𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 appear as straight lines. The data at 
each temperature extrapolate to 𝜶𝜶 ≈ 𝟏𝟏 at large 
𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔, indicating rapid kinetics in the absence 
of a nucleation barrier. The values of  𝝈𝝈𝟎𝟎 at 
different temperatures can be extracted from 
the slopes of the lines [2013Lib, 2017Lib].   
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Precision Measurements. One important 
lesson from the VIG experiment is that 
obtaining high-quality measurements of the 
attachment kinetics requires a great deal of 
attention to detail regarding apparatus design, 
systematic errors, and data analysis. With the 
VIG experiment, this included: 
1) The chamber was designed specifically to 

produce a well-defined supersaturation near 
the test crystal, following a careful diffusion 
analysis. The correction factor described by 
Equation 7.6 is especially important. Even 
at low pressures and with a small filling 
factor of crystals on the substrate, diffusion 
effects from crystal crowding can still be 
quite significant. 

2) Several measures were taken to avoid 
chemical vapor contamination. The entire 
system was baked between runs, a self-
cleaning seed crystal generator was used, 
and the vacuum chamber was purged with 
fresh air throughout each run.  

3) We were careful to select only test crystals 
with the highest visual quality. Only near-
perfect ice prisms with no nearby neighbors 
on the substrate were chosen. 

4) Crystals were not sublimated and then 
regrown. A new test crystal was selected for 
each growth sequence. 

5) Much time was spent analyzing correction 
factors and characterizing possible 
systematic errors in the measurement 
process. 

6) We spent a great deal of time perfecting the 
apparatus, data acquisition procedures, and 
analysis methods. Over 200 crystals were 
grown and analyzed, which allowed many 
consistency checks and redundancies. 

 
Attachment Coefficients 
We found that all of the VIG data could be well 
represented using attachment coefficients 
having the functional form 𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) =
𝐴𝐴𝐴𝐴−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 , thus reducing the entire 
attachment kinetics problem to the functions 
𝜎𝜎0(𝑇𝑇) and 𝐴𝐴(𝑇𝑇) shown in Figure 7.18. The data 
clearly favor a nucleation-limited model for ice 

crystal growth from water vapor over a broad 
range of environmental conditions, and I 
discuss the physical implications of this result 
in Chapter 3. 

To date, these are the best measurements 
of ice growth in a low-background-pressure 
environment, substantially surpassing previous 
efforts in overall precision. Remarkably, the 
resulting data suggest that ice crystal growth 
rates on the basal and prism facets are largely 
determined by the terrace step energies as a 
function of temperature, which are 
fundamental equilibrium properties of the ice 

Figure 7.18: Experimental data showing the 
attachment coefficient fit parameters 𝝈𝝈𝟎𝟎(𝑻𝑻) 
and 𝑨𝑨(𝑻𝑻) for the basal and prism facets, 
assuming a functional form 𝜶𝜶(𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔) =
𝑨𝑨𝒔𝒔−𝝈𝝈𝟎𝟎/𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 for both 𝜶𝜶𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 and 𝜶𝜶𝒑𝒑𝒔𝒔𝒓𝒓𝒔𝒔𝒃𝒃. The data 
were consistent with 𝑨𝑨 = 𝟏𝟏 for all the basal data 
and for the prism data when 𝑻𝑻 ≤ −𝟏𝟏𝟎𝟎𝟏𝟏, so this 
constraint was applied when fitting 𝝈𝝈𝟎𝟎  over 
these temperature ranges [2013Lib]. The prism 
data with 𝑻𝑻 > −𝟏𝟏𝟎𝟎𝟏𝟏 were better described with 
𝑨𝑨 < 𝟏𝟏 as shown. 
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lattice structure, as discussed in Chapter 2. If 
these step energies can be independently 
determined by molecular dynamics 
simulations, this would provide a major step 
forward in solving the full problem of snow 
crystal growth dynamics. 
 
Constrained A=1 Model 
As seen in Figure 7.17, the basal growth data 
suggest a model with 𝐴𝐴 = 1 at all temperatures, 
and fits to the data were consistent with this 
result. Theoretically, 𝐴𝐴 = 1 means that 𝛼𝛼 → 1 
as 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 → ∞, and such a behavior is expected 
in a nucleation-limited growth model. 
Physically, this is essentially equivalent to 
having 𝛼𝛼 = 1 on rough (non-faceted) surfaces, 
which is itself essentially equivalent to saying 
that any water vapor molecule striking a rough 
surface is immediately indistinguishable from 
other surface molecules. 
 Being biased by such a physically pleasing 
picture, we constrained all the basal data by 
assuming 𝐴𝐴 = 1, then fitting the data to an 
attachment coefficient with the functional 
form 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) = 𝐴𝐴−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  to determine 
𝜎𝜎0(𝑇𝑇). The prism data were similarly consistent 
with 𝐴𝐴 = 1 when 𝑇𝑇 ≤ −10 C, so this same 
fitting procedure was applied at these low 
temperatures, as shown in Figure 7.18. The 
higher temperature prism data were better 
described with 𝐴𝐴 < 1, and a two-parameter fit 
gave the results shown in Figure 7.18. 
 Since publishing these data in [2013Lib], I 
have begun to suspect that 𝐴𝐴 = 1  might 
actually provide a better description of the 
prism attachment kinetics over the entire 
temperature range −40𝐶𝐶 < 𝑇𝑇 < −2𝐶𝐶 (and 
perhaps beyond that range). My reasons for 
this change of thinking include: 
 
1) On purely theoretical grounds, having 𝛼𝛼 →

1 as 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 → ∞ provides the most sensible 
picture for ice growth dynamics, regardless 
of the model specifics. I can think of no 
good theoretical reason that 𝐴𝐴 = 1 should 
apply over a broad range of growth 

conditions, but then not on prism facets 
when 𝑇𝑇 > −10 C.  

2) The VIG growth measurements of prism 
facets are more susceptible to unmodeled 
systematic errors than with basal facets. The 
basal measurements are made using thin 
plates with typical thicknesses of 2-4 
microns, while the prism measurements are 
made using columnar crystals with 
diameters of 20-40 microns. Systematic 
effects from both diffusion and heating are 
greater, and more difficult to subtract out, 
with thicker crystals. 

3) The possibility of unmodeled systematic 
errors are also greater at higher 
temperatures, when the supersaturations 
are smaller than at lower temperatures.  

4) Similarly, accurate growth measurements 
are especially difficult when 𝛼𝛼 is high, again 
increasing the risk of unmodeled systematic 
errors in determining 𝐴𝐴 with precision. 

 
 

Figure 7.19: A reanalysis of the data in Figure 
7.18, now assuming 𝑨𝑨 = 𝟏𝟏 for both the basal 
and prism facets, yields the measured 𝝈𝝈𝟎𝟎(𝑻𝑻) 
shown above. This analysis reflects a 
theoretical bias toward a purely nucleation-
limited growth model with 𝑨𝑨 = 𝟏𝟏, plus the 
suspicion of possible unmodeled systematic 
errors in the prism data at high temperatures. 
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Upon further analysis of the VIG data, I 
have not found any systematic effects that 
are clearly large enough to produce 𝐴𝐴 = 1 
for all the data, so I stand by our original 
results shown in Figure 7.18. 
Nevertheless, some of the diffusion and 
thermal effects are too large for comfort, 
and I now believe that having 𝐴𝐴 = 1 over 
the entire data set is not definitely 
excluded. 
 Following this reasoning, I have reanalyzed 
the VIG data assuming 𝐴𝐴 = 1  throughout, and 
the resulting fits for 𝜎𝜎0(𝑇𝑇) are shown in Figure 
7.19. The values of 𝜎𝜎0(𝑇𝑇) for a faceted prism 
surface are somewhat higher than in Figure 
7.18, but the overall trends remain unchanged. 
With this simplified model, the attachment 
kinetics at low background-gas pressures are 
reduced to a single function 𝜎𝜎0(𝑇𝑇)  for each of 
the basal and prism facets. 
 A principal advantage of the reanalysis in 
Figure 7.19 is that it provides a simpler, one-
parameter model for faceted growth. It may be 
an oversimplified model, but for now it gives a 
reasonable representation of the facts that is 
easier to think about than the two-parameter 
model. Moreover, snow crystal growth is 
mainly limited to quite low supersaturations, so 
the value of 𝜎𝜎0 is more important than the 
value of 𝐴𝐴. Reducing 𝐴𝐴 mainly affects fast-
growth scenarios that do not generally apply in 
most realistic circumstances. For much of the 
remaining discussion, therefore, I will assume 
𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) = 𝐴𝐴−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  and the data in Figure 
7.19 as my default model for ice growth at low 
background gas pressures. 
 
The Superhydrophobic Future 
As transparent superhydrophobic coatings 
become available for sapphire substrates, it 
becomes possible to develop improved 
techniques for measuring ice growth over a 
broader range of conditions, building upon 
what was learned from the VIG experiment 
just described. Figure 7.20 illustrates one 
possibility that would allow: 1) measuring many 
crystals in parallel; 2) observing growth as a 

function of background gas pressure and 
species; 3) use of the smallest crystals that can 
still be observed optically; 4) avoiding substrate 
interactions using a superhydrophobic coating; 
5) minimal heating effects for ice crystals on a 
sapphire substrate; 6) observations over a wide 
temperature range; and 7) rapid turnaround 
allowing measurements of many crystals. 
 One noteworthy feature of this potential 
experimental set-up is the rapid thermal 
diffusion time within the growth chamber. 
Assuming a 1-mm separation between the 
reservoir and substrate surface, the 
supersaturation profile will equilibrate in a 
diffusion time 𝜏𝜏 ≈ 𝐿𝐿2/𝜋𝜋 ≈ 50 msec at one 
atmosphere, and much faster at lower 
pressures. Thus, the nucleation pulse will 
produce only a very temporary change in 
growth conditions within the chamber, quickly 
settling to give the calculated supersaturation 
near the substrate. 

Figure 7.20: A possible experimental setup for 
observing the growth of small ice crystals on a 
superhydrophobic surface. Once the 
temperatures are stable, an expansion 
nucleator (blue arrow) injects a pulse of nano-
ice-crystals into the test chamber, where some 
land on the coated sapphire substrate at 
random positions with random orientations, 
where a wide-field camera records their 
subsequent growth. All diffusion-related 
corrections are reduced when the crystal sizes 
are in the few-micron range, allowing accurate 
measurements even at fairly high gas 
pressures. The compact chamber size allows 
rapid turn-around between nucleation pulses 
for efficient experimental throughput. 
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 If superhydrophobic coatings live up to 
expectation and largely eliminate substrate 
interaction effects, this and other experiments 
could allow observations of substantially 
smaller crystals than the VIG experiment, thus 
reducing diffusion effects and allowing 
quantitative measurements of the attachment 
kinetics as higher gas pressures.  
 
7.3 Ice Growth in Air 
Taken at face value, the VIG measurements in 
Figure 7.19 are in direct conflict with the well-
established snow-crystal morphology diagram. 
Comparing 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏 from the 
measured 𝜎𝜎0(𝑇𝑇) in Figure 7.19 predicts plate-
like growth at -5 C and columnar growth at -15 
C, which is opposite from what is seen in the 
morphology diagram. Although this 
discrepancy might be attributed to some major 
flaw in the VIG experiment, the more likely 
explanation is that the attachment kinetics is 
strongly affected by a background gas of air at 
one atmospheric pressure. This opens up a 
whole new dimension of pressure-dependent 
kinetic effects, and I discuss this topic at length 
in Chapter 3. For the present discussion, 
however, I want describe potential 
measurements of the growth of small ice 
prisms in air and how such data can contribute 
to our understanding of the molecular 
attachment kinetics. 
 The most obvious approach to measuring 
ice growth rates in air is to observe small 
prismatic crystals resting on substrates. The 
basic idea is similar to the VIG experiment 
described above, except with an added partial 
pressure of air or some other gas in the 
chamber. Such measurements have been 
attempted [1984Kur1, 1982Bec1, 1982Bec2, 
1983Bec3], but I remain skeptical that they are 
sufficiently free of systematic errors to be 
reliable [2004Lib]. As described above (also see 
[2012Lib]), the corrections from diffusion 
effects and substrate interactions are already 
substantial at 20 mbar, and they become 
progressively worse at higher pressures. 
Perhaps a suitable superhydrophobic surface 

will greatly reduce the deleterious effects from 
substrate interactions, but such a magic surface 
has not yet been demonstrated. Without such 
a technological solution, I fear it may be nearly 
impossible to separate the attachment kinetics 
from other processes affecting ice growth. 
 
Free-Fall Growth Data 
Another experimental approach is to avoid the 
use of a substrate altogether and observe ice 
crystals that are levitating or have experienced 

Figure 7.21: Sizes of ice crystals after 200 
seconds of growth in free fall through normal 
air, as a function of the background 
supersaturation 𝛔𝛔∞. (not equal to 𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔). The 
solid points are from [2009Lib], and the cross-
circle points are from Yamashita in [1987Kob] 
(reproduced in Figure 6.22). Note that for both 
columnar crystals at -5 C and plate-like crystals 
at -10 C, the forms become more isometric with 
increasing supersaturation.  
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growth in free fall, as described in Chapter 
6. The diffusion and heating effects are still 
quite large in these experiments, but the 
necessary corrections are manageable as 
long as 𝛼𝛼 < 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠, as shown in Chapter 4. 
Even with quite small crystals, satisfying this 
inequality limits the regions of parameter 
space that can be gainfully explored, but 
that is the nature of the beast. 
 There are essentially no useful levitation 
measurements to date, and remarkably little 
free-fall data either, but Figure 7.21 shows 
some examples. The basic idea is to nucleate 
some ice crystals at 𝑑𝑑 = 0 in a chamber filled 
with air at a known supersaturation, let them 
grow for a fixed amount of time, and then 
sample some crystals and measure their 
sizes. Crystal-to-crystal size variations are 
typically a factor of two, which probably 
reflects some spatial variation in 
supersaturation within the growth chamber, 
averages being shown in Figure 7.21. As we 
will discuss below, the supersaturation is 
difficult to determine precisely, and is 
subject to a host of possible systematic 
errors, but for now we take the data in this 
figure at face value. 
 The Yamashita data probably have the 
most reliable supersaturation, as these 
crystals were grown in a cloud chamber 
containing a fog of cloud droplets in 
thermal equilibrium with the air. As long as 
the droplet number density is much higher 
than the crystal number density in the air, 
these conditions should yield 𝜎𝜎∞ ≈ 𝜎𝜎𝑤𝑤𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
with reasonable accuracy. The 
supersaturation in the [2009Lib] experiment 
was determined by differential hygrometry, 
which is more prone to systematic errors, 
especially at lower supersaturations. 
 One immediate take-away from these data 
is that the aspect ratios of the crystals become 
more extreme at lower supersaturations. That 
is, the diameter/thickness ratio of the plates at 
-10 C is largest at the lowest supersaturations 
observed, and so too is the length/diameter 
ratio of the columns at -5 C (although the 

Figure 7.22: Free-fall growth data at -5 C from 
[2009Lib], showing crystal sizes as a function 
of fall times for several different 
supersaturations (here 𝛔𝛔 = 𝛔𝛔∞, which is 
generally not equal to 𝛔𝛔𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬). Each pair of 
points (length and diameter) represent one 
observed crystal. Lines show constant-velocity 
trajectories, and the aspect ratio is the ratio of 
these velocities. Note that the aspect ratio 
tends toward unity with increasing 
supersaturation. 
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supersaturation dependence is greater at -10 
C). This behavior is often displayed in snow 
crystal morphology diagrams, which 
(incorrectly) show blockier crystals at low 
supersaturations. However, it is consistent with 
a kinetics model having 𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) = 𝐴𝐴−𝜎𝜎0/𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
for both the basal and prism facets (with a 
different 𝜎𝜎0 for each), as described above. This 
lends support to the notion that this simple 
parameterization in terms of 𝜎𝜎0,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇) and 
𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏(𝑇𝑇) may provide a reasonable picture 
of ice growth in air as well as in near vacuum. 
 The [2009Lib] data in Figure 7.21 are 
shown in expanded form in Figures 7.22 and 
7.23, illustrating the full time dependence of 
the growth behaviors. 
 
Diffusion Corrections in Air 
The growth data in Figure 7.22 provide a good 
example of the severity of the diffusion 
correction in air at one atmosphere. Using the 
monopole approximation described above, the 
supersaturation at the crystal surface is 
estimated as 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝜎𝜎∞ − 𝛿𝛿𝜎𝜎 with  
 

𝛿𝛿𝜎𝜎 =
𝑑𝑑𝑉𝑉/𝑑𝑑𝑑𝑑

4𝜋𝜋𝑅𝑅0𝑋𝑋0𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛
(7.18) 

 
where 𝑑𝑑𝑉𝑉/𝑑𝑑𝑑𝑑 is the rate of change of the 
volume of the growing crystal, 𝑋𝑋0 ≈ 0.15 𝜇𝜇𝜇𝜇 in 
air at one bar, and 𝑅𝑅0 is an effective radius of 
the crystal. The value of 𝑅𝑅0 is not well defined 
for a non-spherical crystal, but a reasonable 
approximation is to set the total crystal volume 
(known from measurements) to 𝑉𝑉 =
(4 3⁄ )𝜋𝜋𝑅𝑅03. For the 𝜎𝜎∞ = 0.5% data (top panel 
in Figure 7.22), the monopole correction gives 
𝛿𝛿𝜎𝜎 ≈ 0.2% at a growth time of 200 seconds. 
This is a substantial correction, given that the 
uncertainly in the nominal value of 𝜎𝜎∞ is at 
least 0.1% [2009Lib].  
 Plunging forward and applying the 
monopole correction gives 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 0.3%, and 
using the measured velocities in Figure 7.22 
then yields 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 0.05 and 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏 ≈ 0.009 
at 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 0.3%,, consistent with the result 
from the modeling analysis in [2009Lib]. 

Figure 7.23: Free-fall growth data at -10 C from 
[2009Lib], showing crystal sizes as a function 
of fall times for several different 
supersaturations (here 𝛔𝛔 = 𝛔𝛔∞, which is 
generally not equal to 𝛔𝛔𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬). Each pair of 
points (diameter and thickness) represent one 
observed crystal. Lines show constant-velocity 
trajectories, and the aspect ratio is the ratio of 
these velocities. Note that the aspect ratio 
tends toward unity with increasing 
supersaturation. 
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Moreover, the 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 result is about equal to 
that expected from the vacuum ice growth 
measurements, 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,𝑟𝑟𝑠𝑠𝑖𝑖𝑠𝑠𝑠𝑠𝑏𝑏 ≈ exp(−0.75%/
𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) ≈ 0.08. Of course, the measured 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏 
here is much smaller than 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏,𝑟𝑟𝑠𝑠𝑖𝑖𝑠𝑠𝑠𝑠𝑏𝑏, as the 
vacuum measurements do not even indicate 
columnar growth at -5 C. 
 The corrections become much larger as 𝜎𝜎∞ 
goes up, however. Calculating the same 
monopole correction using the 𝜎𝜎∞ = 6.5%  
data yields 𝛿𝛿𝜎𝜎 ≈ 𝜎𝜎∞, making it impossible to 
accurately estimate 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. This simply tells us 
that the growth at 𝜎𝜎∞ = 6.5%  is so strongly 
diffusion limited that even small uncertainties 
in 𝜎𝜎∞ yield large changes in the corrected 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 
and thus wild uncertainties in the extracted 𝛼𝛼 
values. We did a direct analysis in [2009Lib], 
but a simple monopole analysis now tells us 
that this analysis was likely strongly influenced 
by small systematic errors in determining 𝜎𝜎∞. 
 The moral in this story is one needs to be 
extremely cautious in analyzing ice growth data 
when the diffusion corrections are large, as I 
have stressed throughout this book. We used a 
proper numerical diffusion analysis in 
[2009Lib], but did not do a proper analysis of 
possible systematic errors from uncertainties in 
𝜎𝜎∞. My current thinking is that the data in 
[2009Lib] are fine, but the analysis to produce 
𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 and 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏 values for the higher 𝜎𝜎∞ data 
was flawed. I have reached a similar conclusion 
regarding essentially all of the early ice-growth 
measurements in air: the data are fine, but it is 
not possible to extract useful information 
about the attachment coefficients from a direct 
diffusion analysis, because the corrections are 
too large. 
 This conclusion follows as well from the 
simple spherical analysis presented in Chapter 
4. When 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 ≪ 𝛼𝛼, the growth is strongly 
diffusion limited, and this means that the 
growth velocities are essentially independent of 
𝛼𝛼. As a result, one cannot extract much 
information about 𝛼𝛼 from growth data when 
𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 ≪ 𝛼𝛼. Taking data at low pressures 
ameliorates this problem by increasing 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠, 
but this is not an option if one wishes to 

explore the attachment kinetics as a function of 
background gas pressure. Using the smallest 
possible ice crystals is desirable, as this also 
increases 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠. The technique used by Huang 
and Bartell [1995Hua] has great potential in 
this direction, but creating a well-known 
supersaturation will be a challenge. 
 
Anisotropy Analysis 
Given the data at hand, we can obtain some 
useful information by analyzing the aspect 
ratios in the growth measurements. The aspect 
ratio of a crystal is largely determined by the 
ratio of the attachment coefficients, 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠/
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏, and this is true even when the overall 
growth is strongly diffusion limited. For the 
case of a simple ice prism, the anisotropy is 
defined simply by the length/diameter ratio, 
which is easily measured. (I often take the 
diameter to mean the distance between 
opposing prism facets, as this is a reasonable 
approximation. Doing a full hexagonal-prism 
analysis is unwarranted at present, given that 
the large measurement uncertainties in 
supersaturation, and supersaturation 
corrections, are vastly more important than the 
small geometrical correction that arises from 
treating a hexagonal prism as a simple 
cylinder.) 
 To see how one might apply an anisotropy 
analysis, consider once more the data in Figure 
7.22, and assume that 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) is already 
known from another source. With this 
assumption, one can use the basal surface as a 
“witness surface” to extract 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 from the 
growth velocity using 𝑣𝑣𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =
𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. With this extracted 
value of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, the prism attachment 
coefficient is then simply obtained using 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏�𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠� = 𝑣𝑣𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏/𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. Generally, 
this analysis only works well for small, simple 
prisms, where the diffusion corrections are not 
exceptionally large or complex, but I believe it 
can provide some useful insights to guide 
further experimental efforts. 
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The “Well-Behaved-Basal” 
Model 
Having examined quite a lot of ice-growth 
data over the years, I believe that the 
evidence supports two hypotheses: 1) the 
attachment kinetics depends on air 
pressure, and 2) the prism attachment 
coefficient changes more dramatically 
with pressure than the basal attachment 
coefficient. Moreover, the basal growth in 
both normal air and at low pressures 
might be described by the same 
𝜎𝜎0,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇)  function, equal to that shown 
in Figure 7.19. The data certainly do not 
exclude some change in 𝜎𝜎0,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇) with 
pressure, but it might not be a large 
change. At the same time, the change in 
𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏(𝑇𝑇) with pressure appears to be 
quite large. I will not expound at length 
on the evidence supporting these claims, 
because it is not a strong case. But there 
appears to be some truth in these 
statements, so perhaps the reader will 
allow me to continue thinking in this 
direction. 
 The next step is to define a “Well-Behaved-
Basal” (WBB) model, where I simply assume 
that the function 𝜎𝜎0,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇) shown in Figure 
7.19 applies independent of air pressure. 
Clearly this is just a rough approximation, but 
making this assumption allows us to draw 
some concrete inferences using the anisotropy 
analysis of ice-growth data in air.  
 The basic idea is as described above – use 
the basal growth velocity to determine 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
and then use the prism growth velocity to 
determine a corresponding 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏 at that value 
of 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. Applying this procedure using the 
growth data in Figure 7.22 then yields the 
results in the top panel in Figure 7.24. Other 
data from a variety sources (notably [2009Lib] 
and [2008Lib1] were used to determine 
𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏�𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠� values at other temperatures. 

Putting all analysis together yields the 
comprehensive model of the attachment 
kinetics shown in Figure 7.25. This model 
assumes a purely nucleation-limited growth 

model, so 𝛼𝛼�𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇� is defined solely by 𝜎𝜎0(𝑇𝑇) 
for both facets. It further assumes that 
𝜎𝜎0,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇) does not depend on air pressure, 
which is a somewhat sketchy assumption. 
Although clearly just a first step toward a final, 
pressure-dependent model of the attachment 
kinetics, this model already suggests rather 
substantial changes in 𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏(𝑇𝑇) with air 
pressure are required in any future model. 

Because the WBB model is so speculative 
at this point, its main function is to direct 

Figure 7.24: Inferences (red circles) of 
𝜶𝜶𝒑𝒑𝒔𝒔𝒓𝒓𝒔𝒔𝒃𝒃�𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔� from free-fall growth data, 
assuming the “Well-Behaved-Basal” model 
described in the text. The blue lines show the 
assumed 𝜶𝜶𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔�𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔� from Figure 7.19 that 
were used to compute 𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 from basal velocity 
data. The green lines show 𝜶𝜶𝒑𝒑𝒔𝒔𝒓𝒓𝒔𝒔𝒃𝒃�𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔� from 
Figure 7.19, representing growth at low 
pressure, while the red lines show growth in 
air.  
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future experiments toward the most 
informative areas of phase space. For example, 
Figure 7.25 suggests that measuring 
𝜎𝜎0,𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏(𝑇𝑇) as a function of background gas 
pressure may be especially fruitful near -15 C, 
where the changes are likely most dramatic. 
More importantly, the model indicates that 
many additional growth measurements as a 
function of background pressure will generally 
be needed to further our understanding of 
snow crystal growth dynamics.  
 
7.4 Analysis of a Free-Fall 
Ice-Growth Experiment 
As described above, there are remarkably few 
measurements of ice growth rates that can be 
used to determine the attachment coefficients 
as a function of background gas pressure. 

There is much room for improvement in this 
area, and Figure 7.26 illustrates one possible 
route to obtaining useful growth data in 
reasonably well controlled conditions. As an 
example of experimental design and the 
identification of systematic errors, this section 
will examine the kinds of measurements one 
could obtain with this apparatus. 
 To begin, a free-fall growth experiment 
avoids unwanted systematic effects from 
substrate interactions, which can be quite 
detrimental for obtaining accurate 
measurements on small ice crystals. A linear-
gradient diffusion chamber is advantageous 
for this task because the temperature and 
supersaturation can be calculated with good 
accuracy, especially at low supersaturation 

values. Although both 𝑇𝑇 and 𝜎𝜎∞ vary with 
position within the chamber, these 
inhomogeneities are probably tolerable for a 
basic experiment aimed a surveying overall 
trends. Uniform growth conditions would be 
more desirable, of course, but realizing this in 
an actual apparatus is not a trivial task. 
 Another beneficial feature of the linear-
gradient chamber is that the air inside is stable 
with regard to convection, so seed crystals 
inserted near the drop point in Figure 7.26 will 
quickly reach terminal velocity and drift slowly 
downward as they grow, until some land on the 
substrate at the bottom of the chamber for 
observation. The resulting data will thus 
resemble those shown in Figures 7.22 and 7.23. 
As described in Chapter 6, the final crystal size 
will be roughly proportional to 𝐻𝐻1/4, where 𝐻𝐻 
is the fall distance, yielding sizes in the 10-20 
µm range for 𝐻𝐻 = 20 cm, depending on crystal 
morphology. This is a reasonable goal, as the 
crystals need to be large enough for optical 
imaging, but smaller crystals are better suited 
for reducing both diffusion and heating effects, 
as we will see below. 
 
Large-Scale Diffusion 
As described in Chapter 6, the temperature 
profile inside a linear-gradient diffusion 
chamber is given by 

Figure 7.25: A comprehensive model of the ice 
attachment kinetics in both air and near 
vacuum. This model assumes that the 
𝜶𝜶𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔(𝛔𝛔𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬) (given by the blue data) are 
independent of air pressure. The green data 
points then give 𝜶𝜶𝒑𝒑𝒔𝒔𝒓𝒓𝒔𝒔𝒃𝒃�𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔� at low pressure, 
while the thick green line shows 𝜶𝜶𝒑𝒑𝒔𝒔𝒓𝒓𝒔𝒔𝒃𝒃�𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔� 
in air at one atmospheric pressure. The 
physical origin of the large change in 
𝜶𝜶𝒑𝒑𝒔𝒔𝒓𝒓𝒔𝒔𝒃𝒃�𝝈𝝈𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔� with air pressure is discussed in 
Chapter 3. 
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𝑇𝑇(�⃗�𝑥) = 𝑇𝑇𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏 + ∆𝑇𝑇 ∙ (𝑧𝑧/𝐿𝐿) (7.19) 

 
where 𝑧𝑧 is vertical distance above the bottom 
of the chamber, 𝐿𝐿 is the chamber inner height, 
and ∆𝑇𝑇 = 𝑇𝑇𝑠𝑠𝑟𝑟𝑝𝑝 − 𝑇𝑇𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏. If the chamber walls 
were moved outward to infinity while keeping 
𝐿𝐿 constant, the water-vapor number density in 
the chamber would likewise be 
 

𝑐𝑐(�⃗�𝑥) = 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏) + ∆𝑐𝑐 ∙ (𝑧𝑧/𝐿𝐿) (7.20) 
 
where ∆𝑐𝑐 = 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠�𝑇𝑇𝑠𝑠𝑟𝑟𝑝𝑝� − 𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇𝑠𝑠𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑏𝑏). With 
closer chamber walls as shown in Figure 7.26,  
𝑐𝑐(�⃗�𝑥) can be calculated from numerical 
modeling, yielding a broad maximum in 𝜎𝜎∞(�⃗�𝑥) 
near the center of the chamber (see Chapter 6). 
Interestingly, the modeling results are all 
independent of background gas pressure, as 

long as the molecular mean-free-path remains 
small compared other lengths in the problem. 
Thus 𝜎𝜎∞(�⃗�𝑥) will also be pressure-independent, 
making the linear-gradient diffusion chamber 
well-suited to observing growth rates as a 
function of pressure. 
 The flux of water vapor from the top of the 
chamber to the bottom does depend on 
pressure, being equal to 𝐹𝐹 = 𝜋𝜋∇𝑐𝑐 = 𝜋𝜋∆𝑐𝑐/𝐿𝐿. 
Converting this flux to a sublimation velocity 
of ice from the top surface yields 
 

𝑣𝑣𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑘𝑘𝑏𝑏𝑠𝑠𝑠𝑠𝑘𝑘𝑟𝑟𝑛𝑛 ≈
𝜋𝜋∆𝑐𝑐
𝐿𝐿𝑐𝑐𝑘𝑘𝑖𝑖𝑠𝑠

(7.21) 

 
If we take 𝐿𝐿 = 30 cm, then 𝑣𝑣𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑘𝑘𝑏𝑏𝑠𝑠𝑠𝑠𝑘𝑘𝑟𝑟𝑛𝑛 is 
about 0.2 nm/sec at 1 bar, meaning that the ice 
layer on the top surface will hardly change 
during the course of an experimental run. 
However, because 𝜋𝜋 is proportional to 𝑃𝑃−1, 
this increases 𝑣𝑣𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑘𝑘𝑏𝑏𝑠𝑠𝑠𝑠𝑘𝑘𝑟𝑟𝑛𝑛 to about 10 nm/sec 
at 20 mbar, so a 1-mm-thick ice layer will 
depleted after 24 hours. This should not be a 
problem, as long as the top surface is coated 
with a sufficiently thick ice layer at the 
beginning of a run. 
 The diffusion chamber also needs time to 
relax to its steady-state condition, which takes 
about 𝜏𝜏 ≈ 𝐿𝐿2/𝜋𝜋 ≈ 1 hour at 1 bar. Because a 
nucleation pulse releases crystals that absorb 
water vapor and reduce 𝜎𝜎∞ in their vicinity, the 
chamber will have to be re-equilibrated for a 
time 𝜏𝜏 between successive nucleation events. 
Fortunately, 𝜏𝜏 is proportional to 𝑃𝑃, so the 
recovery times are substantially shorter at 
lower pressures. The recovery will also be 
quicker between runs if the nucleator carefully 
places just a small number of seed crystals at 
the drop point (easier said than done, alas). 
 
Crystal Crowding 
The absorption of water vapor by a multitude 
of growing ice crystals can present an 
important perturbation of the supersaturation 
within a free-fall growth chamber. The crystals 
remove water vapor in a time that is short 
compared with the equilibration time 𝜏𝜏, so the 

Figure 7.26: A linear-gradient free-fall growth 
chamber (see Chapter 6) for observing ice 
growth rates as a function of temperature, 
supersaturation, and background gas pressure. 
A nucleator carefully places crystals near the 
“drop point” shown, and from there they grow 
and slowly fall onto the substrate for 
observation. To date, even basic trends in 
snow-crystal growth morphologies as a 
function of background gas pressure have 
been characterized, presenting a sizable gap in 
our knowledge of the underlying attachment 
kinetics. 
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actual 𝜎𝜎∞(�⃗�𝑥) within a cloud of growing crystals 
may be substantially less than that derived from 
steady-state modeling, which assumed that no 
crystals were present. 
 To see the magnitude of this perturbation, 
consider dropping a single crystal through a 
free-fall chamber, where it falls a distance 𝐻𝐻 
and grows to an ice volume equal to 𝑉𝑉, at which 
point it lands on a substrate and is measured. 
After all the crystals in the chamber have 
grown and fallen, assume that there is one 
crystal per area 𝐴𝐴 on the detector on average.  

Each observed crystal contains 𝑉𝑉𝑐𝑐𝑘𝑘𝑖𝑖𝑠𝑠 water 
molecules, while the air column above it 
contains 𝐻𝐻𝐴𝐴𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠 molecules (slightly more, 
because the air is supersaturated, but this 
additional amount is negligible). The growing 
crystals thus removed water molecules from 
the air column and lowered its supersaturation 
by an amount 
 

𝛿𝛿𝜎𝜎 ≈
𝑉𝑉𝑐𝑐𝑘𝑘𝑖𝑖𝑠𝑠
𝐻𝐻𝐴𝐴𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠

(7.22) 

 
Taking 𝑉𝑉 ≈ (25𝜇𝜇𝜇𝜇)3 and 𝐻𝐻 ≈ 20 cm, then 
keeping 𝛿𝛿𝜎𝜎 < 1 percent means we must have 
roughly 𝐴𝐴 > (1 mm)2. Having just a single ice 
crystal per square millimeter of substrate makes 
it difficult to accumulate data, especially when 
one must wait a time 𝜏𝜏 between nucleation 
events. This perturbation of the 
supersaturation becomes progressively more 
problematic as the temperature and 
supersaturation are lowered. 
 

One consolation is that 𝛿𝛿𝜎𝜎 can be 
estimated for each nucleation event by adding 
up volume of crystals per unit area that fall 
onto the substrate. If the estimated 𝛿𝛿𝜎𝜎 
correction becomes comparable to the 
modeled 𝜎𝜎∞, then one must assume that the 
actual supersaturation is much lower than 
expected from the steady-state calculations. 
This effect need not be a show-stopper, as one 
can take care to produce a small number of 
crystals in each nucleation event. But it is 

certainly a serious concern, similar to the 
crowding issues discussed in Section 7.1.  

This depletion effect may have influenced 
the data in Figure 7.23, as it was not carefully 
considered at the time of the experiment. If so, 
then the actual 𝜎𝜎∞ for those data will have been 
substantially smaller than that indicated, 
especially for the lower-𝜎𝜎∞ measurements. 
Identifying systematic errors in ice growth 
measurements remains an ongoing battle. 
 
Small-Scale Diffusion 
Assuming 𝜎𝜎∞ is well-characterized within the 
diffusion chamber, one must still contend with 
how particle diffusion contributes to the 
overall growth behavior. From the spherical-
crystal analysis presented in Chapter 4, we 
know that the growth is largely diffusion-
limited if 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 ≪ 𝛼𝛼. In this regime, it is 
essentially impossible to determine 𝛼𝛼 
accurately, as small uncertainties in 𝜎𝜎∞ translate 
to large uncertainties in 𝛼𝛼. For the case of ice 
growth in air, this means that we can only 
determine kinetic coefficients when 
 

𝛼𝛼 < 𝛼𝛼𝑑𝑑𝑘𝑘𝑠𝑠𝑠𝑠 =
𝑋𝑋0
𝑅𝑅
≈

0.15 𝜇𝜇𝜇𝜇
𝑅𝑅

(7.23) 

 
which leaves us with a rather restricted region 
of parameter space to explore. For example, if 
𝑅𝑅 = 10 µm and an air pressure of 1 bar, then 
we can only measure attachment coefficients 
with 𝛼𝛼 < 0.015. As seen in Figure 7.24, this 
means we can likely measure 𝛼𝛼𝑝𝑝𝑠𝑠𝑘𝑘𝑠𝑠𝑏𝑏 near -5 C 
and 𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 near -15 C, provided 𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is quite 
low in both cases. The restriction is somewhat 
less severe at lower pressures, however, 
because 𝑋𝑋0~𝑃𝑃−1, and the numbers will change 
in other gases also. 
 
Heating Effects 
Freely falling crystals may also be subject to 
substantial heating effects, as there is no nearby 
substrate to absorb the latent heat generated by 
growth. As with the particle-diffusion problem, 
the spherical-crystal analysis presented in 
Chapter 4 and Appendix B allows a reasonable 
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estimate for how heating affects the growth 
behavior. At low pressures, when 𝑋𝑋0 is large 
and particle diffusion is no longer important, 
heating effects kick in, limiting our ability to 
measure the attachment kinetics to the regime 
 

𝛼𝛼 < 𝛼𝛼ℎ𝑠𝑠𝑠𝑠𝑠𝑠 =
𝜅𝜅𝑠𝑠𝑘𝑘𝑠𝑠

𝜂𝜂𝐿𝐿𝑠𝑠𝑟𝑟𝜌𝜌𝑘𝑘𝑖𝑖𝑠𝑠𝑣𝑣𝑘𝑘𝑘𝑘𝑛𝑛𝑅𝑅
≈

0.5 𝜇𝜇𝜇𝜇
𝑅𝑅

(7.24) 

 
Again, taking 𝑅𝑅 = 10 µm means we are limited 
to 𝛼𝛼 < 0.05, and again we see from Figure 7.24 
that this is a serious limitation.  
 Because 𝜅𝜅𝑠𝑠𝑘𝑘𝑠𝑠 is nearly independent of air 
pressure, we see that there is a cross-over in the 
diffusion-limited growth of freely falling 
crystals at a pressure of around 𝑃𝑃0 ≈ 300 mbar. 
Particle diffusion dominates above 𝑃𝑃0, while 
heating effects kick in below 𝑃𝑃0.  

From this analysis, we see that there is 
essentially no way to measure high 𝛼𝛼 kinetics 
from growth observations using freely falling 
ice crystals. The situation improves for crystals 
on a substrate, as 𝜅𝜅𝑘𝑘𝑖𝑖𝑠𝑠 is about 100x larger than 
𝜅𝜅𝑠𝑠𝑘𝑘𝑠𝑠. This allowed us to measure up to 𝛼𝛼 ≈ 0.1 
in the VIG experiment described above, and 
one could do even better by observing smaller 
crystals. In the end, it is likely that many 
different experimental approaches will be 
needed to create an accurate picture of the ice 
attachment kinetics. 
 
Pressure-Dependent 
Attachment Kinetics 
Stepping back and looking at the big picture, 
we see that understanding the physics of snow 
crystal growth will require adding a third 
dimension of pressure to the morphology 
diagram. In terms of the attachment kinetics, 
this means obtaining accurate measurements 
𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇,𝑃𝑃) for both the basal and prism 
facets. Doing so in different background gases 
may reveal interesting chemical effects as well, 
adding yet another dimension to the problem.  
 For now, looking growth in air, the free-fall 
experiment just described may provide some 
important insights. Focusing on measurements 
at low 𝜎𝜎∞, it should be possible to determine 

𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇,𝑃𝑃) directly from growth velocities, 
when the heat-diffusion and particle-diffusion 
corrections are manageable. From that starting 
point, it should be possible to expand to higher 
𝜎𝜎∞ measurements using the anisotropy analysis 
described in connection with Figure 7.24.  

Over time, it should be possible to further 
develop a comprehensive model for 
𝛼𝛼(𝜎𝜎𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑇𝑇,𝑃𝑃), building upon the discussion in 
Chapter 3. Even if the model is largely 
empirical in nature, it will provide necessary 
input for computational models (see Chapter 
5), which can then be compared with 
quantitative observations covering the full 
range of snow-crystal morphologies (see 
Chapter 8). Hopefully the molecular physics 
underlying snow crystal formation will become 
better known along the way. There is much left 
to do before we have a good understanding of 
this fascinating and enigmatic phenomenon. 
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